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PERTURBED ORBIT OF A CIRCULAR TYPE
FOR THE HILL SECOND TASK

Annotation. It is know that the Hill second intermediate orbit has found application in the theory of satellites
motion [1, p.3]. Small parameter method has not yet been used in studies of the Hill second intermediate orbit.

This method in the [2, p.30] is given the following characteristics: “Method for constructing periodic solutions
of nonlinear systems proposed by Henri Poincare has two features that should be borne in mind in practical use:

1. Procedure is effective only in the construction of periodic solutions of weakly nonlinear systems, as p-little.

2. The construction of each of the following approximation becomes harder than that of the first”. Of course, it
is generally true.

This article shows that in solving nonlinear differential equations of the perturbed Hill circular problem,
paragraph 2 becomes untenable. The reason is that the solutions of the second approximation have numerical
coefficients, which have small order, which sharply reduces the amount of computation.

There is an opinion that the Poincare small parameter method does not characterize the evolution and oscillation
of the perturbed orbits. This view was also wrong.

Key words: the Hill second task, perturbed orbit of a circular type, Poincare small parameter method, the
angular frequency, free nonlinear salutation, oscillation, evolution.

Let us consider the plane perturbed Hill circular problem [1, c. 61]:

d’x X 3 dly Y 3
— ==, U= =), (1)
dr? 3 dr? r
where v — small parameter, r?=x? + y2 =const .
We introduce the notation in (1)
k=2 here LL—const , 3 —const . @)

==,
r
and apply the Poincaré small parameter method. To reduce the volume of the article, we will take the
following steps:
1. The sequence of introducing series in degrees of small parameter with accuracy O(VZ) including

and obtaining the corresponding systems of differential equations (1) will be performed according to the
recommendations of M.1. Bat and others [3, p. 379].

In the problem there are two circular frequencies: k?- the circular frequency of the unperturbed

motion; p2 =k + o V+ oc2v2 - the circular frequency of the perturbed motion, where o; and o, - the

parameters determined from the condition for discarding resonant terms in particular solutions of systems
of differential equations (1).
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2. Everything related to the integration of linear homogeneous and linear inhomogeneous second-
order differential equations with constant coefficients will be fulfilled in accordance with the well-known
general theory (see textbooks on differential equations).

Completing p.1, we have a system of second-order differential equations with constant coefficients,

the solutions of which with an accuracy O(VZ) inclusive, will be given by segments of series in powers of
small parameter:

3)

X =X, +vx; +V2x2 +O(v3),}

¥=Yo+w +v2y, +0(0°)

Thus, we have a system of differential equations corresponding to the first equation in (1):

Ko+ piE, =0,

.. 2. 3

X +pTx =oxy + x5, 4)
.. 2. 2

Xy + pTxy = 0yX) H0pXg +3x5X],

and corresponding to the second equation of (1):

Yo+ %P =0,
i+ P25 = ouyo + Ya, &)
o+ P23y = oy + oy +3¥5 0
We integrate (4) and (5) under the following initial conditions:
=0, x4(0)=a, x,(0)=0, x,(0)=0, x;(0)=0, x,(0)=0,
¥o(0)=0, y(0)=ap, y,(0)=0, y(0)=0, y,(0)=0. }

In accordance with p.1 and p.2, for the first equations from (4) and (5), taking into account (6), we
have the zero approximation

(6)

Xy =acospt, y, =asinpt, (7

where a — the radius of the unperturbed circular orbit, which corresponds to v = 0.
The solution of the second equations from (4) and (5) with regard for (6) has the form:

3
X; :( 3a 2}-(cospl—cos3pl),
32p ®)

3
= 3a 5 |- (sin3 pt —sin pr),
32p

Here it 1s taken into account that

3_ 33 1
Xo=acospt, x; =a Zcospl+zcos3pl ,

. 3 3 3. 1.
Yo =asmpt, yy=a Zs1npl—zs1n3pl ,

and that the non-resonance condition of the first approximation gives:
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3
(X’l - _Zaz

The solution of the third equations from (4) and (5) under the initial conditions (6) has the form:

5

X, = cos 5 pt —cos pr),
5 C))
Y, = oa 13sin {—sin3 Z+lsin5 t
* Sl Y PErgsin-rty
Here it is taken into account that
2 . 2 3613 . .
3ypy; =3(asin pt)” - 5 | (sin3pt —sin pt),
32p
2 2 3613
3x5x; =3(acos pt)” - 5 |- (cos pt —cos3 pt).
32p
and that the non-resonance condition of the second approximation gives
9 a*
Oy =0y =" ~>5 > (10)
128 p
-27 a*
a, =, =———, 11
2 2y 128 p2 ( )

