Hseecmua Hayuonanenoti akademuu Hayk Pecny6auxu Kasaxcman

NEWS

OF THE NATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X

Volume 2, Number 312 (2017), 12 - 17

UDK 517.956

A.T. Assanova’', A.E. Imanchiev’, Zh.M. Kadirbayeva'

! Institute of mathematics and mathematical modeling, Almaty,
2K.Zhubanov Aktobe regional state university, Aktobe,

E-mail: assanova@math kz, imanchiev_ae@mail.ru, apelman86pm@mail.ru

ON THE UNIQUE SOLVABILITY OF A MULTI-POINT
PROBLEM FOR SYSTEM OF THE LOADED
DIFFERENTIAL EQUATIONS HYPERBOLIC TYPE

Annotation. The nonlocal multi-point problem for the system of loaded differential equations of hyperbolic
type second order is considered. The load lines in the system of equations and lines that given of the boundary
conditions, can be arranged as you like. The considered problem is reduced to an equivalent multi-point problem
with parameter by introducing a new unknown function instead of a loaded term in the system of equations. The
problem with parameter consists of a nonlocal problem for a system of hyperbolic equations with parameter and the
functional relation. Algorithms for finding an approximate solution of the equivalent problem with parameter are
constructed and the conditions for their convergence are set. Sufficient conditions for the existence of unique
solution to the problem with parameter are established. Conditions of existence of unique classical solution to the
multi-point problem for the system of loaded differential equations of hyperbolic type are obtained in the terms of
initial data. Earlier, the method of reduced to an equivalent family of problems for partial differential equations is
applied to study of this problem. Sufficient conditions for the existence unique classical solution of this problem are
find in the terms of some matrix compiled by the initial data.
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Problem statement. Consider the nonlocal multi-point problem for the system of loaded differential
equations of hyperbolic type second order on the rectangular domain Q =[0,7"]x[0, @]
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where u = col(u,,u,,....,u,) is unknown function, the (nxn) matrices A(t,x), B(t,x), C(t,x),

P(x). O,(x). S,(x). i=Lk, K ,(x), L,(x), M,(x), j=Lm, the n vector functions f(,x),
@(x) are continuous on Q, [0,@], respectively, the load lines 0 <6, <8, <...<8,, <8, <T, the
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lines in the boundary condition 0 =¢, <#, <...<t, , <t =1, n vector function y(¢) is continuously
differentiable on [0,77].
Let C(QLR") (C([O,a)],R”)) be a space of continuous on Q ([O,a)]) vector functions u(z, x)

(o) with nomn [, = max (12| (o], = maxfoco] )

A function u(?,x)eC(Q,R"), having the partial derivatives %EC(Q,R"),

e C(Q,R") is called classical solution to problem (1)--(3), if its is

2
ou(t,x) c C(Q.RM. o u(t,x)
ot 10X

satisfied of system (1) for all (7, x) € Q, and boundary condition (2) and multi-point condition (3).

The questions for the existence of unique solution and the construction of algorithms for finding
approximate solutions to problem (1)--(3) are investigated. Loaded partial differential equations arise in
the study of various processes of physics, chemistry, biology, ecology and others [1-9]. A special role is
played of a loaded hyperbolic equations and boundary value problems for them. Some classes nonlocal
and boundary value problems for the loaded differential equations of hyperbolic type studied in the papers
[10-14]. We can also find a bibliography and analysis results with respect to the loaded differential
equations in the works [1-5]. Multi-point problems for the differential equations frequently appear in the
study of natural science and engineering problems [15, 16]. Multi-point problems for the ordinary
differential equations and equations of hyperbolic type are considered in the papers [17-22]. Questions of
existence, uniqueness and continuous dependence of solution from data for the new classes of nonlocal
problems for the system of loaded hyperbolic equations second-order are important and urgent problems
of the theory of nonlocal problems for the loaded differential equations.

In present paper the results for nonlocal problems with integral conditions for the system of
hyperbolic equations with mixed derivatives are developed to a class of multi-point problems for the
system of loaded hyperbolic equations. Algorithms of finding approximate solutions of multi-point
problem for the system of loaded hyperbolic equations are constructed and their convergence is proved.

