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EQUATIONS OF PLANETARY SYSTEMS MOTION

Abstract. The study of the dynamically evolution of planctary systems is very actually in relation with findings
of exoplanet systems. N free spherical bodies problem is considered in this paper, mutually gravitating according to
Newton's law, with isotropically variable masses as a celestial-mechanical model of non-stationary exoplanctary
systems. The dynamic evolution of planetary systems is learned, when evolution's leading factor is the masses'
variability of gravitating bodies themselves. The laws of the bodies' masses varying are assumed to be known
arbitrary functions of time. When doing so the rate of varying of bodies' masses is different. The planets' location is
such that the orbits of planets don't intersect. Let us treat this position of planets is preserve in the evolution course.
The motions are researched in the relative coordinates system with beginning in the center of the parent star, axes
that are parallel to corresponding axes of the absolute coordinates system. The canonical perturbation theory is used
on the base aperiodic motion over the quasi-canonical cross-section. The bodies evolution is studied in the osculating
analogues of the second system of canonical Poincare elements. The canonical equations of perturbed motion in
analogues of the second system of canonical Poincare elements are convenient for describing the planetary systems
dynamic evolution, when analogues of eccentricities and analogues of inclinations of orbital plane are sufficiently
small. It is noted that to obtain an analytical expression of the perturbing function main part through canonical
osculating Poincare elements using computer algebra is preferably. If in expansions of the main part of perturbing
function is constrained with precision to second orders including relatively small quantities, then the equations of
secular perturbations will obtained as linear non-autonomous system. This circumstance meaningful makes much
easier to study the non-autonomous canonical system of differential equations of secular perturbations of considering
problem.

Keywords: planctary systems, variable mass, Poincare elements, theory of perturbations, evolution equations.

1. Introduction. In relation with findings of exoplanet systems, the study of the dynamically
evolution of planetary systems is very actually. Observations materials are wealthy [1-3], especially the
study of planetary systems in the stage of non-stationary is represents of interesting, when leading factor
of evolution is variability of masses of graviting bodies [4-7].

In this paper, n free spherical bodies problem is considered, mutually gravitating according to
Newton's law, with isotropically variable masses. The laws of the masses varying will be considered to be
known. On the base aperiodic motion over the quasi-canonical cross-section the canonical perturbation
theory is used [7-8]. The motions are researched in the relative coordinates system, in the analogues of the
second system of canonical Poincare elements.

2. Problem statement and differential equations of motion in the relative coordinates system.
The motion of planctary systems is considered, consisting of 7 +1 spherical bodies with variable masses

mutually gravitating according to Newton's law. The following notations are entered: 7, — the parent star
of planetary system, 7,

» (=12,..,n) — planets. The motions are studied in the relative coordinates
system with the beginning in the center of the parent star 7, axes that are parallel to corresponding axes

of the absolute coordinates system.
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The planets' location is such that 7, is inner planet relative to planets 7}, but outer one relative to

i+l 2
T’ , . Let us treat that this position of planets in the evolution course is preserve.

The masses of bodies are changed isotropically over time and laws of variable of masses are assumed
to be known

m, =my(t), m=m(t), ., m,=m,/t) (2.1
Let the rate of masses varying is different

L L N A Y (22)

my m m; my

The motion equations of # planets in the relative coordinates system with isotropically variable
masses can be written as [7,9]

- m, +m, n . —F
E:—fLﬁﬁ—QZ+fZ:%(%fn—%J,U:LmeL k=12,..n) 2.3)
k=1

ik k

i

where A, mutual distances of the center of spherical bodies

Aik:\/(xk_xi)2+(yk_yi)2+(zk_zi)2:Aki > (2.4)
f — the gravitational constant, m, =m, (t)— mass of the parent star, m. =m, (t)— mass of planet 7;,

7(x,,y,.z,) - radius-vector of the center of spherical bodies, sign "stroke" in the summation denotes that

the i#k .

3. The motion equations in osculating elements. Equations of the motion (2.3) are rewritten in the
form

. my +m, . £ (7
Z‘JF}FM’?_ﬁE: . izwz l_(;)’ (3.1)

7 Vi my(t) +m,(1)

where f,— 1s initial moment of time,
Fi = grad W,
VI/I' :VI/CI' +ng’ (32)
“ ' 1 ]_;‘]_; j/. 2

Wy=f2 m|—-—= £, W,=—7—n". (33)

¢ kzzl: k[Aik ’”k3 j 2y,

Obtained form of relative motion equations (3.1) is convenient to use perturbations theory formulated
to such non-stationary systems [7].

