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INVERSE PROBLEM OF THE STORM-LIUVILLE OPERATOR
WITH NON-SEPARATED BOUNDARY VALUE CONDITIONS
AND SYMMETRIC POTENTIAL

Abstract. Under the inverse tasks of spectral analysis understand tasks reconstruction of a linear operator from
one or another of its spectral characteristics. The first significant result in this direction was obtained in 1929 by
V.A. Ambartsumian. He proved the following theorem.

We denote by X0 < X1 < X2 < = the eigenvalues of the Sturm - Liouville problem

="+ aXx)y =Xy, (1.1)
y'(0) = 0, y'(n) = 0; (1.2)
where q(x) is areal continuous function. If
Xn=n2(n=0,12,.) T09(X) = 0.

The first mathematician who drew attention to the importance of this result of Ambartsumian was the Swedish
mathematician Borg. He performed the first systematic study of one of the important inverse problems, namely, the
inverse problem for the classical Sturm - Liouville operator of the form (1.1) with respect to spectra. Borg showed
that in the general case one spectrum of the Sturm - Liouville operator does not determine it, so the result of
Ambartsumian is an exception to the general rule. In the same work, Borg shows that two spectra of the Sturm -
Liouville operator (under various boundary conditions) uniquely determine it. More precisely, Borg proved the
following theorem.

Borg's theorem.

Let the equations

="+ q(*)y
—2" + p(x)z

ty,
Xz,
have the same spectrum under boundary conditions
(ay(0) + fiy*(0) = 0,
iyy(n) + Sy'(n) = 0;
and under boundary conditions
(ay(0) + fiy" (0) = 0,
(y'y(n) + S'y"(n) = 0.
Then g(x) = p(x) almost everywhere on the segment [0, n] if
SNS' = 0, [5] + |5\ > 0.
Soon after Borg's work, important studies on the theory of inverse problems were carried out by Levinson, in
particular, he proved that if g(n —x) = q(x), thenthe Sturm-Liouville operator
"+ aX)y =Xy, (1.1)
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(y'(0) —hy(0) = 0,
ly*(n) + hy(n) =0
is restored by one spectrum.

The inverse problems for differential operators with decaying boundary conditions are fairly well understood.
More difficult inverse problems for Sturm - Liouville operators with unseparated boundary conditions have also been
studied. In particular, the periodic boundary-value problem was considered in a number of papers. 1.V. Stankevich
proposed the formulation of the inverse problem and proved the corresponding uniqueness theorem.

The present work is devoted to a generalization of the theorems of Ambartsumian and Levinson, in particular,
our results contain the results of these authors. In the paper, a uniqueness theorem is proved, for one spectrum, for
the Sturm-Liouville operator with unseparated boundary conditions, a real continuous and symmetric potential. The
research method differs from all previously known methods, and is based on the internal symmetry of the operator
generated by invariant subspaces.

Note that the operator we are considering is non-self-adjoint, although the potential is real and symmetric, this
moment plays an essential role for our method, because we construct a pair of Borg operators through the operator
and its adjoint one. Other authors use the Leibenzon mapping method.

Keywords: Sturm-Liouville operator, spectrum, inverse Sturm-Liouville problem, Borg theorem,
Hambardzumyan theorem, Levinson theorem, non-separated boundary value conditions, symmetric potential,
invariant subspaces, differential operators, inverse spectral problems.

1. Introduction
We study the inverse spectral problem for the Sturm - Liouville operator:
Ly: =y ™+ q(x)y, xe(0,1),
on the finite interval (0,1) with non-separated boundary value conditions. Inverse problems consist in
restoring the coefficients of differential operators by their spectral characteristics. Such problems often
arise in mathematics and its applications.