Here it affects x,(0)=a, y,(0)=0.
Recalling that
pr=k’+ o V+ oc2v2

we have for the third equation in (4)

4
p?=k*+v za2 +v? 2 .4
4 128 p?

and accordingly for the third equation in (5)

3 4
4 128 p2
Notably they have the same order of smallness O(VZ) , Since v is sufficiently small, we have
0(v?) ~ 0O(3v?).

Now we substitute in (3) X, V, from (7), X; and y; from (8). X, and y, from (9) and find

3a® 5 9g°
X=acospt+v 5 |- (cos pt —cos3pr) +v7| ——— |- (cos5pt —cos pr),
32p 3072p

(12)
. 3a° . . [ 9a® 13 . . 1.
y=aspt+v 3 -(sin3 pt —sin pt)+v > |"| ——sinpt=sin3pt+—sin5pt |

32p 512p 6 6
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r:\/x2+y2 (13)

It is possible to obtain the radius of the perturbed circular orbit

According to the formula

3a? 1 3 3
p=asl+v 5 || =+5cos2pt—2cos4pt +0(7). (14)
64p 2 2
Att=0, p =a, then we find p™" and p™* . For this we calculate P and equate it to zero
3psin2pt—8psindpt =0. (15)

Let us find the critical points. Before we make a replacement
2pt =1, 4pt =21,
then (15) will have the form
3sint—8sin21=0 (16)
or taking into account
Sin 27 =2sInTCOST (17)
We have (17) instead of (16)
sint;(3-16¢co0s1,)=0, 1, = 0°, T, = 79,2°.

Now we need to check the critical points 1, and 1,, considering p — const

-1° 0° 5° 70° 79.2°  190,1°
0,017 |0 0,087 0,3420 | 0,1874 |-0,002
_ + + _

min max

The first critical point gives «min»
1,=0,,=0, p"™ =a.

The second critical point gives «max»

0 0
1 396 396
T, =79—=| — | , that corresponds to 1221—2: )
5 s 2p \10p

. 3a® 1 3 a’
P =agl+y = |'| =t —<cost, —2¢c0827, |p=aql+v = It
64 p 2 2 8p

Thus, p on the segment 0 <1 <7, runs through all values of segment

o>
a<p<all+v — ||
8p

. . . e T
The maximum of the radius of the perturbed circular orbit in time corresponds to 7, :2—2, and

minimum - £, =0.

— 7)) ——
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It is seen from (14) that the perturbed radius consists of the sum of the evolutionary part of the radius

3
a and oscillations with a very small amplitude v 634a 7| [% +%cos 2pt—2cos4pt j .
p

1 3
It may be affirmed, that the depicting point under the condition E + ECOS 2pt—2cosdpt =0
mtersects a circle of the radius a, then under condition
1 3
—+—cos2pt—2cos4pt >0
2 2
The representing point will be outside the evolutionary circle, and at fulfillment of the conditions
1 3
E+Ecos2pt —2cos4pt <0

will be inside this circle. Besides, the amplitude of deviations of the depicting point from the evolutionary
circle will be different at each moment of time, it varies continuously.
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XWJIABIH EKTHIII ECEBIHAETT ¥ BITKYJIbI HIEHBEP TUIITEC OPBUTAJIAP

AnHOTanmmst. XWIIBIH CKIHII OpTanblk opOuTacel XKep cepiriHiH KO3FaIbIC TCOPHACHIHAA KOJTAHBLIBII XKAThIP
[1,6.3].

Ocpl KYHIe JCHIH Kimn mapaMeTp omici XWiABIH OPTANbIK OPOMTACHIH 3EPTTEyAe KOJAHbIMaWAbl. by amic
Typaisl MbIHAHIAH KOPBITHIHIBI OepinreH [2, 6. 30].