When doing so expressions (3.2) are the perturbing forces. If the perturbing forces are equal to zero,
then obtain integrable unperturbed motions.

At W, =0 the equations (3.1) describe aperiodic motion over the quasi-canonical cross-section [7,8]

japlmtm) e Bz (3.4)

i
v

i i

The solution of differential equations (3.4) is similar to the solution of the classical two body problem
with constant masses

x, = y,p;[cosu, - cos 2, —sinu, - sin £2, - cosi, |,
Y, =7,p:[cosu, -sin 2, +sinu, -cos €2, - cosi ], (3.3)

Z; =yppsmu, st F=Y.p, U :‘91' to,,

— 54 ——
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a, (1 N ef)
= 36
P l+e, cosb, (36)
where u,— analogue of the latitude argument, 6, — analogue of the true anomaly. The solutions (3.5)-(3.6)
will be used as initial unperturbed motion. The values
a,e,i, o, 3.7

are analogues of known Kepler elements. When doing so, @, — analogue of a semimajor axis,
e,— analogue of eccentricity, ®,— analogue of the pericenter argument, i, — analogue of inclinations of the
orbit, £2,— analogue of the longitude of an ascending node.

In the case of quasi-elliptic motion e, <1 the dependence of analogues of the mean anomaly M, on
time

Mi :ni[¢i(r)_¢i(ri)]: (38)

are determined taking into account the laws of masses variation. Here », — the analogue of mean motion,
M, — gravitational parameter

n, = @ =const, p, = f[m0 (1,)+m, (IO)} : (3.9

a

1

When doing so, ¢,(f) —the primary function of the values

| my (1) +m(6) )
- . 3.10
=0 (moamm,.(ro)j G10

Correspondingly ¢,(z,) is a dynamically element, analogue of the pericenter passage time. By 7, — is

denoted passage time through the pericenter. We emphasize that in unperturbed motion mean angular
velocity is variable and depends on laws of masses variability of corresponding bodies.

M,.:n,.[ L j:ni[ moll) + m, (1) j . (.11)
7 (1) m (1) +m;(t,)

In unperturbed motion, formally mathematically, the Kepler equations are occurs, which allows to
find coordinates and velocities as functions of time.
In the case of quasi-elliptic motion (e, <1), regular integration of the differential equation of

unperturbed motion (3.7) can be defined by the following six elements of quasi-elliptic motion
i ii’ a)i’ Qi: ¢i(‘[i)' (312)

In work [7] a corresponding perturbation theory is constructed, which will be widely used in this
paper, by using elements (3.12) as unperturbed.
For our purposes analogues of the second system of canonical Poincare elements are prefered

A’/liﬂ 51’3 771‘: pi: ‘],-: (313)

which are entered according to the formulas

A=, A=l+x, (3.14)
3 :\/2\/;7,.0\/57,.(1—,/1—e,.2 )Com,., 7 = —\/2\/ﬂ_m\/a_i(1—,/1—ef )Sim,., (3.15)

12 :\/2\/ﬂ_m\/a_i,/1—ei2 (1-Cosi,)CosQ, ¢, :—\/2\/ﬂ_m\/a_i,/1—ei2 (1-Cosi,)SinQ,.  (3.16)

Zi:Mi:ni[¢i(r)_¢i(Ti)]3 ”i:Qi+wia (3.17)

a., e

i2

where
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The differential equations of 7 spherical bodies motion in the osculating analogues of the second
system of Poincare variable (3.14)-(3.16) have canonical form

. Ok . Ok . OR
A=—x, &== b=

04, on, aq,

. . (3.18)
_ OR . OR . aR,.
i aAi: 771‘ agl B C],-— apl s
where the Hamilton functions
qu
R =210 +W (t,A L&, p.,A.n.q. 3.19

1 2A12 712 (r) l( 1 51 pl 1 771 ql) ( )

The canonical equations of perturbed motion (3.18) are convenient for describing the dynamic
evolution of planetary systems, when analogues of eccentricities and analogues of inclinations of orbital
plane are sufficiently small.

e, <<1, i<<l. (3.20)

The canonical equations of motion (3.18) rewrite in the form

1 1

OR o W, A_a_R,.*_aW,.