Inverse problems for differential operators with decaying boundary value conditions have been
thoroughly studied (see monographs [1-5] and references). More difficult inverse problems for Sturm -
Liouville operators with non-separated boundary value conditions were studied in [6-9] and other works.
In particular, periodic boundary-value problem was considered in [6, 7]. I. V. Stankevich [6] proposed
formulation of the inverse problem and proved the corresponding uniqueness theorem. V. A. Marchenko
and I. V. Ostrovsky [7] gave a characteristic of the spectrum of a periodic boundary-value problem in
terms of special conformal mapping. The conditions proposed in [7] are difficult to verify. Another
method used in [8] made it possible to obtain necessary and sufficient conditions for solvability of the
inverse problem in the periodic case that are more convenient for verification. Similar results were
obtained in [8] for another type of boundary conditions, namely

y'(0) - ay(0) + by(n) = y'(n) + dy(n) - by(0) = 0.

Later similar results were obtained in [9]. In [10], the case when the potential is g —symmetric with
respect to the middle of the interval, that is, g(x) = gq(n —x) a.e. on (0, n), was investigated, and for this
case, solution of the inverse spectral problem was constructed and the spectrum was characterized. The
symmetric case requires nontrivial changes in the method and allows us to specify less spectral
information than in the general case. Some results for the symmetric case were obtained in [11] - [13].

By inverse problems of spectral analysis, we understand the problems of reconstructing a linear
operator by one or another of its spectral characteristics. The first significant result in this direction was
obtained in 1929 by V.A. Hambardzumyan [14]. He proved the following theorem.

By A0 < Al < A2 < e we denote eigenvalues ofthe Sturm - Liouville problem

—y "+ a(x)y = Ay, (1.7)
¥*(0) = 0, y*(n) = 0; (1.2)
where q(x) is a real continuous function. If
An = n2(n=0,1,2,...) thenq(x) = 0.

The first mathematician who drew attention to the importance of this Hambardzumyan result was the
Swedish mathematician Borg. He performed the first systematic study of one of the important inverse
problems, namely, the inverse problem for the classical Sturm - Liouville operator of the form (1.1) by the
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spectra [15]. Borg showed that in the general case one spectrum ofthe Sturm - Liouville operator does not
determine it, so the Hambartsumyan result is an exception to the general rule. In the same paper [15], Borg
showed that two spectra of the Sturm - Liouville operator (under various boundary conditions) uniquely
determine it. More precisely, Borg proved the following theorem.
Soon after the Borg work, important studies on the theory of inverse problems were carried out by
Levinson [18], in particular, he proved that if g(n —x) = q(x), then the Sturm - Liouville operator
—y "+ a(x)y =Xy,
(y'(0>—hy(0) = 0,
(y'(n) + hy(n) =0
is reconstructed by one spectrum.
A number of works by B.M. Levitan [19] are devoted to the reconstruction the Sturm - Liouville
operator by one and two spectra.
This work is devoted to a generalization of the theorems of Hambartsumian [14] and Levinson [16],
in particular, our results contain the results of these authors. The research method of this work appeared
under influence of [18] - [20], and differs from all previously known methods.

2. Research Methods.

Idea of this work is very simple. Having studied in detail contents of [14, 16], we realized that both of
these operators have invariant subspaces. Generalization of this property of the Sturm - Liouville operator
led us to the results presented below.

3. Research Results.
In the Hilbert space H = L2(0, n) we consider the Sturm - Liouville operator:
Ly = =y "+ q(x)y, x 6 (0,n); (D
(auy(0) + ai2y' (0) + ai3y (n) + auy'(n) = 0,
(a2iy(0) + a22y'(0) + a23y (n) + a24y '(n) = 0
where q(x) is a continuous complex function, (i=12; j =1,23,4) are arbitrary complex
coefficients, and by Atj (i = 1,2; j = 1,2,3,4) we denote minors of the boundary matrix:

A=ran ai2 ai3 ai4\
\a2l a22 a23 a24/

Assume that k13~ 0, then the Sturm - Liouville operator (1) - (6) takes the following form:
Ly = =y "+ q(x)y, x 6 (0,n); )
(413Y(0) —A32Y'W —A34y '(n) = 0,
1&12Y'W + Ai3y (n) + LiAy'(n) = 0,
and its conjugate operator L+ takes the form
L+z = —" + q(x)z, x 6 (0,n); (1)
(k12r (0) —b 32z '(0) —Ai2z'(n) = 0,

