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APPLIED TASKS OF PLATES FLUCTUATION
UNDER MORE DIFFICULT BOUNDARY CONDITIONS

Abstract. The results on the research of own and compelled fluctuations of flat elements taking into account
lamination of material of plate, rheological viscous properties, anisotropies, etc. are given in this work.

At the research of harmonious waves in deformable bodies, the concept of phase speed as the speed of environ-
ment condition change is implemented; at the same time, the phase speed is expressed through the frequencies of
own fluctuations and therefore the research of harmonious waves distribution has a direct bearing on the problems of
definition of own forms and frequencies of the fluctuations limited in terms of plates.

More difficult fluctuation of rectangular flat element is the fluctuation when two of the opposite edges are
hinge-supported, and two other edges have different types of fixing or they are free from tension.

This class of tasks leads to the transcendental equations for determination of frequencies of own fluctuations
which can be solved both numerically and analytically.

The transcendental frequency equations can be reduced to algebraic ones and to investigate the influence of
both boundary conditions at the edges of rectangular plate or rectangular flat element and parameters of geometrical
and mechanical character on the frequencies of own fluctuations of rectangular flat elements.
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We will consider flat element as isotropic uniform elastic plate of constant thickness [2].
We will be limited to the task solution based on approximate equation of quartic cross fluctuations
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where coefficients A. are equal to
A, = h2<7~V ; Al=2h2(2-V); A2=2 ™ . (2)
0 12b2(1-v) 31-v) 3(1-v)
v - Poisson ratio; b - speed of cross waves distribution in plate material.

As plate edges (y = 0;12) are hinge-supported, the solution of the equation (1) we will find in

W (X ¥,t) = expfih g Ijr WKk(x)sm ®3)
h Ik N2

Substituting (3) in the equation (1), for Wk we get ordinary differential equation

d 4w d 2w
dyy +B dgy +BWk=0 4)

where coefficients B0, Blare equal to
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We will write down the common solution of the equation (4) as

cos(alx) cos(al) 2 cos(an).F cos(alx)
+

W (x) = ClI
all an a,
(6)
sin(a0Ox) + sin(aX) sin(a0Ox) + sin(aX)
+ C4
a a a a
where Cj - integration constants; au aj - roots of the characteristic equation
a4+B0a2+B1=0 (7)
and are equal to
aQl (8)

Integers (n,m) are got out of solution simplification condition at the satisfaction of boundary
condition at the left edge x = 0, and other boundary conditions at x = 11lead to the transcendental equation
for the determination of frequencies of the plate own fluctuations.

We will analyze transcendental frequency equations of the first point.

In the beginning we will consider the simplest transcendental equation

al0cos(alll)sin(all) - aisin(alll)cos(all) = 0. 9)

We will implement designations
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and further we will lower strokes for simplicity.
As sines and cosines from any argument are equal
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the equation (9) is equivalent to the following

on o aZaZj A 2ia 20 joi+j) = o (11)
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If to accept that size is determined from the formula (8) with plus sign under the root, then it follows
that this root does not turn zero at any values y,v ,f.
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Therefore, in the beginning it is possible to putal= 0 or for f we get the equation

BI(2-v) T + % (1-V)] or

fa -
(7 - 8v) (7 - 8v)

(12)

which roots are equal to

3
#2=(7-8v)-2,4 (2-v)r+2 (1-v)
(13)

8l+v2)r2+3r(1-v)(2-v)+4(1-v)2

as the ranks in the formulae of trigonometrical functions meeting ranks in the equation (11), equivalent to
the equation (9) also meeting, at the research of private equation (11) it is possible to be limited to the
final number of the first composed.

Having taken first three composed in the ranks (11), we will write down it as

aocal(al ao)|3 |l 30 (al+ao)l +1x
(14)
X . /li4 +a02a21+ag') +—----1--a02a l6+... }=0
840 360

Roots from the formula al= 0 are equal (13). The value (a'~ - a”) is other than zero atany y,v ,f.
Ifin formula (14) to take only two first terms, then we get

(a2+a@)- 101-2=0

or
BO- 10/-2=0 (15)
and frequency equation
=2r +101-2; (16)
(2-v)
which positive root is equal to
2r +101-2
(2-v)

If in formula to take all three first terms, then we will get
@f+a6‘§+--%9a02a12 28(aR+aa)l-2 + 28014 =0 (18)
3
or

B2 +3 Bl 28B01-2 + 2801-4 =0

and the frequency equation corresponding to them

2 T+8v (16 -J1
(2-v)2+ (2-v) —r +28l-2 +2(1-v)
6 V3
+ 16r2+56yi-2 +2801-4 =, (29)

which has two positive roots.
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It is similarly possible to take first four and more terms in the formula (11) and to get more exact
frequency equation and corresponding frequencies f .