TN, A A, oA 04
. R ow, . OR oW
n,=- S=—0—"="—", (3.21)
05 o8 on, on,
. R am, . _OR oW,
q,= Pi=—
ap, p, g, 0q,

At W =0 it can be seen from equations (3.21) that the canonical variables A.7,.<,,q,, p, remain
constant, and the element A, — mean longitude is an increasing function of time.

4. The expansion of the perturbing functions. To write explicitly the right-hand sides of the
perturbed motion equations (3.21), it is necessary to Express the perturbing function (3.2)-(3.3) in terms of
the osculating elements (3.14) - (3.16). The expression of the value W, through osculating elements is

simple, and its explicit analytical form is known [7]. The main difficulties represent the expansion into a
series of the force function of the Newtonian interaction of bodies

fZ m{A—k— > j 4.1)

k

through osculating elements (3.14)-(3.16).
It is advisable to emphasize the main and indirect parts in the expression of the perturbing function

4.1
XX t VY t2,2, | _

T

4 ' 1
Wgt = fz Wy | ——
P A

ik

e o )

We denote the main and indirect parts of the perturbing function (4.1)

SR N PO S Y A R

(4.2)

— 5§ ——
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The indirect part of the perturbing function (4.3) does not contribute to the expressions of the secular
perturbing function as in the classical many body problem [10]. Therefore, it is sufficient to have an
analytical expression of the main part of the perturbing function (4.3) in terms of the canonical elements
(3.14)-(3.16) to obtain differential equations of secular perturbations in the canonical osculating elements
(3.14)-(3.16).

To obtain an analytical expression of the main part of the perturbing function (4.3), through the
canonical osculating elements (3.14)-(3.16), it is necessary to have a decomposition in a series of
quantities

{Aij ik=12,.n i#k. (4.4)

ik

These are very cumbersome and time-consuming algebraic calculations that are performed using
computer algebra. In work [8,11,12], such calculations were performed for the two-planet problem of
three bodies with variable masses, with precision to second orders including relatively small quantities
(3.20).

For the n planetary problem of many body with isotropically varying masses, considered in this
paper, the expansion into a series of quantities (4.4) is performed in exactly the same way. However, the
calculation volume for a many planet problem is growing, which is natural.

5. The equations of secular perturbations. The equations of secular perturbations that determine the
behavior of orbital parameters over long time intervals are obtained from the equations of motion (3.21) if
instead the perturbating functions W, their secular part is substituted

aR* B Iul20 ~ aVVi(sec) .

/ii == 2A3 > Ai =0,
aAi 71' Ai aAz

R oWt . OR oWt

== E=r=~t=—H 3D
o¢, ¢, on,  On,

. _GR; __aVVi(sec) o GR: ~ aVVi(sec)

", op, P, " g,
VVi(SeC) — ng(sec) + VVCi(SeC) , ng(sec) — ng)rn(sec) ) (5 2)

Naturally, the following system of canonical equations is split off from the system of differential
equations (5.1)

o _aVVi(sec) 5 ~ aVVi(sec)
771' - agl > i 6771 >
i=12,..n, (5.3)
- aVVi(sec) . aVVi(sec)
i oy, toog

If, in the expansion into a series of quantities (4.4), we restrict ourselves to second-order accuracy,
including relatively small quantities (3.20), then the system of equations (5.3) will turn out to be a linear
non-Autonomous system. When doing so approximate formulas for the relationship of various systems of
osculating elements as initial assumptions have the form

E=\JAecosm,, 1 =—\Aesinz, ANe =E+n, igrm,=-n/&,
p, =4, sini,cosQ,, g, =—yJA,sini;sinQ,, A,sin’i,=pl+q, 1gQ,=-q,/p,

Then, in turn, the resulting system of canonical equations (5.3) is divided into two separate
subsystems (see details in [8]). The first subsystem defines the equations of secular perturbations for
eccentric elements. The second subsystem defines the equations of secular perturbations for the oblique
clements. The linecarity of the system of differential equations (5.3) in the approximation (5.4)
significantly facilitates the study of the non-Autonomous canonical system of differential equations of
secular perturbations (5.3) of the problem in this formulation.

(5.4)
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6. Conclusion. In this paper, the differential equations of secular perturbations for non-stationary »
planetary systems with isotropically varying masses in analogs of the second system of canonical Poincare
clements are obtained in analytical form.