(20

+
\&3Az ' (0p+ k™ ztji) + ~ z '(n) = 0. (26
Let P and Q be projections, defined by the formulas
n o u(x)+u(n-x , N v(x)-v(n-x
pugd < B vy
The main result ofthis work is the following theorem.
Theorem 3.1. If A13~ 0, then
1) PL = L+P; (3)
2) LQ = QL+ (4)
3) Ai2= —A34; (5)

and the Sturm - Liouville operator (1) - (27 is reconstructed by one spectrum.
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4. Discussion.

In this section we prove Theorem 3.1, and discuss the obtained results. The following Lemmas 3.1
and 3.2 have and independent meaning.

Lemma 4.1. If for a linear discrete operator L we have

1) PL = L+P; @)
2) LQ = QL+ (4)
P+ Q=1 (6)

where P, Q are orthogonal projections, and | is unit operator, then all its eigenvalues are real.

The following lemma shows that the spectrum o(L) of the operator L consists of two parts, so the
operator L, apparently, splits into two parts. In the future, we will see that this is exactly what happens,
and moreover, under certain conditions, these parts form a Borg pair.

Lemma 4.2. If L is alinear discrete operator satisfying the conditions:

1) PL = L+P; ®)
2)LQ = QL; @)
3P+ Q=1 (6)

where P, Q are orthogonal projections, and | is unit operator, then
o(L) = a(Ll) Ua(L2),
where L1 = PL, L2 = LQ, o(L) is a spectrum ofthe operator L.
Lemma 4.3. If

a) A13* 0; )
b)PL = L+P; ®)
then for the Sturm - Liouville operator (1) - (67 we get
1) A12 + Ald= A3 + A34) (8)
Al2-A A34-Al4 .
2) (tza -t) =
3)a(n —x) = q(x),a ™ = q(x). 9
Moreover, operators L and L+take the following forms:
aLy = —y"+qX)y, x6(0n); (1)
Y(0) + AIf A2y ' (0 —A2-A2y"* =0
[Y(0) + AIf, A2y "(0) + y(n) —AZA2y"(n) = O, 0
azT Wy () + gy (n) = 0.
b) L+z = —z" + q(x)z, X 6 (0, n); D+
z(0) —Ai+ 22z '(0) — —AAAxz' =0,
[z(0) IA]SZ()Z(n) A132(n)
(10)+
Z(0) —ﬁ]%z (0) _ZJ:% (n) = 0.
Similar lemma holds with the projector Q.
Lemma 4.4. If
a) A13* 0; (7)
6) LQ = QL+,
then for the Sturm - Liouville operator (1) - (6) we get
1) AL2 + Ald= AR + A34; (8)
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2) (A2+AN = (AL2+AIAN = AR+A3

3) q(n —x) = a(x), a(x) = a(x). 9)
In this case operators L and L+ take the following forms:
a)Ly = —y "+ a(x)y, x 6 (0,n); (1)
AL2 —A3R
y”~ ty(n)+ [y*(0) —y'(n)] = 0,
13
Arry ) + Y(N) + ANy (M) = 0;
A13y() ()Alsy()
(D

b) L+z = —" + q(x)z, x 6 (0, n);
[z2(0) —z(n) — A3 [z°(0) + " (™)] = 0,

2(0) —,jkz'(0) —pz* (n) = 0.

Lemma 4.5. IfA13* 0, and
a) PL = L+P,
b) LQ = QL+;
then the operators L and L+ take the following forms:
Ly = =y " + q(x)y, x 6 (0,n);
A2-AD
yW +y(n)+: ' (0) —y (V)] = O,

A12Y'(0) + Al13y(n) + Al4Y,(n) = 0.

