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GAUGE EQUIVALENCE BETWEEN THE TWO-COMPONENT
GENERALIZATION OF THE (2+1)-DIMENSIONAL
DAVEY-STEWARTSON I EQUATION AND I - SPIN SYSTEM

Abstract. In recent years, multidimensional nonlinear evolutionary equations have been actively studied within
the framework of the theory of solitons. Their relevance is confirmed by numerous scientific publications. In this
work the gauge equivalence between the (2+1)-dimensional integrable two-component Davey-Stewartson 1 (DSI)
equation and the /" - spin system is established. Multicomponent generalizations of nonlinear integrable equations are
of current interest from both physical and mathematical points of view. In the theory of integrable (soliton)
equations, one of the key models is integrable nonlinear Schrodinger-type (NLS) equations. A two-component
integrable generalization of the (2+1)-dimensional DSI equation, obtained on the basis of its one-component
representation, and its corresponding Lax representation were proposed. A geometric connection between the two-
layer spin system and the integrable two-component Manakov system is found. The nonlinear equations are
integrated using the inverse scattering problem method by means of a linear system. For each integrable nonlinear
equation, as is known, there is a Lax pair of two linear equations, a compatibility condition, that is, a condition of
zero curvature, which this equation serves. We have obtained Lax pair whose zero curvature condition gives the
I’ - spin system.

Key words: Gauge equivalence, I - spin systems, integrable nonlinear equations, Manakov system, Davey-
Stewartson I (DSI) equation.

1. Introduction

Integrable spin systems are an important subclass of integrable nonlinear equations. Multicomponent
generalizations of nonlinear integrable equations are of current interest from both physical and
mathematical points of view. In the theory of integrable (soliton) equations, one of the key models is
integrable nonlinear Schrodinger-type (NLS) equations [1, 2]. The DS equations of types I and II are the
(1+1)-dimensional generalizations of NLS equations [3]. In the work [4, 5], a two-component integrable
generalization of the (2+1)-dimensional DSI equation, obtained on the basis of its one-component
representation, and its corresponding Lax representation were proposed. A geometric connection between
the two-layer spin system and the integrable two-component Manakov system is established in [6-8]. The
concept of gauge equivalence of two spectral problem was introduced in [5]. The main result of this work
is the establishment of gauge equivalence between the (2+1)-dimensional integrable two-component DS-I
equation and the /" -spin system.

Consider the (2+1)-dimensional DSI equation [4]:
iqlt + QIxx + QIyy - Ulql - a)lqz = O: (1)
5 + o + 90y — 024, —0,q, =0, (2)
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—iry, 1, Ty, O — O, = 0, 3)

=il + Ty + Ty, —@o1 — U =0, 4

X1xex — X¥1yy = 211q1 + 12G2)xx + 2(12G2) 5y + 211q1 + 12G2)yy (%)
Xoxx — Xoyy = (M1 + 272G2)xx + 2(11G1) ey + (111 + 27293),, (6)
Wy = Wy = (@172)xx = 2(@172)xy + (@172)yy,) (7

Woe — Wy, = (@27 e = 2(27)xy + (G271)yy, 8)

where 7 = +q*, q* is the complex conjugate of ¢, q; = q1(x,y,2), ; = r;(x,y,z) arc complex-valued
functions and x; = x;(x, y, t), w, = wy;(x,y,t) (i = 1, 2) are real functions.

Lax representation for this equation is given in the form

F, = ZF, + QF, )
Fy = 2i3F,, + +2iQF, + AyF, (10)
where
1 0 0 0 @1 q
2= 0 -1 0),Q=|-nn O 0),
0 0 -1 - 0 0
C11 i(‘hx + qu) i(qu + qu)
Ap = —i(ﬁx - 7’1y) C22 Ca3
_i(rzx - sz) C3o C33

The one-component cases of these equations have been extensively studied in [2, 3].

2. Gauge equivalence between the /" - spin system and two-component generalization of the
(2+1)-dimensional DSI equation
The I” - spin system reads as

iy = 406, + 40T, + 46y + T + Iy + (I = 1,) ) = 0, (11)
where
I'=g'¥g,I*=1, (12)
are
Fll FlZ F13
I'=\I21 Iz I3 ) €su(3).
31 F32 F33

The Lax pair is given as

i, =11, (13)
I, =2rn, +ivi, (14)
where
V'=4i6+1, +1T),. (15)
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Theorem. The two-component generalization of the (2+1)-dimensional DSI equation (1)-(8) and
I’ - spin system (11) is gauge equivalent to each other.