To obtain the actual expansion of the perturbing function through osculating elements, it is planned
to use the analytical computing system "Wolfram Mathematica" [13,14].

The resulting equations will be used to study the effects of mass variability during the evolution of
exoplanetary systems. This will take into account the effects of the decrease in the mass of the parent star
and the increase in the mass of planets due to the accretion of matter from the remnants of the
protoplanetary disk.

M.JIx. Munr;m6aes™, A.B. Komep6aena'
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ILTAHETA )KYWECIHIH KO3FAJEIC TEHJIEYJIEPI

AHHOTAIHsL. OK30IUIAHETa JKYHMECiHIH AambIIyblHA OAilfIaHBICTHI IUIAHETA SKYHWCJICPIHIH IHHAMHKAIBIK
JBOIOIIACHIH 3CPTTCY ©3CKTI Moceere aifHaambel. JKyMbIcTa HBIOTOH 3aHBI OOMBIHINA 63apa TPABHTALMAIAHATHIH,
HECTAIIMOHAPTHI 3K30IUIAHCTANBIK OKYHEICPIiH AacmaH-MCXaHMWKAIBIK MOJCII PpETiHAC Maccalapbl H30TPOITHI
©3TCPETiH, CPKIH CPepasblK 7 ACHS MOCENCCI KApacThIphUTFaH. Macca H30TPONTHL ©3TCPICH KE3AC P ACHETS 9Cep
€TETIH PEakTHBTI KYIITECPAIH KOCHIHIBICHI HOJIIEC TCH, CON CEOENTi A KO3FAIBIC TCHACY! BIKIMAMIAIagsl. Amaiina
JICHE MAacCCaJapbIHBIH ANHBIMAJTBUIBIFEI OCEpiHEH MuU(@epeHInanasl TSHACYICp KYHeci aBTOHOMIBI €MEC TYpre
Kemeni opi Oy MoceseHI adrapisikrait kypacieHAipeni. COHABIKTAH MOCENC YHBITKY TCOPHACH ONICTCPIMCH
3eprreneni. [ 'paBHTANMSUIAHATHIH JCHE MACCACHIHBIH ©3TEpiCi 3BOJIOLMAHBIH KCTCKIN (aKTOpbl peTiHme
KApacTHIPBUIFAH JKAFJANIA TUTAHETA JKYHENEpIHIH IWHAMHUKAIBIK 3BOJIOUMACH 3eprTencdi. JleHe maccamapbIHBIH
©3repy 3aHIBLIBIFBI KE3 KEITCH KOHE OCNTill YakeIT (D)YHKIACH PETiHAC ecenke anbiHanpl. COHBIMEH KaTap, ACHE
MAacCaNapblHbIH 63T€Py KAapKbIHABLIBIFBI opTYpii. IlnaneramapapH OpHAIACYBI OJAPABIH OpOHTANAphl Oip-OipiMeH
Ke3JeCHeHTIHACH >karaaliia KapacTHIPBUFAH. JBOJIOIMA KE3iHIAC IUIAHETANAPIBIH OCBUIAH OpHANACY >KaFmalbl
cakramagel gen ecenreiiMiz. OCBIHAAH KOJMMEH YHBITKY TCOPHCHIHBIH OIICTEPIH KOJJAHYABIH MAaTEMATHKAIBIK
JYPBICTBIFBI HETI3Te albiHaabl. [1naHeTa Maccamapbl OPTANBIK XKYJIIbI3 MACCACBIHAH dACKAWAA Killi JCT KapacTbl-
pamsb3. [TnaneTa sKYHECIHIH OPTANBIK SKYJIABI3EI IMCHTPITIK ACHEC 00BN caHAMAAbl. JKYMBICTA KBa3HAJLTHIITHKAIBIK