To find the frequency equation from ranks of the equation (11) it is necessary to find out condition of
deduction legitimacy of finite number of terms in the ranks (11).

We will apply Dalamber’s principle of ranks convergence to the ranks in the equation (11). We will
get

2 272
&0&1 /

(2i +3)(2) +2)

<g2<1 (20)

where 0<q< 1
It follows from the inequality (20) that

| 2 2I< 2
) =

2 2(2i +3X2j +2)
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Q) =q - )

The analysis of inequality (21) shows that it is correct when performing inequality
(M >0 -2d# +E<( 3= ]

where coefficients D, E are equal to

4 (2-Vr+t(-v)
— —_m 8r2
D= E=m
(7 - 8v) (7 - 8v)
or inequalities
D2- E<C? (22)
At the set parameters of geometrical and mechanical character from the inequality (22) it is possible

to define necessary number of the first terms in ranks (11) to find the frequency equation relative
frequencies f.

We will consider transcendental equation frequency equation
2 ol sin(adsin(all) - 2cos(adcos(all)=0 (23)
a

As well as transcendental equation (9), the equation (23) is equivalent to the following

moR A, bdizd _32H)

alal<? 1-\2 2 -1 (24)
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It follows from the equation, that, first, a1= 0 also we got frequencies (13).
We will write down the equation (24), having written out the first terms
<|(a@+ a2)J 2- 6 (5a4 + 5aj4 + aQa2)J 4+j X
(25)
x90[ +ab6+ 7a@a2(a@a2)U6+ ..}=0
From (25) it also follows that it can be supposed (a, + a2)= 0 and we will get
BO=0 or f2_ 2 _, (26)
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which root is equal to

fo 2r (27)
Similarly, we can put approximately
(a0 +al) J62(5 a0 +5al +ala") =0 (28)
and we will get frequency equation
(SBQZ- 9B1) - ® Bo =0 (29)

having positive roots.
We will consider more difficult transcendental equation

4[Q(Q - a@- a2)+ aza2j[l- cos(alll) - cos(alll)j+

(30)
+2 Q-a2) +% (Q- a@) sin(alll)- sin(all) =0,
a3 an
where
3-2v 2 J xR
Q =
7-4v VI2J
which is equivalent to the following
ar21ia2!l
2 = -+- j 2-+-
2[00(Q0- a0 - a2)+aoap = ¢ c CARL TERT AL
i=0 =0 (2i)1(2))!
b \+j 26 ¢) i 2(i+j+) =0
* a0(Q0 al) +al(Qo ao) J22(-1) _ _ (31)
£0 j=0 (21 + 1)1(2j +1)!
= 3 2vV - 2r).
Q= 7.4 )
We will write out the first terms in the equation (31)
6(3 2
+al
4 i +L2 J4+
[K a2l Lo 2 . , 5
. (32)
+ <360 L1 +ab+ 15a@a2(al0+ aR)]j+
+— L2 a0+al +—alal "d +... =0;
20 2 3 J
L HQo(g, ?)+a@p]
12 20(q0- a2F +a#(q0- a0)2
Being limited by the first term in the formula (32), we will get
@+a2)i+L2=0 (33)
or
Qo2 (Bg2 - 2B 1)- 2Q oBgB 1+ 2B 12 + Bg Q Q - Bg ) + B 1j = 0 (34)
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The frequency equation (34) is the algebraic equation relatively to £ and already depends on the

parameter y .
Equations of higher order relatively to £ already depend on the parameter y.

It is also possible to consider other boundary value problems.

Thus, transcendental frequency equations can be reduced to algebraic and to investigate influence of
both boundary conditions at the edges of rectangular plate or rectangular flat element, and parameters of
geometrical and mechanical character on frequencies of own fluctuations of rectangular flat elements.

We will generalize outcomes for rectangular plate or flat element which material satisfies viscoelastic
model of Maxwell.

Let we have a rectangular uniform isotropic plate.