Proof. According to the definition, the systems (9)-(10) and (13)-(14) are gauge equivalent if
eigenfunctions F and @ can be connected as @ = g~ F or F = g&, where g is the solution of Eq. (9) at
zero spectral parameter A.

From the transformation F = g/] we take the derivatives with respect to y and ¢, then equate them to
the left sides of the Eqs. (13)-(14). As a result, we obtain the following equations

H,=(97"Yg.+9'Qs~9g g )+g " 2gll, (16)
1, =2ig7 Y gl +2ig7 2 X gx + QDU + 97 (2L X gux + 2iQgx + Aogl] — g (17)
On the other hand, according to the definition of gauge equivalence, g satisfies Egs. (9)-(10):

9y =29x + Qg (18)
9r = 20X gux T 2i09x + Aog. (19)
Substituting these equations into (16)-(17), we obtain

1,=g"'Xgl,. (20
1, = (4ig™' X997 "9x +2ig7 ' Q, + 2ig~ " X 911, 1)

Further, making the substitution I' = g~ Y, g in the last equations, one can rewrite them as
1, =ri,, (22)
I, = 2il1,, +i(4I'g " g, + 297 Q)L (23)

As can be seen, it is necessary to express g~ g, and g~ 1Qg in terms of I" - spin. To begin with, let us
define 7',

I, = (g_lzgx)x = [F; g_lgx]- (24)
Next we introduce the notation
gxg~ " = i, (25)
Here
0 6 2
Hy=|3 -6 0 ) (26)
c 0 -0
where 6, 6, 2,3 and ¢ are real functions. Then Eq. (24) will take the following form
Iy =g '[% 9.9 19 = 2ig~ "M g, (27)
and
IT, = (g ' X 9)Qig~'H,g) = 2ig™'H,g, (28)
where
0 6 2
H,={3 0 0] (29)
c 0 O
In a similar way we find 7',:
0 g1 q
Fy=ITx+2g‘1 n 0 0]g. (30)
rn, 0 0
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From this equation the commutator simply is [I31,] = 21T, and IT), + I, = 2g7'Qg. Taking into
account the above expressions and after some calculations, we get the following:

971gx = ial +3TT,, 31)

97'Qg = (', - I). (32)

If the last equations are substituted into Eq. (23), then the output is Eq. (14).
That is, here we have obtained Lax pair whose zero-curvature condition gives the /' - spin system
(11). Thus, we obtained the system of Egs. (11)-(14), which was required to prove.

2. Conclusion.

To conclude, we obtained the Lax representation of the /™ - spin system (13)-(14) that is gauge
equivalent to the Lax pair of the two-component generalization DSI (9)-(10).

The work was supported by the MES RK on the GF, IRN AP08857372.
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EKTI KOMIOOHEHTTI ’KAJIIBI (2+1)-6JEMAI 19BH-CTIOAPTCOH I TEHAEYI
MEH I - CHHHAIK "KYUECI APACBIHJATYBI KAJTUBPJIK 9KBUBAJTEHTLIIT'T

AnnoTtamust. COHFBI >KbUIIAPHI COMHTOHIAP TEOPHSCHI ASCHIHAA KOIOMIIEMIl CBHI3BIKTBI €MEC JBOIFOLMSLIBIK
TeHACYICp OcaceHmi 3eprrenyac. OnmapAablH ©3CKTIMTT KONTeTeH FHUIBIMH SKAPHAIAHBIMIAPMCH IOJICIICHCI.
WnTerpanmanarseH (COMUTOHBI) TEHACYIEp Teopusichiaa [lIpequHarep THIIIHACTI HHTETPATIIAHATHIH CHI3BIKTHI EMEC
terzeyxep (LICT) merisri moaensaepain Oipi 6oxbim caHanaasl. byn Teraeyai anram per J.11IpeauHTrep KBAaHTTHIK
JKYHENepaiH ipreli KaCHETTEpiH Taxaay YINIH YCHIHFAH KOHE OACTANKbIIAa O aTOM imiHAeri OemmiekTepaiH e3apa
OPEKETTECY YAEPICIH CHIATTAy YIIiH KOIJaHbUEaH [1-2].