Reduction to an equivalent problem with parameter. We introduce a special loading function
X ou(t,x) Gu(t X)
L(x)=2{lz(x) e +O.)
=1

the following equivalent problem

g T8,(0u(@, x)} and problem (1)--(3) is reduced to

Pu ou ou
% = A(t, x)a+B(t, x)5+(7(t, X)u+L(x)+ f(t,x), )
u(t,0)=w(), t[0,T], (3)
f{K R N +M,-(x)u(rj,x)} ~o(x). xe[0,0]. ©
10=3 02D 0P|, s cou@. 0. x<10.01. )

A pair functions (u*(t, x), L (x)), where " (1,x) e C(QR"), L' (x) e C([0,w],R"), is called a

solution to problem (4)—(7), if the function #" (¢, x) has a partial derivatives % e C(Q,R"),
x 2
% e C(QLR"), % e C(Q,R"), satisfies to system (4) for all (£,x)€Q and
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L(x) = I’ (x), the boundary condition (5), the multi-point condition (6) and relation for loading function
(7) are valid.
At fixed L(x) the problem (4)—(6) is nonlocal problem for the system of hyperbolic equations with

mixed derivatives [22]. In this work were studied of the questions for existence of unique classical
solution to the investigated problem. Conditions of unique solvability to considered problem were
established and the algorithms for finding its solutions are proposed. Further, for investigating to the
problem (4)—(7) we applied the method of introduction functional parameters [23-38]. Problem (1)—(3)
is studied in [39] by reducing the equivalent family of problems for partial differential equations with
parameters.

Scheme of the method of introduction functional parameter. Introduce a new unknown parameter
A(x) as value of function u(f,x) for t =0: A(x) =u(0,x). We replace u(t,x) =u(t,x)+ A(x) in the
problem (4)—(7) and pass to the following equivalent problem

o B ou o, — .
o A, x)a + B(t, x)E +C(t,x)u + A, x)A(x) + C (1, x)A(x)+ L(x)+ f(t,x), 3)
(0,x)=0, xe[0,0], )
i1(1,0) = (1) = p(0) . 1 € [0, 7], (10)

i[(] () A(x) + ZT:M" (x) A(x)+ i {K’j (W, x)+M ,()u(t,, x)}+ iLJ. (w(t,,x) = p(x).,
xe[0,@], (11)
L(x)= Zk: {E () AX) + P(x)V(6,,x) + O, (x)W(6,, %) + S, (x)A(x) + S, (x)ii (6,, x)}, xe[0,m], (12)

, W(t,x)zm‘

ot
A triple functions (i7" (¢, %), ' (x), L' (x)). where i"(t,x)e C(Q,R"), A'(x)e C([0,0],R").
L'(x)e C([0,@],R"), is called a solution to problem (8)—(12), if the function #*(¢,x) has a partial

~ % ~ % 2~k
Me C(Q,R"), Me C(Q,R"), Me C(Q,R"), satisfies of system
ox ot Otdx

where V(,x) = %

derivatives

(8) for all (¢,x)eQ and A(x)=A"(x), L(x)=L'(x), the conditions on the characteristics (9), (10),
relation for functional parameter (11) and relation for loading function (12) are true.
The initial data of problem satisfies of the compatibility condition in the point (0,0) :

A0) =w(0). (13)

At fixed A(x), L(x) problem (8)—(10) is Goursat problem for the system of hyperbolic equations
with mixed derivatives. Relations (11) and (12) allow us to determine of the unknown parameters A(x),
L(x).

Algorithms for finding approximate solution to problem (8)—(12). The solution to problem (8)—(12)
is triple functions (%" (z,x), A" (x),L (x)), which we determine as a limit of the sequence of triples
functions (ﬁ 1, x), A (x), L (x)), s =0,1,2,..., based on the following algorithm:

Step 0. 1) Suppose that u(f,x)=w()—w(0), V(t,x)=0, w(t,x)=w (), L(x)=0 in the
relation (11), and solving Cauchy problem for system of ordinary differential equations (11), (13) we find
initial approximation of parameter A”(x) for all x<c[0,®]. 2) Suppose that A(x)= A (x),
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/l(x) =A@ (x), L(x)=0 in the system (8) and solving Goursat problem for system of hyperbolic
equations (8)—(10), we find # ”(¢,x) and its derivatives v (¢, x), w”(¢,x) ams Bcex (7, x) € Q. 3)
From relation (12) for A(x)=A"(x), Ax)=A"(), w@t,x)=a@,x), v(t,x)=v"(,x),
Ww(t,x)=w"(t,x), we determine initial approximation of loading function Z’(x) for all x [0, ®].
And so on.