L+z = —" + q(x)z, x 6 (0, n);
(2(0) —z(n) =2 [200) + 2°(m)] = o,
An~z'™r + AYZ(n) + A~z'(n) = 0;

where
1) a(n —x) = q(x);

2) q(x) = q(x),
Al2-A3  A-AL

3 Prz))y= . A
4) +Al4) _ (AL2+AL4) _ A32HAA

Further, from the formula PL = L+P we note that the operator L1 = PL maps from the subspace
H1 = PH, where H = L2(0, n). Assuming

u(x) = py(x) = Y2V 2X)

we have
, y'(x) —y"(n —Xx)
n'(x) =
Then from Lemma 4.5 it follows that
fA13u(0) + (A12 A3Ju (0) = 0,
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L= —u" + q(x)u, X 6 (O,-ZJ'I,

(A13u(0) + (A}CZ —A32)u (0) = 0,
n

<
Similarly, assuming that
f z(x)-z(n-x z'(X)+z'(n-x
v(Xx) = ()2( ————— ) , weget v'(x) = —(—)2—( ----- )
Then Lemma 4.5 implies that
m

L2v = —v'"" + q(X)v, x 6 (0,9,

fA13v(0) — (AL + (0) = 0,

1 0 = 0.

Due to the lemmas,

A2 + Al4) A2 + Al4
Al3 Al13

therefore, the last boundary condition has the form
(27~(0) —(A12 + Au)v'(0) = 0,
1 =0
Thus, the operators L1 and L2 take the following forms

n\
L= —u" + q(x)u, x 6 (0,9,

fA13u(0) + (A12 —A32)u (0) = 0,

1 « % ) A
L2v = —v" + g(x)v, x 6 (0,9,
(A137(0) —(AL) + (0) = 0,
/TI\
=0

where A2 A2 and ~12+Al4 are real quantities.
A3 A3

From the condition (10) ofthe proved Theorem 3.1 it follows that

Al2 —A32= (A2 + Al4).
Assuming a = A13, = Al12 —A32, we rewrite the operators L1 and L2 as follows:

Llu = —u" + gq(X)u, x 6 (0,-2),

(au(0) + fiu'(0) = 0,

10
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L2v = —v" + q(x)v, x 6 (0,-2),

lav(0) + fiv'(0) = 0,

1 *© =0
If a spectrum of the operator L is known, then by Lemma 2 spectra of the operators L1 and L2are

known. It is obvious that they form Borg pair in the interval 0,”J. By the Borg theorem spectra of these

two operators uniquely determine the Sturm - Liouville operator on the segment 70,”~J, and due to the
formula q(x) = g(n —x) on the whole segment [0, n]. Theorem 3.1 is proved.

A.lLU.WanpgaH6aeBl, I'.N. BeiiceHoBa2, A.)K.belicebaeBa3, A.A.LLlangaH6aeBad

Nanbwapansly, Silkway yHuBepcnTeT” LLIbIMKEHT, KasaxcTaH;
24ANMaKTbIK 3N1eyMEeTNK-UHHOBaLMANbIK YHUBepcuTeTi, LLbIMKeHT, Ka3axcTaH;
IM.0O.Aye308B aTblHaarbl OHTYCTiK KasakcTaH MeMneKeTnK yHuBepcuTeTi, LLIbIMKeHT, KasaxcTaH
AXanblkapasbIK ryMaHUTap/bLL-TEXHUKaSbLL, YHUBepcuTeT, LLbIMKeHT, KasakcTaH

MOTEHUWMATIbI CUMMETPUAJIbI, AJT LLEKAPAJIbLL, LUAPTTAPDI
AXbBIPAMANTBIH LUTYPM-NINYBW/I/T ONMEPATOPbIHbLL, KEP1 ECEB1 TYPA/IbI

AHHOTauus. CnekTpang” aHanm3giH Kepi ecenTepi peTWAE CbI3bIKTbIK OMepaTopAbl, OHbIH CMAEKTP3N4iK
cblinaTTapbl apKblibl KaanblHa KeATipy ecenTepi TaHblnagabl. B™N1 6arbitTa eneyni Hatuexere, 1929 >Kbiibl
B.A. AmbapuyMsiH Kon keTw3ar On Keseci, TeopeMaHbl g3nengesi.