CBI3BIKTHIK €MEC HHTETPANTIAHATHIH TCHACY ICPAIH KOIIKOMIIOHEHTTI JKAIBIIAHY bl (PU3UKAIBIK KOHE COHIAM-AK
MATEMATHKAIBIK TYPFBIAAH KA3ipri YakbITTa KbI3BIFYIIBUIBIK TyAbIpanbl JKammbimasran HICT TeHaeyi TONKBIHABIK
yaepictep (pH3HKACHIHAAFH KYOBLUTBICTAPABIH TYTAC KUBIHTHIFBIH CHOATTANABL. O (PH3UKAHBIH TYP CAaTaCHIHAAFBI
TOIIKBIHZBI CHUIIATTAYA KCHIHCH TAparaH, aran aiTKAaHIA, CHI3BIKTBIK EMEC ONTHKA, IUIA3MAIBIK (H3HKa *oHE T.0.
I sxome II tunmi d3su-Crroaprcona (JC) teraeyi LICT teraeyinin GipkoMIOHCHTTI (2+1)-emmemMai sKaambLUIAaHY bl
caHanmansl [3], an [4-5] sxyMeicta uaTerpanganatseH (2+1)-emmemai JCI TeHACYIHIH €Ki KOMIIOHCHTTI KATIBLIAHY bI
YCHIHBLIFAH.

CBI3BIKTEL €MCC TCHACYJICP HHTCTPATIAHAIBI, SFHH CBI3BIKTHIK JKYHC ApKBLIBI MIATIBIPAHABI KCpi ©Cem oici
apKpLIBI OIenryre Oomambl, MOHI OOMBIHINA CBI3BIKTBIK TECOPHS SJICTEPIMEH CBI3BIKTBIK EMEC CCEITI 3EpPTTEyTe
MyMKiHzaik Ocpeni. bi3 OinerinacH, opOip WHTETPATJAHATHIH CBHI3BIKTHIK CMCC TCHACYTC APHAIFAH CKi CHI3BIKTHIK
TEHACYICH TYpaThIH JIakc >kyOs1 Oap, YHICCIMALTIK INAPTHL, SFHU HOITIK KHCHIKTHIK MMAPTHI OCPLITCH TCHACY OOJIBII
cananazgpl. [4]-sxymbicTa yChIHBUFAH ki KOMIOHEHTTI JICI TeHaeyl OHBIH Oip KOMIIOHEHTTI YCBIHY XKOHE COMKEC
Jlakc ycwIHBICHI Heri3iHAe ambiHFaH. JKammel JIakc »kyObI COMKEC CBI3BIKTHIK €MEC TEHICY HMHTCTPATIBLIBIFBIHA
KeIummik oepMeiini, 0ipak Oy — KaKeTTi mapr.

CBI3BIKTBIK €MEC WHTETPANIAHATHIH TECHIACYJICPAl 3€PTTEyACeTi TaFrbl Oip YFBIM — KaIMOPIIK SKBUBAJICHTTIIIK
MaHBI3IBI POl aTkapaasl. Exi CICKTPNiK €CeNTiH KAaTHOPIIK SKBHBAJICHTTLUIIK YFBRIMBI [2]-me eHrisimmi. KammOpix
SKBUBAJICHTTIK — KAPACTHIPBUFAH TCHACYJICPTC TOH KEHOIP MAHBI3IBI JKAJIIBI CHIATTAMAJIAPABI aIyfa MYMKIHIIK
OCpeTiH, CBI3BIKTHIK CMCC TCHIACYICPAl 3CPTTEYTe apHAmFaH Tocia. KammOprmik »KBHBANCHTTIMIK OipKaTap skaHa
HHTETPAIIAHATHIH TCHJCY IEP KypyFa skoHe JIake >kyObI apKbUIBI 101 IIEIIYTe MYMKIHAIK Oepei.

[6-8] >kymbIcTa €KIKAOATTHI CHHMHAIK >KYWE MEH HHTETPAJJAHATHIH €Ki KOMIIOHEHTTI MaHakoB »KyHeci
apaChIHAAFHl KATHOPIIIK SKBUBAICHTTUTIK AHBIKTAJIFAH.

Makanama (2+1)-emmemai maTerpanmaHateiH eki kommoueHTTI JCI Teraeyi (1)-(8) MeH [ -ciHHAIK KyHeci
(11) xapacCTHIPBUIFAH, OJIAPABIH 63apa OAHIAHBICH 3CPTTCIATCH.