Ko3faipic 3eprrencdi. KBasWaummTHKAmbIK KO3FANBIC SKAFJAWBIHAA OPTAIlla AHOMAIMS AHAJOTHIHBIH YaKbITKA
TOYCNOLTri YHBITKBIMAFAH KO3FAJBIC KC3IHAC MACCANapAbIH ©3TCPy 3aHOBLIBIFBI ¢CCOIHIC AHBIKTAJIATBL
YHBITKBIMAFAH KO3FAJBIC KE3IHAE KOOPAWHATANAP MCH >KBUIJAMIBIKTHI VAKbIT (DYHKIMSICHI PETIHAC AHBIKTAyFa
MYMKIHZIK OepeTiH Kemnep TeHmeyl MaTteMaTHKANBIK TYPFBIAAH OPBIHABI JEN CaHANAAbL KBa3M3IIMITHKAIBIK
JKaFIaiia yHBITKBIMAFAH KOBFAJBICTHIH JU(P(PEpPECHIMATIBIK TEHACYIH TYPAKThl HHTETPANIay KBA3ZH3JUIHITHKAIBIK
KO3FAJNBICTHIH aNThl 3JIEMCHTTIH COHKEC AaHaJNorTapeIMeH aHbIkramanel. Kymeicta Ilyankape KaHOHIBIK
3MEMCHTTEPIIH CKIHON >KYHE AaHajoThl HETI3IHAC KAHOHABIK YHWBITKY TEOPHICH KCH KOJAaHbUIanpl. JleHe
3BOMFOLMSACH [lyaHkape KaHOHABIK SICMEHTTEPIHIH CKIHON JKYHECIHIH JIe3diK aHAJOTTApPBIHAA 3CPTTEJCII.
OKCICHTPUCHTET AHAIOTTAPbl MEH OPOMTA KA3BIKTHIFBIHBIH KOJIOCYJIK AHAIOTTAPHI XKCTKIMIKTI TYpAE Kimmi mama
6oxran karmaiina [TyaHkape KaHOHIBIK HJICMEHTTEPIHIH CKIiHIMI JKYIe aHATOTTAPBIHAAFbI YHBITKBIFAH KO3FAJBICTHIH
KaHOHZBIK TCHACY1 IUIAHETA XKYHEICPIHIH ITMHAMHUKAIBIK IBOJIOLIICBIH CHIIATTAYAA BIHFAIIBI OONBIN CAaHATAIBI.
YHBITKBITY B! ()Y HKIMSAHBIH HETI3T1 O6MITiHIH AHATMTHKAIBIK OPHETIH IIEKCi3 Karap perinae [lyaHkape KaHOHIBIK
JC3MIK 3ICMCHTTCPIHAC ajdy YIIH KOMIBIOTEPIIK anreOpaHsl KOJNIAHY KAKCTTIr kepcerimeni. Herisimae karapra
JKIKTEY 9iCi YHBITKBITYINBI (DYHKIMSHBIH HETI3ri OONIriHiH AHATMTHUKAIGIK OPHETIH Ke3 KEJIrCH AJIIIKTE alyfa
MYMKIHZIK 6epeni. Erep yHBITKbITY IIbI ()Y HKIMSIHBIH, HETI3T1 O6IriH jKIKTEYC Killi MIaMara KaTbICThI CKiHII PETTIK
JIOIIKTI KOCA ECENTEYMEH IIECKTEIICEK, OH/IA FACBIPIIBIK YHBITKY TEHACYJICP] CHI3BIKTEI ABTOHOM/IBI €MEC KYHe OO0JIbII
ecenreneai. OChIHAAN KarJaiia anbIHFAH FACHIPIBIK YHBITKYIBIH KAHOHIBIK TCHICYIHIH JKYHecl eki ImiKi >Kkyihere
sKikrenedi. BipiHmi jKyWe FachIPIbIK YHBITKY TCHICYJICPIH SKCHECHTPHUIUTETTIK 3JCMEHTTCDP YINIH AHBIKTAHIBL
ExiHmi skyHe FachIpIBIK YHBITKY TCHACYJCPIH OONHMKANBIK JICMCHTTED YINH aHbIkTaiiasl. OChl skargad
KApacTHIPBUIBINT OTHIPFAH MOCEJICHIH FACHIPIBIK YHBITKYBIHBIH Au()(pepeHIHAnbl TCHICYIHIH ABTOHOMIBI €MEC
KaHOH/IBIK KYHECIH 3ePTTEY Al aHTapIbIKTaH JKCHITACTE I