Step 5. 1)Suppose that #(t,x)=u""(t,x), V(t,x)=v V(@ x), Wt,x)=w""(x),
L(x)=L" " (x) in the relation (11), and solving Cauchy problem for system of ordinary differential
equations (11), (13) we find A’ (x) forall x € [0,@]. 2) Suppose that A(x) = A% (x), A(x) = A”(x),
L(x) = L® " (x) in the system (8) and solving Goursat problem for system of hyperbolic equations (8)—
(10) we find #“ (¢, x) and its derivatives ¥ (¢,x), W (¢,x) forall (¢, x) € Q. 3) From relation (12)
for A(x) =AY (x), A(x)=A9(x), i@, x)=ua,x), v(t,x) =V, x), w(t,x) =W, x). we
determine s th approximation of loading function 2 (x) forall x € [0, @], s =1,2,3,....

Conditions of the feasibility and convergence of the proposed algorithm are established. These
conditions are also conditions of the existence unique solution to problem (8)—(12) and unique
solvability to the original problem (1)--(3).
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A.T. Acanosa’, A.E. Umanunes’, 7K. M. Kaaupoaesa'

"MIHCTHTYT MaTeMATHKY H MATEMATHUECKOTO Moaemposarns MOH PK, Amvarsr, Kazaxcran
* AkTrOOMHCKHiT Peruonanprerii ['ocy 1apcTBeHHbIH yHUBepcHTeT MMeHH K. Ky6anoBa, T.AkT0o6E

OB OJITHO3HAYHOM! PAZPEINIAMOCTHA MHOTOTOYEYHOM 3AJTAUM A1 CHCTEMBI
HAT'PY/KEHHBIX JTUOPDOEPEHIIUAJIBHBIX YPABHEHUU

Annoranus. PaccMaTpUBacTCs HEOKAIBHAS MHOTOTOUYCHHAS 3a0a4a I CHCTEMBI HATPYKECHHBIX TU(depeH-
LHAJBHBIX YPABHCHUH THIICPOOIMUECKOTO THIIA BTOPOTO MOPsAKA. JIMHUN HATPY3KH B CHCTEME YPABHCHHIA M JIHHUH,
B KOTOPBIX 33IAFOTCS KPACBBIC YCIOBHS, MOTYT PACIONATAThCA KAk yromuo. [TyTeM BBEACHHS HOBOM HEH3BECTHOM
(yHKIMH BMECTO HATPYIKCHHOM CllaracMoM HCClielyeMas 3aa4a CBSICHA K SKBHBAJICHTHOH MHOTOTOUCYHOH 3a1a4e
¢ mapaMeTpoM. 3a1a4a C MapaMeTPOM COCTOHT M3 HETOKAIBHOM 33a4H A1 CHCTEMBI THIICPOOIHUCCKIX Y PABHCHHUI
C mapaMeTpPoM U (PYHKIHOHAIBHOTO COOTHOIICHHUS. IT0CTPOCHBI ANTOPHTMBI HAXO/KICHHS TIPHOIIKEHHOTO PELICHHS
SKBHBAJICHTHOM 3aJa4YH C TIAPAMETPOM M HAWICHBI YCIOBHS MX CXOAMMOCTH. YCTAHOBICHBI JOCTATOUYHBIC YCIOBHS
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CYIIECTBOBAHUS €IMHCTBCHHOTO PEIICHUS 3aJa4H ¢ mapameTpoM. [10ayueHb! yCIOBUA CYLICCTBOBAHUS CIUHCTBCH-
HOTO KJIACCHYECKOTO PEIICHUS MHOTOTOYCHHOH 3amavu Il CUCTEMbI HATPYKCHHBIX TH((epeHIMaNbHbIX ypaBHE-
HUH runepOOIMUECKOTO THIIA B TEPMUHAX HCXOTHBIX JAHHBIX. PaHee K MCCIICIOBAHUIO PAcCMATPUBACMOH 33amaqu
ObUI NMPUMEHEH METOJ CBEACHMSA K 3KBHBAJICHTHOMY CeMEHCTBY 3amad il au(pepeHLMATbHBIX YPAaBHECHHH B
YACTHBIX NMPOM3BOJHBIX. BbIMM HalACHBI JOCTATOYHBIC YCIOBHA CYIUECTBOBAHUA CAUHCTBEHHOIO KJIACCHYECKOTO
peICHUA HCCIIEAy EMOM 3a1a41 B TEPMHHAX HEKOTOPOH MATPUIIBI, COCTABIAEMOM IO HCXOJHBIM JAHHBIM.

