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DIFFERENTIAL EQUATIONS OF PLANETARY SYSTEMS

Abstract. In this article will be considered many spherical bodies problem with variable masses, varying non-
isotropic at different rates as celestial-mechanical model of non-stationary planetary systems. In this article were
obtained differential equations of motions of spherical bodies with variable masses to reach purpose exploration of
evolution planetary systems. The scientific importance of the work is exploration to the effects of masses’ variability
of the dynamic evolution of the planetary system for a long period of time. According to equation of Mescherskiy,
we obtained differential equations of motions of planetary systems in the absolute coordinates system and the relative
coordinates system. On the basis of obtained differential equations in the relative coordinates system, we derived
equations of motions in osculating elements in form of Lagrange's equations and canonically equations in osculating
analogs second systems of Poincare's elements on the base aperiodic motion over the quasi-canonical cross- section.

Keywords: non-stationary star, planetary systems, variable mass, the many-body problem, osculating elements.

1. Introduction. Modern astronomical observations show, that the central star and the planetary
system around it, in many cases, are genetically mutually associated [1-3]. With this regard, exploration of
evolution of planetary systems with it’s central star are represented the interests. The evolution of
planetary systems in its non-stationary stage is special interesting, when main factor of dynamical
evolution is variable masses of planets and the central star [4-7].

W ith this regard, we investigate as a celestial-mechanical model of the planetary system, n +1 body
problems (n > 3) with masses, varying non-isotropic at different rates [1-5]. Bodies are considered as
spherical bodies, and also with spherical distributions of masses. For this reason, they can be considered as
Newtonian interaction of pointedly bodies, which positioned in the center of these spherical bodies. Based
on the equation of Mescherskiy, we obtained equations of motions of many planetary problems with
variable masses. In this case, masses ofbodies varying non-isotropic at different rates with the presence of
reactive forces in the absolute rectangular Cartesian reference frame. Further, we obtained equations of
motions of considering the problem in the relative coordinates system. The center of the relative
coordinates system is located in the center of the most massive body - parent star. Bases on obtained
equations of motions in the relative coordinates system, we derived equations of perturbative motions in
the various osculating systems. Unperturbed motions are accepted as aperiodic motions over a quasi-
canonical cross-section [7].

2. Differential equations of motions of problem.

2.1 Statement of problem and differential equations of motions in the absolute coordinates
system.

Let us consider the planetary system, which consists of n +1 inter-gravitating spherical celestial

bodies with variable masses. The central body is denoted by TO. Denoted body TO has mass mo,
alongside this, it is considered as parent star of the planetary system. Planets are designated by Ti, and
corresponding masses of planets are represented by , here (i=1,2,...,n). Locations of planets are
such, that Ti is internal planet relative to planet Ti+l, and is external planet relative to planet Ti-1. Masses

ofbodies vary non-isotropically, as presented in the following form
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mO0=mo(t\ mil=ml(t), .., mn=mn(t) (2.1)
Let rates of masses variation are different [7-8]

m, mk . .
N ) B i=0,..,n, k =0,...n, i ok, (2.2)
m, m.

Mass of the parent star is more than the mass of certain planet in the considered system
mO» mt (i=1,...,n). (2.3)

On the basis of the Mescherskiy equation and following by L.G. Lukyanov [9], we obtained
differential equations of motions in the absolute coordinates system

miRi=fm Z +mV, i=0,1,..n (2.4)
k=0 R ik

where f - the gravitational constant, Rt- radius-vectors of centers of spherical bodies, Rik - mutual

distances of the center of spherical bodies, sign "stroke" when summing denotes, that i ®k , Vi - the

relative velocity of separated particles
V =ui- R, (2.5)

when ui- the absolute velocity of separated particles.

Usually, in observational astronomy, of celestial bodies are defined the law of varying mass, which
presented by ratios (2.1)-(2.2), also the relative velocity of separated particles (2.5). For example, the
relative velocity of separated particles from Wolf-Rayet star (WR) is 1000 km/s, at the same time, the rate

of decrease of masses due to star wind is M « - 10-5M Q/ropg . Stars of spectral class M shed mass at

the rate M « -10-6M Q/year [10]. For this reason, we will consider, that magnitudes (2.1)-(2.2) and
(2.5) known.