In this case, we will find the solution of approximate quartic equation

(35)
W =eXP[h £ jh Wksin

where £ - complex frequency which valid part defines the law of attenuation of fluctuations and imaginary

part determines frequencies of own fluctuations.
For Wkwe get ordinary differential equation

dWk —d2\k - (36)
~dbT - — dx* TTWk=0
where —0,—1 are equal to
—0= (37)
— = ) .
A WTE + 2MNnEWI3EI+WWj2™*
( \ (
1 fb
—1H—15—A9+(2)y11£ + X 142y £ +y2]
VA2 » a2 A2j A2t Vh *2 ]
Coefficients Aj are provided in the previous paragraphs.
We will write down the common solution of the equation (36)
ch(a0x) ch(al) ch(aOx) ch(alx)
+C2 [
al ah af al (38)

h(a0x) a h(a0x) a
S a Ux S a UXx A

oy +Ca N~
< al ao al

i.e. instead of trigonometrical functions we have hyperbolic ones.

All considered regional tasks leading to the transcendental equations are solved similarly.
Transcendental equations are got from previous where values aj are necessary to replace with values ia/,
where i - imaginary unit.

For example, the transcendental equation (9) passes into the equation

aOch(a0lx)sh(all) - alsh(a0lx)ch(all) =0 (39)
which is equivalent to the following

a0a
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all=J—-+J~ - — (40)
QL V2 V4 1

One of the frequency equations of the formula (40) follows from the condition a/ = 0 and we get

£4+- £3+7—8—r1 (2-V)y+” 8 | +3(1-V) g2+
0] (7- 8v) v ' 8r@ 2V ) (41)

+(-8)& +22-v) ]+ (V =0

Which coincides with the frequency equation of the approximate equation of quartic cross fluc-
tuations (1) for rectangular hinge-supported plate on all four parties of plate, and it has two complex
conjugate roots.
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A. K. CelitmpaToB], . M. >KapbinFanosal, H. K. Megey6aes2, A. A. N6paesal

~OPKbIT ATa atbiHgars! Kbisbuiopza MeM/IeKeTnK yHuBepcuTeT KasakctaH,
bekeToB aTbiHAarb! KaparaHas MeMIeKeTNK yHBepcuTeT” KasaxcraH

ACA KYPOENL LLUEKAPAJIbLL, LUAPTTAP KE31IHAE1
MNAACTUHANAP TEPBENLICIHLW, LOJTOAHBASIbI ECEBL

AHHOTauus. BeplureH > MbICTa MIaCTUHKadaH K¥pasraH MaTepuasigbll, KaTnap/blibirbiH, PeosiornsibLy,
TYLbIP KACUETTEPLL, aHWM30TPOMNKUSACLIH XX3He T.6. 3epTTey HITVKeNepi ecepe OTbIPbIM LUELLISITeH MEHLLKM >X3He
epwias TepbentoTep ecebLU KapacTbIpbUIraH.

3epTTey HaTWXKECLLHAE FapMOHMKaNbIK TONKbIHAAPAbIL, AehopmauysinaHaTbiH AeHenep JxarjaibiHgarsl a-
3a/1bIK XKbUIAaMIbIrbIH, OpTa KyLLHLL, e3repy >KbUigamabirbl Aen KapacTbipadbl, 61 peTTe diasanblk XbUlgamablK
XULWN MeHLWLWN Tep6ento apKblibl epHEKTeNedi, COHAbIKTaH rapMOHMKa/IbIK TONMKbIHAAPAbIL, Tapasly MpOoLecciH
3epTTey npobrieManapblH aHbIKTay, MEHLUIKTI HbiCaHgap MeH 6epLureH MpracTUHKaapabll, XUINIK LIeKTereH
TepbentoLLe Tikenei KaTbICTbl 60nagpl.

EL kapamMa-Kkapchb! LLeTTepi Torncasian 6ekiTinreH, an 6acka el xarbl 3p TYpri 6ekny TYprepiMeH ~ctatbiiraH
HeMece KepHey acep eThernHgen 60/bIn opHanackaH 6onca, oHAa 6”1 xxargaii aca KYpgeni DK6 pbILLTbI »asbIK
aneMeHT Tepbesito 60MbIN Tabbliagpl.
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MAHpain ecenTep Kraccbl caHabIK TYPOe fe HeMece aHa/MTUKa/biK TYPOE e LUeLULIETL] MEHLLDKM YXULLIK
TepbentoLL aHbIKTalTbIH TPAHCLEHAEHTNK TeHaeynepre akenenl

TpaHCUEHAEHTNK XULLKMK TeHAeyL anrebpasbiK Typre Kessipe oTbipbin, T1K 6°\pbIlLThl MacTUHKaIap LLeK-
TIK LLAPTTapbIH, FEOMETPUASBIK XX3HE MeXaHUKaSbIK cvnaTTarbl T1IK 6/ pbILLTbI Xa3bIK 3N1eMEHTTLL, Tep6esto TeHeyb
T, scepl Hen3BAe 3epTTeyre 6onagpl.