Tyiiin ce3aep: mWIAHCTANBIK SKyHenep, esrepmeni Macca, [IyaHkape 3IeMCHTTEpPi, YHBITKY TCOPHACHL,
3BOJFOLMSUIBIK TCHACY JIEP.

—— 58§ ——
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YPABHEHUA JIBUXEHUA INTAHETHBIX CUCTEM

AHHOTaHI/Iﬂ. B cBi3m ¢ OTKPBITHAMHA 3K30IITTAHCTHBIX CUCTCM H3YUCHHUC I[I/IHaMI/I‘{eCKOI\/II OBOJIXOIIHH IIAHCTHBIX
CHCTEM SIBJIIETCSI BEChbMA aKTyalnbHOH. B HacTosmel padore paccMOTpeHa 3a1ada 77 CBOOOIHBIX CEPHUCCKUX TEIL,
B3aHMOTPABHTHPYIOMIKX IO 3aKOHY HBIOTOHA, C H30TPOMHO M3MEHSFOITMMHUCS MAaCCaMH KaK HEOESCHO-MEXaHMUICCKAsA
MOACTbh HCCTAHOHAPHBIX JK30INIAHCTHBIX CHUCTCM. HpI/I H30TPOMHOM H3MCHCHHH MACC CYMMAPHBIC PCAKTHBHBIC
CHIIBI, TEHCTBYIOIME HA KAKIOC TEIO, PABHBI HYJIO, IIO3TOMY YPAaBHCHHE ABIXKCHHS yrpomaerca. OmHAKO H3-3a
TIEPEMEHHOCTH MACC Tel cuCTeMa AU PEPCHIMATIBHBIX YPABHCHUI CTAHOBHUTCSI HEABTOHOMHBIMH, YTO CYIICCTBEHHO
yenmokaseT 3amady. [Tosromy mpodrema HCCIeayeTcsi METONAMH TEOPHH BO3MYINCHI. M3ydaercs TuHaMHYecKas
OBOJIKOIMA IJIAHCTHBIX CHCTCM, KOraa BCOyIIHUM (I)aKTOPOM OBOJIKOIUHA ABJACTCA NEPECMCHHOCTH MACC CaMHUX
TPABUTHPYIOIIUX TCIL 3aKOHBI H3MCHCHHH MACC TCI CUYHTAKOTCA HM3BCCTHBIMH TIPOU3BOJIbHBIMHA (I)YHKI.[I/I}IMI/I
BpeMeHH. [Ipu 3TOM TeMIT H3MEHEHHS MAcC TEJI PA3IHYHBIA. PacTiookeHue IIaHEeT TAKOBO, YTO OPOUTHI IJIAHET HE
TIepeCceKaroTCs. by JjeM cunTars, YTO 3TO IMOJIOYKCHHUE IIAHET B XOJC SBOTFOLUH COXPAHICTCS. JITHM 00CCTICYHBACTCS
MATEMATHICCKAA KOPPCKTHOCTh NPUMCHACMBIX MCTOOOB TCOPHH BOSMymeHHfI. C‘{I/ITaeTC}I, YTO MACCHI IINIAHCT
HAMHOTO MCHBIIC, Y€M MAcca ICHTPAIbHOTO Teia. LIEHTpambHBIM TENOM SABISICTCS POJHMTEIBCKAS 3BE3IA
paccMarpuBacMoOi IIAHETHOH CUCTEMBL. JIBH)KCHHS HCCIICI0OBAHBI B OTHOCHTEIBHOM CHCTEME KOOPAMHAT C HAYAJIOM
B ICHTPC POAMTCIBCKON 3BE3IBI, OCH KOTOPOH MAPAUICIBEHBI COOTBSTCTBYHOIIHM OCAM AOCOJFOTHOW CHCTCMEBI
KoopauHAT. Mcmonp3yercss KAHOHWMYECKAs TEOpPHS BO3MYINCHHH Ha ©a3e amepHOAMYMECKOTO ABIDKCHHUS IO
KBA3MKOHHYECKOMY CeueHHI0. B pabore paccMaTpuBacTCs KBa3HAUIHITHIECKOE IBIKECHHE. B crydyae KBa3WamunTH-
YCCKOTO ABHXKCHHA 3aBHCHMOCTDh dHAJIOTOB cpe/:[HefI AHOMAJIMHA OT BPCMCHHU B HCBO3MYIICHHOM ABHKCHHH OIIPCAC-
JSIFOTCSL C YUCTOM 3aKOHOB M3MEHCHHS MacCc. B HEBO3MyIIECHHOM ABIKCHHH (DOPMATBHO MATEMATHYCCKH HMEET