MbIHa,

=¥+ aky =Xy, 11
y'(0) = 0, y'(n) = 0 1.2)
LTypM-SlnyBunn  ecebiHiH ~ MeHWLWN  M3HAepiH  6blnaii, X0 < X1 < X2 < mm  6enrwlellk, M HAarbl
q(X) —AereHimi3, HakTbl 3pi Y3isicci3 pyHKUMS.
Erep

Xn=n2(n=0,1,2,..) 6onca, oHaa q(x) = 0.

AMbBapLUYMSHHbIH 671 eHBeriHiH MaHbI3AblbIrbIHA anrall peT Kewyl aygaprad wwBeef matematuri bopr egr
LLITypm-/Inysunngin (1.1) TYpiHgeri eTe MaHbI3abl 6alibiprbl OnepaTopbiHbIH Kepi eceiH crnera” apkbiibl YWVeni,
3pi MaKcaTTbl TYpAe, anrall peT 3epTTereH-Ae oCbl aBTOPAbLL, €3i.

Bopr 6ip cnekTpgiH LUTypm-/IMyBWAN  OMepaTopbiH  aHblKTayra >Xainbl >karjalifa >keTnelTLii,an
AMbBapLYyMSAHHBLIH H3TUeXeci CaTTi 6ip Ke3aeMCOKTbIK eKeHiH KepceTTi.[an con eHo6eriHge, bopr LLUTypm-JinyBunn
onepaTopbIH el CNneKTp apKblibl (3PTYpPAi LWeKapablK LWapTTap 6olbiHWa) 6ipMaHfi aHbliKTayra 60MaTbIHbIH
KepceTTi. 1ne-wana, BoprTbiH eHGeriHeH COH, Kepi ecenTep TEOPUSICbIHBIH MaHbI3abl ecenTepiH JIEBUHCOH 3epTTesi,
Mblicasbl, erep q(n —x) = q(x) 6onca, oHAa, LLUITypm-JinyBunngw, mMblHa,

="+ q(x)y = Xy, (1.7)
(¥'(0) —hy(0) = 0,
ly*'(n) + hy(n) = 0

orepaTopbIHbIH, 6ip CNEKTP apKbibl, 6iPM3HAI aHbIKTa/IaTbIHbIH KEPCETTiI.

Bn eH6eK AM6GapUyMsH MeH J1eBUHCOHHbIH TeopeMasnapblH JaMbITyra apHa/iraH >kaHe e3 6oiblHga onapabIH
TeopemanapbIH anbIin XaTblp.BN1 eHbeKTe NOTeHUMa bl HaKTbl Y3iKCi3 3pi CUMMETPUS/bL,AN LieKapasibIK LapTTaphb|
spTapanTbl LLITypm-JInyBrnn onepaTopbiH, 6ip CreKTp apkblibl, 6ipMaHAi aHblKTayra 601aTbiHbl KepceTingi.3epTrey
3ara 6”pblHrbl 34icTepaiH 63piHeH e3rellek3He 071 ONepaTopAblH UHBapMaHTTbI il KEHICTIKTEpPIHIH TyblHAaTKaH
CUMMETPUSACBIHA HEri3fesNreH.

TYWViH cesgep: LUtypm'-JinyBunngw, onepatopbl, crekTp, LUTypm-JinyBunnaw, kepi ece6” BoprrbiH
Teopemacbl, AMOapUYMAHHbIH Teopemacbl, JIEBUHCOHHbLIH Teopemacbl, 3pTapanTbl LleKapa/iblK LapTTap,
CUMMETPUASbI NOTEHUMAN, WHBapUaHTTbl LUKeWCNKTep” audepeHLMangik — onepaTopnap, Kepi CreKTpangi
ecenTep.

