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NUMERICAL METHOD FOR SOLVING A
LINEAR BOUNDARY VALUE PROBLEM FOR FREDHOLM
INTEGRO-DIFFERENTIAL EQUATIONS

Annotation. Numerical method to solve the linecar boundary value problem for the Fredholm integro-
differential equations with degenerate kernel is proposed. Dividing interval into N parts and introducing additional
parameters as the values of solution at the left-end points of subintervals origin problem is reduced to the multipoint
boundary value problem for the system of integro-differential equations with parameters. At the fixed values of
parameters the special Cauchy problems for the system of integro-differential equations are solved. Introducing the
additional parameters allows as the solvability of the boundary value problem to reduce to the solvability of system
of linear algebraic equation with respect to introduced parameters. The Cauchy problems for the ordinary differential
equations and evaluating the definite integrals on subintervals are the main auxiliary problems of method proposed.
The Cauchy problems are solved by the Bulirsch-Stoer method and definite integrals are determined by the Sympson
method.

Keywords. Fredholm integro-differential equations, linear boundary value problem, parametrization, Bulirsch-
Stoer method.

Various problems of physics, engineering, biology, etc. lead to the study of integro-differential
equations and to the formulation of related specific tasks. In connection with this, the theory of such
equations has attracted the attention of mathematicians. Qualitative properties of problems for the
Fredholm integro-differential equations and methods for solving these problems are considered in the
works of many others [1-11].

In the present paper, we consider the linear boundary value problem for Fredholm integro-differential
equation:
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where the matrices A(t), ox(t), yi(s), 0<k<m and vector f(t) are continuous on [0, T]. A solution to
problem (1) and (2) is a vector function x(t), continuous on [0, T] and continuously differentiable on (0,
T), satisfying the integro-differential equation (1) and boundary condition (2).

Given the points: E,Q =0<t <...<ty=T, and let Ay denote the partition of interval [0, T) into N

subintervals [0, T) = U |$l"—] ; ?’fl. The case, when the interval [0, T] is not divided into parts, we denote
r=1
by Al.
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Let x,(t) be the restriction of function x(t) to the r -th interval [t—, t,), 1.¢. x,(t) = x(t), fort € [t 1), T
=1,N.

Introducing the additional parameters L. = x,(t;-1) and performing a replacement of the function u,(t) =
x(t) — A on each r -th interval, we obtain the following boundary value problem with parameters:
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where (6) are conditions for matching the solution at the interior points of the partition Ay. Note, that
conditions (6) and integro-differential equations (3) also ensure the continuity of solution’s derivatives at
these points.

Using the fundamental matrix X,(t) of differential equation dx/dt = A(t)x on [t.1, t;] , we reduce the
special Cauchy problem for the system of integro-differential equations with parameters (2.3), (2.4) to the
equivalent system of integral equations.
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Introduce the notation
W &
pe =2 [ Yi(s)uj(s)ds

J=1tj1

Multiplying both sides of (7) by w,(t), integrating on the interval [t.;, t,] and summing up over r, we
have the system of linear algebraic equations with respect to p = (W, . . ., tm) € R™

.
Hy = Zq, B+ Vi AAnA + gl f, Aadp = 1. ®)
=1 r=1

with the (n x n) matrices
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Using these matrices we can rewrite the system (8) in the form
[I — G(AN)le =V(AN)A+9(f. AN), (12)

where [ is the identity matrix of dimension nm.

Essential requirement to the partition is its regularity. Partition 4y is called regular if the matrix / —
G(4y) 1s ivertible. It is established that the invertability of system’s matrix is equivalent to the well-
posedness of considered boundary value problem [2]. Assume the matrix / — G(4y) is invertible and

/ -1 _ 1 [/ )
[I —G(An )] = (-M kP(‘i‘“f\f}} Then according to (12) the elements of the vector n € R™ are
determined by the equalities
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Substituting the right-hand side of (13) instead of ., we get the representation of functions u,(t) via A;
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Introduce notation
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Then from (14) we have
N
lim u(t) =) D j(An)A; + F(Ay). (18)
i=1
Substituting the right-hand side of (18) into the boundary condition (5) and conditions of matching

solution (6), we obtain the following system of linear algebraic equations with respect to parameters A, r
=(LN):
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By denoting the matrix corresponding to the left-hand side of the system of equations (19), (20) by Q,
the system can be written as the following:

Q*{éﬁ'))‘ =—F.iaxhA€ e, )

where

_— § —
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Solving equation (21) we find A and substitute it to (14) to calculate u. Finally, performing a
replacement of the function u,(t) = x,(t) — A, on each r -th interval, we obtain the values of the vector
function x(t).