KamuOpri 3KBHBANCHTTLUIIK aHBIKTaMackiHa coiikec, (9)-(10) sxome (13)-(14) xydecinin F >koHC ¢ MCHIIIKTI
dynxmmsanape @ = g~1F, g nemece F = g, mynzars g - (9) TEHASYAIH A HOIMIK CIEKTPIIK MAPAMETP KE3iHIET




News of the National Academy of sciences of the Republic of Kazakhstan

mIenmiMi Aer OaNIaHbICTHIPCAK, KAMUOPIIK 3KBHBAJICHTTI JEN cHmarranansl. F = gl] TypIaeHOIpyiHEH Y XoHE t-fa
KATBICTHI TYBIHIBI AIAMbI3, COMAH Keiin omapast (13)-(14) TeHACYICPAIH COM KAK O6IiriHe TEHeCTIpeMi3 KOHE T.0.
Ocsmaiiima 0CHl €Ki TCHACY IH KaTHOPJIIK 3KBUBAICHTTLNIM colikecinme Jlakc sxyOnr apkeuiel JICI TeraeyiHiH (9)-
(10) Jlakc sxyOb1 sxone [ - cnuHiK sxyHeciniH (13)-(14) Jlakc »xyOsI apachIHAA AOICIACHICH.

JKyMbICcTBIH HETi3r HOTIOREC] (2+]1) emmemai nHTErpangaHatsH eki kommouneHTTi JICI TeHneyi meH [ -cimH ik
JKYHEC1 apachIHIAFBI KATHOPIIIK SKBHBAJICHT OPHATBLIFAHIBIFEI OOJIBIN CAHAIAIBL.
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KAJIUBPOBOYHASA DKBUBAJTEHTHOCTBb MEXAY
ABYXKOMIIOHEHTHBIM OBOBIIEHHEM (2+1)-MEPHOI'O YPABHEHU
JIBH-CTIOAPTCOHA I U I - CHIMHOBOU CUCTEMOU

AnnoTtanus. B mocnegHEe TOIB B pAMKaX TEOPHH COJIMTOHOB AKTUBHO M3YYAOTCS MHOTOMEPHBIC HEJIMHEHHbIC
3BOFOUMOHHbIC YpaBHEHH. X akTyaIbHOCTH MOATBEPKAACTCS MHOTOYHMCICHHBIMY HAYYHBIMH IyOimKanusyu. B
TCOPHH HHTETPUPYEMBIX (COTMTOHHBIX) YPABHCHHI OJHOH M3 KIOYCBBIX MOACICH SBIAIOTCA HHTCTPHPYEMBIC
HenuHelHble ypasaeHus tuna pexuarepa (HYIL). Briepseie 310 ypaBHeHuUE ObUT0 mpeanoxeHo J. Ipexurrepom
U1 aHamm3a (DYHIAMCHTAIBHBIX CBOMCTB KBAHTOBBIX CHCTEM, M NEPBOHAYANHHO C €r0 MOMOIIBIO OIHCHIBAIHCH
TPOLIECCHI B3AUMOJCHCTBHS BHY TPHATOMHBIX yacTu [1-2].

MHOTOKOMIIOHCHTHBIC  OOOOINCHHS HEIMHCHHBIX HHTETPHPYEMBIX YPABHEHHH B HACTOSINCE BpeMs
TIPEICTABILIFOT HHTEPEC KAK C (PM3MHUECKOM, TAK M C MATEMaTHICCKOW TOUKH 3peHust. Odobmennoe ypasaeHue HYII
OTHCHIBACT LIEIYI0 COBOKYITHOCTD SIBJCHHH B (PM3HMKE BOJHOBBIX IMPOuECcOB. OHO IMMPOKO PACIPOCTPAHCHO TPH
OTIMCAHUH BOJH B PA3IHYHBIX 00IACTIX (PH3HKH, B JACTHOCTH B BOJHOBBIX SIBJICHHAX HCIMHCHHOW ONTHKH, (H3HKE
mia3mel 1 1.1, Kak m3BectHo ypaeueHus /[3Bu-CtroaprcoHa ([C) tumos 1 u I SBIAFOTCA OTHOKOMIIOHCHTHBIMH
(2+1)-mcpupiMu  0000meHIaMu ypasucHud HYII [3], a B pabGorax [4, 5] mpeamoskCHO ABYXKOMIOHCHTHOC
HHTCTpHPYEMOE 0000menHue (2+1)-mepHOTO ypasuenusa ACL