2.2 Differential equations of motions in the relative coordinates system.
Let's introduce enter the relative coordinates system with beginning in the center of parent star TO,

axes which parallel corresponding axes ofthe absolute coordinates system.
Let's introduce following notations

RG=R - RO=-. (2.6)

where Ri and RO - correspondingly radius-vectors of spherical bodies and ofthe parent star relative to the

center of the absolute coordinates system, RO - radius-vectors of bodies Ti from the center of the relative

coordinates system.
Thus, equations of motions of n planets (2.4) in the relative coordinates system may be written the
following

m k 0.-1+£1Nn (2.7)
v Ik rk j

Taking into consideration ratio (2.6) may be rewritten differential equations of motions of n bodies
(2.7) in the following way

mk 2-8)
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Differential equations of motion of n body (2.8) may be represented as following

. X >
XKk _ Xe k
m
k=1 v Ak ndy
y = fr y +mW m Wy+fz o YK-Yi- (2.9)
- r mt - —mn k=1 v AR 'rk3y
(mo+ m ) ’ Zk\
Zt = _f m A3
k=1 v ik k Y

where distance between bodies Aik are presented in as

ak " MK-X)r Hyky i)r +ik-2)2 (2.i0
In that way, differential equations of motions of n bodies are reduced in the relative coordinates
system.

3.

Equations of motions in osculating elements of aperiodic motion over a quasi-canonical cross-
section.

3.1 Highlighting perturbed functions. Equations of motions (2.8) are rewritten as following

(mo+tmi) Y
ﬂ+f 3 ﬂ__si:I:I:i,BmM (31)
where

y. = mo(to) + m, (O (3.2)
mo(t) + m (t)

Fisom = P Fg1+ n, (3.3)
, m , mgv
Pri= —"Vji— Kos (3.4)
m i m o
n (ik 'kﬂ
ri r
Foi=fz mk .1 3 (3.5)
k=1 V i& rky
ni=_Y 4 (3.6)
y.

In the case, when the perturbative force (3.3) equals to zero, equations (3.1) describe aperiodic motion
over a quasi-canonical cross-section.

We can also rewrite the perturbative function (3.3) in another way

Fi,BoaM = radr‘Wl (37)
W =w_+w_+W, (3.8)
where components of force function have view
W o= (3.9)
vmi m 0 y

foi - - N
wg=ftz Mo T - (3.i0)

k=1 v rk rk y
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Wa=_Y-r? (3.11)
2Y
In this way, by use designations (3.7)-(3.11) we can write equations of motions n planet (3.1) in
following way

a+f (m°+m), _h.d9=grad-W, (3.12)
ri Yi '
Obtained equations of motions (3.12) convenient for using theories of perturbation, which formulated
for such non-stationary systems [7].

3.2 Differential equations of motions for systems of osculating elements in form of Lagrange’s
equations

According to equation of the relative motion of n planets (3.12) with beginning in the center of the
parent star, we can write different differential equations of motions in different systems of osculating
elements, on the basis of aperiodic motion over a quasi-canonical cross-section. We consider equations of

perturbative motions in osculating elements (at,et,it,q,n .,si) inthe form of Lagrange's equations

2 3W.
a,=— " (3.13)
niai dsi

J\ - e2dwW eJ 1 e2 1 dw

et= L— iv, i -4 — L, (3.14)
naz. dn 1+71_ e2niai2 dst

di cosecij dw tg(i/2) dw dw
(3.15)
dt njaj2T N é nja2"1 - et2 y ds
01= cosfcii ~ (3.16)
na VL §2 d-
tg(12 dwWi +V T 7 dwi 317
.82 A , ERLY
nfli2”n1 _et2 di, na, e,
s =_A.W + tg(i/l2) W +e ,, " 1 W (318)
i nfli dat niai2"1 - e2 dii 1+J 1- et2 nflr2 de, ’
where at - analog of a semimajor, et - analog of a eccentricity, i - analog of an angle of inclination of

orbit plane, g - analog of a longitude of acsending angle, nt - analog of a longitude of pericenter, st -
analog of a longitude of epoch. In the case, when masses of considering bodies are constants, all of these
elements will turn into corresponding Kepler elements.