(1.3)

1
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A.LL.lWangaHbaeB], I'.W. beliceHoBaz2,
A.K.BelicebaeBa3, A.A.LLlangaHb6aeBad

MexayHapoaHbiin yHuBepcuTeT Silkway, LLbimkeHT, KasaxcTaH;
24PervioHanbHbI COLMabHO-MHHOBAUMOHHbIN yHUBepcUTeT, LLbiMKeHT, KasaxcTaH;
FOkHO0-KazaxcTaHcKmii MocyjapcTBeHHbIN yHMBepCcUTET MM.M.Aye30Ba, LLIbIMKeHT, KaszaxcTaH;
AMeXXayHapoaHbIi F'yMaHUTapHO - TEXHUYECKUA yHuBepcuTeT, LLbIMKeHT, KasaxcTaH

OBPATHAA 3AJAYA OMNEPATOPA WUTYPMA-JTINYBWUJIJTA
C HEPA3AENEHHBIMWN KPAEBbIMN YC/ZTOBUAMN
N CUMMETPUNYHBLIM NMOTEHLUWMAJTIOM

AHHOTaumsa. Tlog o6paTHbIMM 3afadaMu  CreKTpPasibHOro aHanM3a MOHUMAKT 33fayn  BOCCTAHOB/IEHMS
JINHEMHOr O onepaTopa Mo TeM WM MHBIM ero CreKTpasibHbIM XapakTepucTukam. MepBblil CyLLeCTBEHHbIV pe3ynbTaT
B 3TOM Hanpas/ieHUn 6bin nonyyeH B 1929 rogy B.A. AmbapuymMsaHoM. OH [oKasas CrefyoLLyo Teopemy.

O603HauMM vepes X0 < X1 < X2 < mmco6CTBEHHbIE 3Ha4YeHMA 3agaqn LLITypma-JinyBunns

Y "+ aX)y =Xy, (1.1)
y'(0) =0, y'(m) = 0; (12)
rae q(x) —aencTeUTeNbHAA HenpepbiBHasA yHKUMA. Eciu
Jn=n2(n=0,12,..) T09(X) = 0.

MMepBbIM M3 MaTeMaTMKOB, KTO 006paTWi BHUMaHWe Ha BaXKHOCTb 3TOro pesynbTata AmbapuymsiHa, Obul
wBeacKuiA mMaTeMaTVK Bopr. OH e BbIMO/HW MEpBOe CUCTEMATUYECKOE WCCMefoBaHUE OAHOW M3 BaXKHbIX
o6paTHbIX 3afady, a MMeHHO, 00paTHON 3aJaun Ana Knaccuyeckoro onepartopa LLUTtypma-/inysunns suga (1.1) no
criekTpam. bopr nokasasn, 4To B 06LLEM C/yyae OfWMH CnekTp onepaTtopa LUTypm-JIMyBUANS ero He onpefenseT, Tak
YTO pe3ynbTaT AM6apLyMsHa SIBNSETCA UCKTHOYeHMEM M3 06LLLEero npasuia. B Toi e pa6oTe Bopr NoKasbIBaeT, YTo
[Ba cnekTpa onepatopa LLiITypma-/inyBunnsg (Npu pasnnyHbIX FPaHUYHbIX YCI0BUAX) 04HO3HAYHO ero onpeaensior.
TouHee, bopr AoKasas CriefyroLLy0 TEOPeEMY.