HenuueliHble ypaBHEHHMS HHTCTPHPYIOTCS, T.€. MX MOXKHO PEHINTH C IOMOINBIO METOJA OOpaTHOH 3amadm
paccesaHus NOCPEACTBOM JIMHEHHOM CHCTEMBI, KOTOPBIN MO3BOJILIET HCCACAOBATh HEMMHEHHYIO 3a4a4y, 10 CYIIECTBY,
METOJAaMH JHHEHHOUM Teopuu. Kak Mbl 3HaeM A1 K&KIOT0 HHTCTPHPYEMOTO HEJIMHEHHOTO YPAaBHCHHSA CYILECTBYET
nmapa Jlakca W3 ABYX JMHCHHBIX YPABHCHUH, YCIOBHEM COBMECTHOCTH, TO €CTh YCJIOBUEM HYJCBOM KPHUBHU3HBI
KOTOPBIX CIYKHT JaHHOE ypasHeHuE. [IpeanoxenHoe B padore [4] nByxkommoHeHTHOE ypapHeHue JICI, momy4deHo
HA OCHOBE €r0 OJHOKOMITOHCHTHOTO IPEICTABJICHHS M COOTBETCTBYIOIIETO €My mpeacrasicHus Jlakca. BooOire,
CYIICCTBOBAHME Mapa JIakca HE TapaHTHPYET HHTEIPHPYEMOCTh COOTBETCTBYIOMICTO HETHMHEHHOTO YPABHEHHA, HO
SIBIIETCSI HEOOXOIMMBIM Y CIIOBHEM.

Enre oaH0 MOHATHE — KAMHOPOBOYHAS SKBUBAICHTHOCTD — HTPACT BAXKHYFO POJIb B HCCJICIOBAHUIX HEIMHCHHBIX
HHTCTPHPYEMBIX YpaBHEHHH. [T0HATHE KaTHOPOBOUHOH SKBUBAJIICHTHOCTH ABYX CIICKTPATBHBIX 33734 OBIJIO BBEICHO
B [2]. KanmOpoBo4HAs 3KBHBAJCHTHOCTh — 3TO IIOAXOJ K HCCIICTOBAHHEO HEIMHCHHBIX YPABHCHUIL, KOTOPBIH
MO3BOJIIET OTKPBITh HEKOTOPBIC BAKHBIC OOMIME XapAaKTCPHCTHKH, IMPUCYINHE PACCMATPHBACMBIM YPABHCHILIM.
KanubpoBoyuHast 3KBHBAJICHTHOCTH MO3BOJIIET TEHEPHPOBATh P HOBBIX MHTCTPHPYEMBIX YPABHCHHH WM PEIIUTH MX
TOYHO ¢ IOMOTIBEO (popmy et JTakca.

B paborax [6-8] HalineHa KammOPOBOYHAS IKBHBAJCHTHOCTH MEKIY IBYXCIOWHOH CIHHOBOW CHCTEMOH H
HHTETPHPYEMOH 1By XKOMIOHCHTHOM CHCTEMOH MaHaKoBa.

B »a10if crarhe paccmoTpeno (2+1)-mepHoe mHTErpmpyemoe apyxkommoHeHTHoe ypasHeHue JICI (1)-(8) m
I'" - cmuHoBas cucrema (11), wmccmemoBana WX B3aWMOCBA3b. COTACHO ONPCACICHHIO KATHOPOBOTHOH
3KBHBAJICHTHOCTH, CHCTEMEI (9)-(10) u (13)-(14) xauOpoBOYHO YKBHBAJIICHTHEI, ¢CTH COOCTBCHHBIC (yHKIMN F 1 @
MOTYT OBITH CBA3AHBI CIEAYIOIEM 00pasom: @ = g~1F wmm F = g®, tie g — pemenue ypaBHeHus (9) PH HYJIEBOM
cnekTpanapHOM mapamerpe A. M3 mpeodpasosanusa F = gl] OcpeM mpou3BOIHBIC IO Y U £, a 3aTCM MPHUPABHABACM HX
K JIeBBIM YacTsaM ypaBHeHHH. (13)-(14) m 1.1 Takum o0pa3oM, JoKa3aHA KATHOPOBOYHAS SKBHBAJCHTHOCTH 3THX
JBYX VPaBHCHHUII C TIOMOIIBIO COOTBETCTBYIOIUX map Jlakca, T.e. mapoit Jlakca ypasuenus JCI (9)-(10) u mapo#
Jlakca /" - cnuHoBO# cuctemsl (13)-(14).

OCHOBHBIM PE3YIBTATOM JAHHOM PabOTHI SBISIETCS YCTAHOBICHHC KAMMOPOBOYHOW SKBHBAIICHTHOCTH MEXKIY
(2+1)-MepHBIM HHTETPHPY EMBIM JIBY XKOMIIOHECHTHBIM ypaBHeHUEM JICI 1 /™ - CIHHOBOM CHCTEMOH.
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