In equations (3.13)-(3.18) the force function (3.8)-(3.11) must be represented in explicit form

W =w (tt,a ,ei,it,q ,n ,s). (3.19)

Expressions of perturbative functions (3.19) via osculating elements, are cumbersome and laborious
work. Such work, on today's day, as a rule, are implemented with using of method of computer algebra

[11, 12].

3.3 Equations of perturbative motions in analog of second systems of canonical elements of
Poincare

In some cases, it is convenient to use the canonical theory of perturbation for considerative non-
stationary gravitational systems. For our purposes, analogs second systems of canonical elements Poincare

(n.4 ,£,n,Pi,q) are preferable, which are introduce by [7].
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Jl, =va-w a
O4=li+ +G
&=y (\- V1- e2}Cosn

(3.20)
n,=-"24"io4a, (\- V1- e2)Sinni
p,=V24 K 4 a*'l1- e2(\- C (s~Cas’I
g, =-"2JIm!"jar jl=ef ( 1-Cosii)SinQl

The system of differential equations of canonical osculating elements of n body in analogs of second
systems of Poincare variables has the form [7]

drR* d d
R

B : . bt .
AR dn dqt (3.20)
dR- drR' dR*
A=- .
dpi
where
A)
.= ' 3.22
R 2117 +wW(n o t,p,4 .n.q). (3.22)

mo('o) + mi(to)

Canonical equations of perturbative motions (3.21) are very convenient to describe to dynamical
evolution of planetary systems, when inclinations of orbital planes and analogs of eccentricities are quite
small.

4. Conclusion

In this article we obtained different forms of differential equations for non-stationary planetary
systems, which contains n planet. Perturbative function is alloted, equations of perturbative motions are
leaded in form of Lagrange's equations and in analogs of second systems of Poincare's canonical elements.
In the further, we plan to obtain decompositions of perturbative function via osculating elements with
using of systems of analitical calculations "Wolfram Mathematica”. Obtained equations will use for
exploration to effects of variable of masses during of evolution of ekzoplanety systems. Atthe same time,
effects of decreases of masses of the parent star and increases of masses of planets will be taken into
account due to accretion of particles from residues ofthe protoplanetary disk.