Consider the Cauchy problems for ordinary differential equations on subintervals.

% — Affix + Pt} 2{f,_1} = 0,8 € [f_g, b ], = 1. N 23)

Here P(t) is square matrix or vector of dimension n, continuous on [0,T].

Let’s denote the solution to the Cauchy problem (23) by E«,=(A(.).P(.),t).

Solving the Cauchy problem for the ordinary differential equations we obtain E«,=(A(.),P(.),t) and
then evaluate the integrals

P = f i, Gy A) = f T BEAALY, ALY, e o9

s
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From the equalities (24) we calculate matrices G,V,g. Consequently we obtain the matrices Q, F and
form the system of linear algebraic equations with respect to parameter L. Solving composed equation we
find the parameter L. The Cauchy problems for ordinary differential equations for the found values of
parameter we solve using Bulirsch-Stoer method [12]. Bulirsch—Stoer algorithm is a method for the
numerical solution of ordinary differential equations which combines three powerful ideas: Richardson
extrapolation, the use of rational function extrapolation in Richardson-type applications, and the modified
midpoint method, to obtain numerical solutions to ordinary differential equations (ODEs) with high
accuracy and comparatively little computational effort.

Now we consider on [0, T] the linear boundary value problem for Fredholm integro-differential
equation (1) and (2) with degenerate kernel, where
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Here the matrix of differential part is variable and the construction of fundamental matrix breaks
down. We use the numerical implementation of algorithm. For the integro-differential equation in the
given problem any partition of interval [0, T], including A, , is regular. Accuracy of solution depends on
the accuracy of solving the Cauchy problem on subintervals and evaluating of definite integrals.
Numerical solution for Cauchy problem and evaluation of definite integrals are implemented using
9
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Bulirsch-Stoer method and Simpson’s method, respectively. We provide the results of the numerical
implementation of algorithm by partitioning the interval [0, 1] with step h = 0.5 and partitioning the
subintervals [0, 0.5] and [0.5, 1] with step h1 =h2 =0.05.

t x* (1) X* (0 t x* (0 X* (1)
0 -0.0000 0.0000 0.5000 1.0000 -1.0000
0.0500 0.3090 -0.3090 0.5500 0.9511 -0.9511
0.1000 0.5878 -0.5878 0.6000 0.8090 -0.8090
0.1500 0.8090 -0.8090 0.6500 0.5878 -0.5878
0.2000 0.9511 -0.9511 0.7000 0.3090 -0.3090
0.2500 1.0000 -1.0000 0.7500 0.0000 0.0000
0.3000 0.9511 -0.9511 0.8000 -0.3090 0.3090
0.3500 0.8090 -0.8090 0.8500 -0.5878 0.5878
0.4000 0.5878 -0.5878 0.9000 -0.8090 0.8090
0.4500 0.3090 -0.3090 0.9500 -0.9511 0.9511
0.5000 -0.0000 -0.0000 1.0000 -1.0000 1.0000

Here is x,*(t) and x,*(t) are approximate solutions of the integro-differential equation. Exact solution
to the given problem is
(8 — (méniézﬁ'&;})
2=\ casi2wt)
and the following estimate is true

max ||zit;} — 2%t < 0.000003552
,s=1...31“ M S

whereas the results obtained from the Runge-Kutta 4™ order method is:

max [leit;} — 2*i; 3] < 0.000003662
;:]...3!

Moreover, Bulirsch-Stoer method showed better performance in terms of computation time:
spent time (Bulirsch-Stoer) = 3.1511s versus spent time (Runge-Kutta 4) = 3.9654s, which is 25.8%

faster.
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®PEJT0JbM HHTETPO-TH®PEPEHIUAABIK TEHAEYI YIITH
CBI3BIKTBIK IIETTIK ECENTI INEIIYATH CAHJBIK DIICT