TYViH ce3gep: MMacTUHKa, aHU30TPONMsI, MeHLLILLIN TepbentoTep, eplkas Tepbenlcrep, TPAHCLEHAEHTTIK, TeH-
[iey, peosorus.

A. XK. Ceiitmypatosl, [. M. Xapbinranosal, H. K. Megey6aes2, A. A. /6paesal

IKbI3bIIOPAVHCKUIA FOCYAAaPCTBEHHBIA yHMBEPCUTET UM. KopKbIT ATa, KasaxcTaH,
2KaparaHayHCKuiA rocyfapcTBeHHbIN yHUBepCcUTeT uM. E. BykeToBa, KasaxctaH

NMPUKNAAOHBIE SA0AYN KOJIEBAHUA MNTACTUNH
MNP BOJIEE CNOXHbIX TPAHNYHbIX YC/TOBUNAX

AHHOTauus. B HacToslLLel paboTe NPUBOAATCS pe3y/bTaTbl MO UCCNEA0BAHUIO COGCTBEHHBIX M BbIHYXAEHHbIX
KonebaHWii NIOCKUX 3MIEMEHTOB C YYETOM C/IOMCTOCTW MaTepuasia MIacTVHKK, PeosiorMyecKuxX BSI3KWX CBOIACTB,
aHM30TPOMUN U T L4,

Mpw rccnegoBaHMM FAPMOHMYECKIMX BOSH B AehopMMpyeMbIX Tenax BBOAUTCA MOHSATVE (ha30Boli CKOPOCTU Kak
CKOpPOCTU M3MEHEHUS1 COCTOSIHWS Cpedbl, MPY 3TOM (ha3oBast CKOPOCTb BbIPEXKAETCS Yepe3 YaCcTOTbl COGCTBEHHbIX
KonebaHWii U NO3TOMY WCCefOBaHKe PacnpOCTPaHeHUs1 FapMOHUYECKUX BOSIH UMEET MPSIMOE OTHOLLIEHWE K MPO6-
NemMam orpeeneHnst COBCTBEHHbIX (hHOPM U YaCTOT KosebaHUiA OrpaHUYeHHbIX B N/1aHe NIacTUH.

Bonee cnoxHbIM KonebaHyeM NPsiMOYro/IbHOrO M/I0CKOr0 3/1eMeHTa SBNsieTcs KonebaHwve, Korga ABa U3 NpoTu-
BOMOMOXHbIX KPaEB LLIAPHMPHO OMEPThI, a ABa APYTUX Kpast - MMEOT pa3/iuHble BUAbl 3aKperyieHs Wi CBO60AHbI
OT HaNPSPKEHNIA.

JaHHbI Knacc 3agay MpUBOAUT K TPaHCLEHAEHTHbIM YpaBHEHVSM A5 ONpefeneHns YacToT COBCTBEHHbIX
KonebaHWi, KOTOPble MOXHO PeLLaTb Kak YMCIEHHO, Tak M aHa/IMTUYECKM.

TpaHCLEHAEHTHbIE YaCTOTHbIE YPaBHEHNS MOXHO CBOAMTbL K a/irebpanyeckumM U MUCCNefoBaTh B/MSHYE, Kak
rPaHNYHbIX YCI0BUIA MO KPasiM NPSIMOYTO/IbHOM MAACTMHKN WM NPSIMOYTO/IbHOrO M/IOCKOTO 3/1EMEHTA, TaK 1 napa-
METPOB FeOMETPUYECKOTO M MEXaHUYECKOr0 XapakTepa Ha 4YacToTbl COOGCTBEHHbLIX KoMebaHWii MpSMOYro/bHbIX
M/I0CKMX 3/1EMEHTOB.

KnioueBble €roBa: MIacTVHKKM, aHW30TPOMNKSI, COBCTBEHHbIE KOMe6aHusl, BbIHY>XIEHHbIE KO/iebaHusi, TpaHc-
LIeHAEHTHbIe, YpaBHEHWS!, Peoorus.
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