MJOK. MuHrnubéaes, A.b. Kowepbaesa

An-dapabu atbiHgarel Kas¥y, Anmarsl, KaszakcTaH

NNAHETA XYVENEPW L, AN® ®EPEHLNANABL, TELAEYNEPL

AHHOTaLMA. DK30NnaHeTa Xyiecw i, naiga 601yblH X3He 3BONOLMACLIH 3epTTey - acnaH MexaHMKacbl MeH
aCTPOHOMMSAHbLY e3eKN Maceneneplww, 6ipi. 1950 Xblfibl 3K30MNaHEeTa Xylienepwuy awbinybl 60146, K30MNNaHeTa
XYWenepi aHbIKTanraH kesgeH 6actan, onapaply, naifa 601ybl MeH AUHAMUKaNbIK 3BONKOLMACK 3pTYpAi 340 TepMeH
3epTTenw kenear Ka3ipri TaHga aksonnaHeTa xYWenepiH Tabyabll, cen3s agra KongaHbinagbl. BipiHwi ago - cayne
XbINAAMAbITbI 34iCi, OCbl 34aCn KOAAaHY apKblibl OPTanbIK X /b3 TEHIperiHAeri aksonnaHeTanbik XY Venep alwbina
6acTtafgbl. EKiHWI agic - «Kennep» rapblll TeNeckonbl MUCCUACLIHBIH Naiifa 60nybiHa GaiifaHbICTbl TPaH3UTTEP
agici. B~n apgicTepae, AeHenepAl, mMaccanapbl TepakTbl peTiHAe KapacTbipblinafbl X3HE KnaccukanblK Kennepnik
KO3ranbic JopMynanapbl, Knaccukanblk acnaH MexaHuKachl KongaHblnagbl. Anaiifa WeiHaiibl rapbiWThiK XY enep -
cTayuoHap emec. BeiicTaynoHap rpaBuTauusnaHaTbiH geHenepAiH MaccanapbiHbIH aliHbIMabINbIThI, €WeMAepiHiH
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alHbIManbINbITbl  X3He WLWWAepwl, aiHbIManbiAbifbl CUAKTbl  AUHAMWUKANbIK 3cepnepil, KombOuHaumsachl
rpasuTaLnananaTbiH XY enepaiH 380M0OLMA XONAAPbIHbIH MON TYPIH aHbIKTaligbl. AcnaH MexaHUKachl acnekmnHae
ocbl K¥6biNbICTapAbl 3epTTey niaHeTa XY/enepiHiH AMHaMuKanbik 3BOMKOLUNA TaburaTbiH TYCiHY YIiH KaXeT.
K3sipri TaHfa acTpPOHOMWSAHbIH OeiicTaumoHap AWHAMUWKanblK Macenenepi KapkblHAbl eHAenw kenegi. AcnaH
[eHenepi maccanapblHblH efWemaepw,, nilWiHAepiHiH >X3He 6acka fa (u3MKanblK MapameTpiepiHiH yakblT
60iiblHLIA e3repici 3KCMEePUMEHTNK aHblKTaMa 6epyre anbin Kenefi. COHAbIKTAH OCbl (PU3MKanbiK MapameTpiepai
Herisre ana OTbIPbIM, AMHAMUKANbIK M3acenenepii K¥py XaHe 3epTTey KaXeTTWK TyAbipagbl. KenTereH 6enrw
ak3onnaHetanap F, G, K x3He M cnekTpanbAi kKnacTapra KipeTiH X nabi3gap TeHiperiHae Kosranbic xacaingbl. bn
X NAbI3LapAbIH Maccanapbl aiiHbIManbl XX3He MNiaHeTa Ko3ranbiCblHa 0PTanblK XYNA4bl3 MacCaCbiHbIH aiiHbIManbI/blK
acepi a3 3epTTenreH. Anaifa opTanblk X/ AblI3  MaccacblHblH  aliHbIMaNblbIFbIH - €CKepreH kargaigars
ouddepeHLManbiK Ko3ranbiC TeHAeyi WHTerpanfaHb6aifbl, COHAbIKTAH Macene “AbITKYy Teopuscbl 3ficTepiMeH
3epTTenegi. BAn TyproigaH, MAbITKbITaH KO3ranbiCTbiH KaHOHAbIK TeHAeynepi X3aHe JlarpaHx TeHgeynepi TYpiHgeri
KBa3WKOHYCTbIK KMMa 6OWbIHLIA, anepuoATbIK KO3ranbiC HerisiHAeri MbllibiraH KO3ranbiC TeHAeynepi Konamnsbl.
BelicTausoHap nnaHeTa XYWenepiHiH acnaH-mexaHuWkacbl MOAeniHAe, 3pTYpPAi KapKbIHMEH W30TPONThbl EMec
e3repeTiH, allHbIManbl mMaccanbl, chepanbiK Ken feHe Macefiea X MbICTa KapacTbipbinraH. beiictaynoHap nnaHeTa
XY MenepiHiH 3BONIOLMACLIH 3epTTey MaKcaTbiHAa, aiiHbiManbl Maccanbsl chepansik geHenepauw, auddepeHunanisl
Ko3ranbiC TeHfeyi anbiHraH. XX MbICTbIH [bIbIMW M3HI NaaHeTa >Xyienepwul, y3ak yakblT MNepuofblHAarb
OUHAMUKanblK 3BOMKOUMACBIHLIH aiiHbIManbl Maccanap acepsepiH 3epTTeymeH 6GainaHbicTbl. COHbIMEH KaTap
benwekTephiH akkpeuusnaHybiHa 6alinaHbiCTbl OpTanblK X/ NAbI34blH MaccacblHbIH a3alobl Kanaii eckepince,
nnaHeTanapAblH MaccacbiHbiH KeGetoi fe eckepinedi. MnaHeta XYWenepiHiH guddepeHymangsik TeHgey”
Meuwiepckniigin TeHaeyi apKbinbl, a6conOTn KoopanHatanap XY l/eciHae aHe canbicTbipMasnbl KOOpAMHaTanap
Xyiecw e anblHraH.