AnHOTanus1. O3eri aiupiran OpearoabM HHTErpo-Iu()PepeHIUATIIBIK TEHACY1 YIIH ChI3BIKTHIK MIETTIK €CENTL
LICIIYAIH CAHABIK OMiCi YCBHIHBULABL ApamblkThl N Oenikke Oelly oHE KOCBIMINA MApaMETPICPAl INCIIIMHIH
OeNMiMIICHIH COJ JKaK HYKTCICPIHACIT MOHI PETiHAE €Hri3y OacTamkbl ecenTi mapamerpiepi 0ap HHTETpo-
mu(depeHIHATABIK TEHALY I JKYHECl YIIiH KOMHYKTENI METTIK eCenke anbin keaeai. [lapamerprepain OCKiTinreH
MOHJEpiHAE HHTETpo-Au(epeHInATABIK TeHACYIep sKyHeci ymiH apHaiibl Komm ece6i memineai. Koceimmia
MapaMeTpiaCpAl CHIi3y IICTTIK C€CENTiH NICHITMIUINIIH CHIi3UIreH mnapamerpiaepre OaMIaHBICTBI CHI3BIKTBIK
anreOpanbIK TCHACY JICp KYHECIHIH e TIMILTIr HE KeATipe.

Benimmenepaeri »xoi muddepenuunanasik Teracyaep ymiH Komm ecefi yKoHE AHBIKTAJIFAH HHTETPATIAPABI
€CENTEY YCHIHBUIFAH OICTIH HEri3ri Kocaiuksl ecenrepi Oombin Tabbuiagsl. Komu mocenenepi bBymupm —Illtep
OMICIMCH MICHIiICAl KOHE aHBIKTAJFaH HHTErpanaap CHMIICOH 9iCIMEH eCenTeNe i

Kinrrik ce3nep. @pearoasm uHTErpo-mud@epeHIHAIabIK TCHACY1, CHI3BIKTBIK MICTTIK €CEI, MapaMETpIicy,
Bymupu-ITep omici.
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YUCJEHHBIA METO/[ PEINEHUS TUHEMHOM KPAEBOM 3ATAUH
IS HHTETPO-IU®OEPEHIIUAJIBHOI'O YPABHEHUA ®PEATIOJbMA

AnHoranus. [IpeaiokeH YHCICHHBIA METOJ PCIICHHA JMHCHHON KpacBOW 3amaud Ay WHTErpo-muddepeH-
IMAJTbHBIX YpaBHCHUH OpearoapMa ¢ BIPOXKICHHBIM sapoM. PasOuenne uarepsana Ha N yacTel ¥ BBEACHUE AOTIO-
JHUTCIbHBIX IIAPAMETPOB B KAUCCTBE 3HAUCHUH PCINCHUS B JIEBBIX TOUKAX IOJUHTEPBATOB HCXOJHYIO 3aJa4y
CBOJMT K MHOTOTOUYCHYHON KPacBO 3a1a4e Il CHCTEMBI HHTEIPO-Au()epEeHINATBHBIX YPABHCHUH C ITApaMETPaMU.
IIpu (uKCHPOBAHHBIX 3HAYCHUAX NMAPAMETPOB PCINAFOTCA CHELHMATbHBIC 3amauu Kommw a1 CHCTEMbI HHTEIPoO-
muepeHIraTbHBIX YPABHCHUH. BBeICHNE OMOMHUTEIBPHBIX TAPAMETPOB MO3BOJLIET HAM Pa3PEIIMMOCTh KPAacBOH
3a7a4YM CBOAUTH K PA3PCIIMMOCTH CHCTEMBI JHHECHHBIX aITeOpaHmyeCKUX YPABHCHHH OTHOCHTEIHHO BBCICHHBIX
mapaMeTpoB. 3agaun Komu 111 0OBIKHOBEHHBIX AM((EPEHIUATBHBIX YPABHCHUH M BBIMHCICHHUE OIPECACICHHBIX
HHTETPAJIOB HA NOAMHTEPBAJAX SBILTIOTCA OCHOBHBIMH BCIIOMOTATEIBHBIMH 33Ja4aMM IPEIJIOKCHHOTO METOMA.
3amaun Komm pemarorcs metomoM Bymmpma-Illtepa, a OmpeneIcHHBIE HHTETPANbl BBIMHCILIFOTCA METOIOM
CuMmcona.

KmoueBsie caoBa. Huterpo-mudepenumamsaoe ypapaenue Ppearompma, IMHEHHAS KpaeBas 3a1ada,
napaMeTpusanus, merox by mupmia — [repa.