Teopema Bopra.
MNycTb ypaBHEHUA
=y "+ ax)y =y,
—2"+p(X)z = Xz,
WMEIOT OiMHaKOBbIV CMEKTP NPU KPaeBbIX YC/I0BUSAX
lay(0) + fiy' (0) = 0,
(yy(n) +8y*(n) = 0;
W NPy KpaeBbIX YC/TOBUSX
I'ay(0) + Py' (0) = 0,
(y'y(n) +8'y"(n) = 0.
Torpa q(x) = p(x) no4yTtu Bctogy Ha oTpeske [0, n], ecnn
SeS' = 0, [5] + 5"\ > 0.
Bckope nocne paboTbl Bopra BakHble WCCEAOBaHWS MO Teopuu 06paTHbIX 33fay OblIN  BbIMOMHEHbI
JIeBUHCOHOM, B 4aCTHOCTUW, UM [oKasaHo, 4To ecnn g(n —x) = q(x), To onepatop LLUtypma-SinyBunns

=y "+ qx)y =Xy, (1.1)
IY*(0) —hy (0) = 0,
(y'(n) + hy(n) =0 (

BOCCTaHaB/MBAETCS MO OfHOMY CMEKTpY.

O6paTHble 3agaun A0 audihepeHUManbHbIX OMepaTopoB € pacnajaloyMucs  KpaeBbIMK  YCIOBUSIMM
[OCTaTOMHO MOMIHO W3ydeHbl. Boree TpyAHble 06paTHble 3agaun Ans onepaTtopoB  LUTypma-SlnyBunns ¢
HepasAe/leHHbIMU  KPaeBbIMM YCMIOBUAMU TakKe M3y4Yasinucb. B 4yacTHOCTW, Mepuogvyeckast KpaeBas 3ajaua
paccmaTpuBasiacb B psfge pa6oT. M. B. CTaHKeBMY NPeAnoXua MocTaHOBKY 06paTHOW 3ajayun W [oKasas
COOTBETCTBYHOLLYO TEOPEMY €ANHCTBEHHOCTU.

HacTosiasi pa6oTa MocBsileHa 0606LUeHU0 TeopeM AMm6GapuyMsiHa W JIeBUHCOHA, B 4YacTHOCTW, Haluu
pe3ynbTaTbl COAepXKaT B cebe pe3ynbTaTbl 3TUX aBTOPOB. B pa6oTe JoKasaHa Teopema eAMHCTBEHHOCTH, MO 0AHOMY
CrieKTpy fansi onepatopa LUTypma-J/IyBUANsS ¢ HepasfeneHHbIMU KpaeBbIMU  YC/IOBUSIMK,  BELLECTBEHHbBIM
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HeMpepbIBHbIM U CUMMETPUYHBIM MOTeHUMaN oM. MeTOA uccnefoBaHWst OT/IMYAETCA OT BCEX PaHee M3BECTHbIX
METO/0B 1 OCHOBAaH Ha BHYTPEHHEN CUMMETPUM OMepaTopa, NMOPOXKAEHHOI0 MHBAPUAHTHBLIMMW NMOANPOCTPaHCTBAMM.

OTMeTVM, 4TO paccMaTpMBaeMblii HaMU OrMepaTop SIB/SIETCS HECaMOCOMPSHKEHHbIM, XOTSA  MOTeHUMan
BELLECTBEHHBIA 1 CUMMETPUYHbIA, 3TOT MOMEHT MIPaeT CYLLECTBEHHYIO POJib [/15 HAaLLEero MeToda, 6o Mbl yepes
orepaTopa M €ro COMPsShKEHHOro CTpoMM Mapy onepatopoB bBopra.  [pyrve aBTOpbl WUCMOMb3YIOT METO[,
0T0bpadkeHWI4 JleibeH30Ha.

KnioueBble crnoBa: onepatop LUTypma-/lnyBunns, crnekTp, obpaTHas 3ajaya LUTypma-/lnyBunns, Teopema
Bopra, Teopema Awm6apuyMsiHa, TeopeMa J1eBUHCOHA, Hepasfe/fieHHble KpaeBble YC/OBUS, CUMMETPUYUHbIIA
NOTeHLMaN, MHBapUaHTHbIE MOAMNPOCTPAHCTBA, AU(dEPeHLMaIbHbIE OMepaTopbl, 06paTHbIe CNEKTPasibHbIe 3afauMn.
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