CanbicThipMansl koopanHatanap XY ecinge anwiHran guddepeHunanisik TeHaeynep HerisiHae, KBasUKOHYC-
TbIK KUMa 60iibIHLIA, anepuoAThbl KO3ranbiCThl Hasapra ana oTbipbin, MyaHKape 3neMeHTTepLL, eKiHwi XY Aecingeri
nesfiik aHanortapbiHfarol KaHOHAbIK TeHAeynepde X3aHe JlarpaHX TeHaeynepi TYpPiHAeri ne3fik anemeHTTepiHge
KO3ranbIC TeHZeYi KOpPbITbIIbIN Wblrapbliijbl.

TYWin cesnep: 6elicTaunoHap xynabi3, nnaHeTa xYVeci, aliHbiManbl Macca, Ken feHe Macenea, OCKynALNA
3nemMeHTTEpI.

M.Ox. MuHrnnbéaes, A.b. Kowepb6aesa

KasHY um. anb-dapabu, Anmatbl, KazaxctaH

ONOOEPEHUWMANBHBIE YPABHEHUNA MNAHETHBIX CUCTEM

AHHOTauusa. VccnefoBaHne NPOUCXOXAEHNUS U 3BOMIOLMMN 3K30MIAHETHBIX CUCTEM - OfiHA U3 aKTyasbHbIX TEM
He6GeCcHOM MexaHMKU U acTpoHomun. B 1950 rogy 6bifa cenaHO OTKPbITUE 3K30MaHeTHbIX cucTeM. C MOMeHTa
06HapY>XeHNs 3K30MNAaHETHbIX CUCTEM PasHbIMU METOAaMU U3y4alTCs UX MOSIBAEHUS N JUHAMUYECKAS 3BOOLUS.
B HacTosiliee Bpemsi UCMO/b3yeTCs BOCEMb METOLOB OGHApPYXeHUsi 3K30MMaHeTHbIX cucTeM. M3 HWX Haubonee
nonynsipHble - ABa MeTofa. lepBblii MeTon - MeTof /y4YeBbIX CKOPOCTEW, C WCMONMb30BaHUEM 3TOr0 MeToAa
Hauyanncb OTKPbITUS 3K30MNAHETHBIX CUCTEM OKOJIO POAMTENBCKON 3Be3abl. BTOPOW MeTog - 3T0 MeTO4 TPaH3UTOB C
NOSBNEHMEM MUCCUM KOCMUYECKOro Teneckona «Kennep». B aTux MeTojax MCMONb3yeTCsA Knaccuyeckas HebecHas
MexaHWKa, rae Maccbl TeJ CUMTAeTCss MOCTOSHHBIMU WM UCMONb3YHTCA OPMY/bl KNacCUYEeCKOro KemnjepoBCKOro
ABVXeHUs. OfHaKO peanbHble KOCMUYECKME CUCTEMbl HeCTalMOHapHble. PasnuuHble KOMBUHALUM AUHAMUYECKUX
3P (eKTOB HECTALMOHAPHbBIX FPaBUTUPYIOWUX TN, TaKWX KakK NMepeMeHHOCTb Macchl, NepeMeHHOCTb PasMepoB U
MepeMeHHOCTb OopMbl, NpeAonpesenstoT 6oratoe pasHoo6pasne 3BOMIOLMNOHHBIX NyTel TPaBUTUPYHOLLUX CUCTEM.
WccnepoBaHus 3Tux siBNeHWd B HeGECHO-MEXaHWYECKOM acnekTe Heo6XOAWMbl A5l MOHUMaHWs Npupojsl
OVHAMUYecKoll  3BOMOLMKM MNaHETHbIX cucTeM. B HacTosliee BpeMsi WHTEHCMBHO pa3pabaTbiBaloTcs
HecTaluMoHapHble [WHAMUYECKUe 3afayn acTPOHOMUM. VI3MeHeHWe CO BPEMEHEM Macchbl, pasMepoB, (OPMbl U
APYTUX (QU3MYECKUX MapaMeTpoB HebecHbIX Ten [OMNycKaeT 3KCMNepuMeHTanbHOe onpefeneHve. [lo3atomy