Ki1io4eBple cj10Ba: HETOKATbHAS MHOTOTOYCHHAS 337a4a, CHCTEMA HArpy >XCHHBIX Au((epeHIHATbHBIX YPaB-
HEHUH, CHCTEMa THIEPOOIMYECKUX YPAaBHECHHH, IapaMeTp, alIrOpHTM, HPHONIDKCHHOE PEHICHHE, OJHO3HAYHAS
Ppa3pemmmMOoCTb.

A.T. Acanosa', A.E. Amanumen?, JK.M. KoxipGaera'

"BixFM MareMaTHKa )OHE MATEMATHKATBIK MOJICTIBACY HHCTHTYTHI, AnMaThl, KasakcTam
K. Ky6anoB aThIHAAFH AKTO0C OHIpIiK MEMICKETTIK YHHBEPCHTETI, AKTO0E K.

KYKTEJTEH JHODPEPEHIVAALIK TEHIEYJIEP )KYWECT YIITH
KOMHYKTEJI ECENTIH BIPMOH/AI IIEILIIMILIITT TYPAJIBI

Annotamusi. ExiHm perti rumepOosaiblK TEKTEC KYKTEAreH Mu(depeHnanablk TCHACYIep KYHecl YIUiH
Ociiokan KeMHYKTETl eCenl KapacThIpbliaabl. JKYKTEY CHI3BIKTaphl MEH IICTTIK IAPTTap OCPiireH ChI3BIKTAp KE3
KEJITEH TYPAC OpHANIACybl MYMKiH. JKYKTENTeH KOCBUIFBIIITHIH OPHBIHA JKaHA Oenrici3 ()YHKIHS CHII3y >KOJBIMCH
3€PTTENIN OTBHIPFAH CCEN Iapa-map KemHYKTeni mapamerpi Oap ecemke kenripinren. [lapamerpi Oap ecenm
runepOoIaNblK TCHACYIEP JKyHeci YImiH mapamerpi O0ap OcHIokan €cemTeH oHE (DYHKIHMOHAIIBIK KATHIHACTAH
Typansl. Ilapamerpi Gap mapa-map ecenTiH JKybIK HICImiMiH Taly anrOpUTMACPI TYPFBI3BUIFAH >KOHE OJAPIbIH
JKHHAKTBUTBIK IIapTTapbl TaObumraH. [lapamerpi Oap ecemiH »kanFbI3 INCHIMiHIH Oap OOJYBIHBIH >KETKITKTI
MApTTaphl TaFaWbIHIAFAH. [ UIepOONaNbIK TEKTEC MKYKTENreH auddepeHrmanapK TeHaeyIep sKyHeci YIIiH
KOIHYKTETI €CENTIiH >KAJFbI3 KJIACCHKAJBIK MIEIIiMiHiH Oap OO0y BIHBIH IAapPTTaphl OACTANKbI OepiTiMaep TepMUHIHAC
anbiaFaH. KapacThIpbUIBINT OTHIPFAH €CEMTI 3¢PTTEY YIUiH OypBIH AepOeC Ty bIHABLIBI TH((CPCHIHMATIBIK TCHACY ICP
YIUiH ecenTep dyJeTiHe KeNTipy 9/ici maiaanaHblIFaH O0AThIH. 3EPTTEIIN OTHIPFAH €CECNTIH MKAFbI3 KIACCUKATIBIK
memiMiaiH 0ap OONyBIHBIH IApTTaphl OacTamksl OEpimiMACp ApPKbUIBI TYPFBHI3BUIATBIH MATPHIA TCPMUHIHAC
TaOBLIFaH.

Kinrrik ce3aep: OCHIOKAT KOMHYKTCI €CEI, JKYKTEIreH IU((PCPCHIHANIBIK TCHACYJICP >KYHECi, rumep-
00JabIK TEHACY ISP XKYHEC], mapaMeTp, aITOPHTM, XKYBIK MICIIiM, OipMOH/I IS TIMILTIK.