OicTi KOTAHFAHIA TOMCHCTI CKi )KAHBITTHI YMBITTIAHAAD:

1. Omic Tex Kimmi mapaMeTpaiH 6Te MapABIMCHI3 OOFAHBIHAA COTTI OOIAIBL.

2. Op Kelecl ecenTey KaxaMmbl alIbIHFBICBIHAH KypAchi Oomamel. JKOFaprbl KybIKTAyJIapaa >KYMBIC KeleMi
kebee Tyceni.

Bbyn makamaga 2-mm eckepry Keifae OpbBIHZAMaHTHIHBI KepceTireH. (Cebedi ecemrey OapbiCBIHIA 6TC
MapABIMCHI3 CAHABIK KO3 purmeHTTEp Maixa 00maabl 1a eCenTey KOIeMiH KYPT KbICKAPTAIbL.

KoHe KeMIiMIKTIH OWbI OOWBIHIIA Oy OMICTIH YHBITKYJIbI OPOUTANAPABIH SBOMFOLIICHIHA, OCHMSULLIIMACHHA
CIIKAHIAH KATHICH JKOK. ByJT 0fAa KaTe OOJIBIM MIBIKTHL.

Tyiiin ce3aep: XuWiaeH CKiHI ¢ceOi, YHBITKY B ICHOCPIIK opouTa, [TyaHKkapeHiH Kil mapaMeTpiep 9Iici,
IMCHOCPITIK KUK, CBI3BIKTHIK EMCC SPKIH KO3FAIBICTAP, OCIUIIALAS, 3BOFOLH.
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BO3MYIIEHHAS OPBUTA KPYT'OBOI'O THIIA
BO BTOPOMU 3AJTAYE XHWJLITA

AnnoTtamust. U3BeCTHO, UTO BTOPAs MPOMEKYTOYHAS opOnTa XWjIa HAIIJA MPHJIOKEHHS B TCOPHH ABIKCHUS
cnytHHKOB 3emum [1, ¢.3]. Merox mamoro mapamerpa cmie HE OBLI HCIOJIB30BAH NPH HCCICAOBAHHH BTOPOH
TIPOMEXKY TOUHOH opOmTHI Xmmaa. oMy Merony B [2, ¢.30] gaercs cieayromas XapakTepIUCTHKA:

«MeTox TOCTPOCHUS TICPHOAMYCCKUX PEIICHUH HEITMHCHHBIX ABTOHOMHBIX CHCTEM, NPEIIOKCHHBIH AHpH
[Tyankape, 00namaet AByMsI OCOOCHHOCTSIMH, KOTOPBIC HAZ0 HMETh B BHAY IPH MPAKTHICCKOM HCIOIb30BAHNH

1. ITpoueaypa 3¢ PpekTHBHA TOTHKO MPH MOCTPOCHHH NICPHOTHICCKHX PEIICHUH CTA00HCITHHCHHBIX CHCTEM, TaK
KAK [L — MaJo.

2. TToCcTpoCHHE KAKAOTO CICAYIOMETO MPHOMIKCHIS CTAHOBHTCS CIOKHEE TepBoro. O0BeM padoT ¢ KAKIBIM
MPUOIMKCHUEM PACTET JTABHHOOOPA3ZHOY .

Koneuno, B 00m1eM cayvae 3TH IpeIypEkICHASI BEPHBL

B nmauHOM CTaThE MOKA3aHO, YTO NMPH PEIICHWH HEIMHECHHBIX Tu((epeHInanbHbIX YPaBHEHHH BO3MYIICHHON
KpPYTroBo# 3a1a4n XMUIa MYHKT 2 CTAHOBUTCA HECOCTOATCIBHBIM.

[TpwamHA COCTOMT B TOM, YTO B PEUICHISIX BTOPOTO MPHUOMIKCHUS MOSBILIIOTCS YHCIOBBIC KO3()(DHIUCHTHI,
KOTOPBIC HMEIOT MAJIBIH MOPSIIOK, YTO PE3KO COKPAIIAET 00BEM BHIMUCICHAN.

BriTyer MHEHHE, 4TO METO Maoro mapamerpa [Iyankape HUKAK HE XapaKTEPH3YET IBOJIOLHIO M OCHIIULIIIHIO
BO3MYIICHHBIX OPOHT.

T0 MHEHHE TOKE OKA3aJI0Ch HEBEPHBIM.

KmoueBnie cioBa: Bropas 3amavya XwWia, BO3MyIIEHHAS KpPyroeas OpOMTA, METOA MAaJoro Imapamerpa
[Tyankape, KpyroBas 4acToTa, CBOOOIHBIC HEIMHEITHBIC KOICOAHHS, OCIIHIULIIIFS, SBOJFOLAS.
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