MecTo ypasHeHuEe Keruepa, KOTopoe MO3BOISIET HAWTH KOOPAMHAT W CKOPOCTH KaK (PyHKIMHU BpeMEHH. [10CTOsIHHBIC
HHTErpHpOBaHU AU((PEPSCHINATBHOTO YPABHEHUSI HEBO3MYIICHHOTO IBIKCHIM, B CIy4ac KBA3HAILTHITHYCCKOTO
ABIKCHHUA, ONPECACIICHBI MICCTHIO 3JICMCHTAMH KBAZHIITHNTHICCKOTO ABMKCHHA, COOTBCTCTBYIOIIUMHU AHAJIOTAMH
KEIUIEPOBCKOiT OpOuTEL. B HacTosmel paboTe MHMPOKO MCIOIb30BAHbI KAHOHHYCCKAS TEOPHSI BO3MYIICHHS, Ha 0ase
AHAJIOTrOB BTOpOfI CHCTCMBI KAHOHHYCCKHX 3JICMCHTOB HyaHKape. Z[I/IHaMI/I‘{eCKa}I OBOJIOIMA TCJT TAKKE H3YIACTCA B
OCKYJIMPYIOIIIMX AaHAIOTax BTOPOH CHCTEMBl KAHOHHYECKHX 3JIEeMEHTOB [lyankape. KanoHwdeckme ypaBHEHHS
BOSMYIICHHOTO ABIKCHHA B aHAJIOTax BTOpOfI CHCTCMbI KAHOHHYCCKHX JJICMCHTOB HyaHKape, YI[O6HI>IG AT
OIMUCAaHHUA I[I/IHaMI/I‘{eCKOI\/II OBOIOIIMHA IUIAHCTHBIX CHCTEM, KOrJa AaHaJOTH JKCHCHTPHCHUTCTOB HW AHAJIOTH
HAKJIOHHOCTH OpPOWTANBHOM IJIOCKOCTH — JOCTATOYHO Majble BEJMUMHBL OTMEYACTCs, 4YTO Ui MOJMyHYCHHS
AHATTMTUYECKOTO BBHIPKEHI TJIABHOM YACTH BO3MYINAIOINCH (PyHKUWH B BHIAC OCCKOHCUHBIX PAAOB, BHIPAKCHHBIC
yepe3 KAHOHHUCCKHE OCKYJIHMPYIOIIME 3IeMEHTHI [lyaHKape, NMpEAmOuTHTEIPHO HCIIOIb30BAHHE KOMITBIOTCPHOH
anre6p1>1. MGTOI[I/IKa PA3TI0KCHUA B PAABI, B MPUHIHUIC, JACT BOSMOKHOCTD MOJIYUCHHUA AHAJTUTHICCKOT'O BBIPAKCHUA
TJIABHOW YACTH BOSMYIIAROMICH (YHKIMH, C OO0 3aJAHHOW TOYHOCTHEO. ECTH B PA3MOKCHHC TIABHOH YaCTH
BOSMYHlaIOHlefI (I)YHKI.[I/II/I OrpaHUIUTCA C TOYHOCTBI) OO0 BTOPBIX MOPAAKOB BKIHOYUTCIIBHO OTHOCHTCIBHO MAJIbIX
BCIMYUH, TO YPABHCHHE BEKOBBIX BO3MYIICHHN MOIYYHMTCS THHEHHON HEABTOHOMHOMU cucTeMOoM. Torga moxydeHHas
CHCTEMA KAHOHHYCCKHX ypaBHeHI/Iﬁ BCKOBBIX BOSMYH.IGHI/Iﬁ Pa3aciACTCA Ha ABE OTACJIBHBIC MOACHCTCMBL. HepBa;I
TIOJICHCTEMA OIIPE/ICIISICT YPABHCHUH BEKOBBIX BO3MYIICHUH IS SKCIEHTPHUCCKUX 3JIEMEHTOB. BTopas moacucrema
OTIPEACISICT YPABHECHUH BEKOBBIX BOBMYIUCHHH A1 OONHMUCCKHX 3JIEMCHTOB. JTO OOCTOSATEIBCTBO CYHICCTBCHHO
00JIEryaeT HMCCICIOBAHMA HCABTOHOMHOH KAHOHWYECKOH CHCTEMBI Ju((epeHImaTbHBIX YPABHCHHH BEKOBBIX
BO3MYIICHHUH pACCMATPHBACMOH IIPOOICMBIL.

KioueBbie ciioBa: IUIAHETHBIC CHCTEMBI, MIEPEMEHHAS MAacca, 37eMeHTH [lyaHkape, TeOopHs BO3MYIICHHH,
3BOJFOUUOHHBIC YPABHCHH.
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