Heo6xoAuMo (hOpMYy/NMPOBaHWE W WCCNefOBaHWEe LUHAMWUYECKMX 3afay, NMpPUHMMAsl BO BHUMAaHWE W3MEHEHWe co
BpEMEHEM 3TUX (U3NYECKMX NapaMeTpoB. BONbLWIMHCTBO W3BECTHLIX 3K30MJaHeT BpallaldTCsl BOKPYT 3Be3f
CMeKTpasbHbIX KnaccoB F, G, K u M. Maccbl 3TuX 3Be3J MepeMeHHble U 3P(PeKT NepeMeHHOCTb LeHTpaibHOI
3Be3[bl Ha [JBWXKEHWEe MaHeT Mano usyueHbl. OfHako AUddEpeHUManbHOe YpaBHEHUE [BUXEHUS C Y4YeTOM
MepeMeHHOCTU MacC LeHTPaibHOl 3Be34bl HE MHTErpupyemMbie, NO3TOMY Npo6aeMa 06bIYHO UCCNesyeTCs MeTogamu
Teopuu BO3MYLLEHWUA. [pu  3TOM MpPeAnouvTUTENbHbI  YpPaBHEHWE BO3MYLLEHHOTO [ABWXKeHWs Ha 6ase
arnepuoauYeckoro ABWXEHUS MO KBAa3WKOHWUYECKOMY CEYEHWI0 B (JOpMe ypaBHeHUs JlarpaHxa W KaHOHWYeckue
YPaBHEHUS BO3MYLLLEHHOTO ABUXEHNS.
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B pa6oTe paccmaTpuBaeTCs 3afjaya MHOFUX CHEPUUECKUX TeN C NepeMeHHbIMU Maccamu, W3MEHSHLWUMUCS
HEM30TPOMHO, B Pa3/IMUYHbIX TeMNax Kak HeGecHO-MexaHuuyeckas MOJe/b HecTalMOHAPHbIX MAaHeTHbIX cucTeM. B
cTaTbe NosyyeHbl AuddepeHunanbHble YpaBHEHUS ABVXKEHUS CHEPUUECKUX TeNl C NepeMeHHbIMU MacCcaMu C Lefbio
MccnesoBaHWe 3BOMIOLMUKM HECTALMOHAPHbLIX MJaHETHbIX CUCTeM. HayuyHas 3HauuMMocTb paboThbl 3aK/oyaeTcs B
nccnefoBaHUM 3P(eKTOB MEPEMEHHOCTM MacC JMHAMUYECKOW 3BOMOLMI NNaHeTHOW cUCTeMbl B ANUTENbHbINA
nepnof BpemeHu. Mpu 3TOM YUUTbIBAeTCs KakK yOblBaHUE MAcC pOAUTENbCKON 3Be3fbl, TaK M POCT Macc NiaHeT u3-3a
aKKpeLuu BellecTBa. McxXoas M3 ypaBHeHUI MellepcKoro, mofyyeHbl AudgepeHLnanbHbie YpaBHEHNS ABUXKEHUS
MNaHeTHbIX CUCTEM B aGCOMOTHOW CUCTEMe KOOPAMHAT U B OTHOCUTENLHOM cucTeMe KoopauHat. Ha 6ase
MONyYeHHbIX AUpdepeHLManbHbIX YpPaBHEHUA B OTHOCUTE/IbHOW CUCTEME KOOPAWMHAT, BbIBEAEHbl YPaBHEHUS
OBWKEHWUS B OCKYNUPYIOLWMX 371eMeHTax B (OpMe YypaBHeHUs JlarpaHxa W KaHOHWYECKUe YpaBHEHUS B
OCKY/MpYHOLLMX aHanorax BTOPO/ CUCTeMbl 3MeMeHTOB [lyaHkape Ha 6ase anepuofMuYecKoro [ABWXKEHWUs Mo
KBa3MKOHNYECKOMY CEUYEHWIO.

KntoueBble CnoBa: HecTaluWOHapHas 3Be3da, MiaHeTHas CUCTeMa, MepeMeHHas Macca, 3afjaya MHOruX Ten,
OCKY/IMPYIOLLNE INEMEHTDI.
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