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A. T. LUKYANOV, I. S. VERZHBITSKAYA

STABILITY AND DYNAMICS ANALYSIS
OF A COOLED CO-CURRENT FIXED-BED REACTOR

Bifurcation theory and numerical computations are used to investigate the steady states and dynamic behavior of a
cooled co-current fixed-bed reactor simulated by a one-dimensional pseudo-homogeneous model of heat and mass
transfer including first order exothermic reaction.

Introduction. The subject investigation in this paper is a fixed-bed tubular reactor where single exothermic
reaction occurs. In previous works the steady-states and dynamic behavior of a fixed-bed reactor was studied
using both pseudo-homogeneous and heterogeneous models of heat and mass transfer [1-3]. Deactivation
and regeneration of catalyst, non-uniform flow velocity distribution and changing heat-physical properties
of catalyst and reactant with temperature were taken into account in these models to provide clarifying their
influence on reactor stability and dynamics. All those models assume constant wall temperature. This study
is concerned with mathematical modeling of a cooled fixed-bed reactor with taking into consideration wall
temperature, which is not constant but varies along reactor length. Such is the case when the cooling tubes
and reactor tubes form an integral part of a composite heat exchanger. Co-current flow of coolant and
reaction mixture is considered. The process is simulated by one dimensional pseudo-homogeneous model of
heat and mass transfer including first order exothermic reaction. The stability analysis is carried out on
simplified model by applying methods of bifurcation theory and the 1st Lyapunov method. The dynamics of
fixed-bed reactor is examined on one-dimensional model with by using finite-difference method. Numerically
obtained solutions are compared with those predicted by linear theory.

Formulation of the problem. Heat and mass transfer phenomena in a cooled co-current fixed bed
reactor are modeled by a system of partial differential equations formulated with various simplifying
assumptions [4]. It is well known that radial tempera-ture profiles in packed beds are parabolic with most of
the resistance to heat transfer near the tube wall. So it is fair approach to the preliminary investigation is to
assume that all resistance to heat transfer is in a thin layer near the tube wall. With this assumption a one-
dimensional model, which becomes quite accurate for small diameter tubes is used. Neglecting diffusion
and conduction in the direction of flow, the heat and mass balances equations in dimensionless form are:
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The initial and boundary conditions are:
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The various dimensionless groups appearing in the above equations are defined below:
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Dimensionless variables and parameters: and C are the temperature and the concentration of reactant
mixture;  is the time; x is the axial coordinate; Pe, Da, BiT are the parameters Peclet, Damkohler and Biot,
respectively; q is the reaction heat; )(  is the reaction rate.

Dimensional variables and parameters: T is the temperature of reactant mixture (K); Y is the concentration
of reactant mixture (kmol/kg); 1

~c  is the inlet concentration of reactant mixture (kmol/kg); t is the time (s);
x~ is the axial coordinate (m); L is the reactor length (m); G is the mass flow rate of reactant mixture per unit
area to the reactor (kg/m2 s);  and pc~  are the bulk density (kg/m3) and the heat capacity (kJ/kg K) of reactant
mixture, respectively; is the heat conductivity factor (W/m K); a is the thermal diffusivity (m2/s);  is the
overall heat transfer coefficient for the transfer of heat between the fluid streams (W/m2K); Q is the reaction
heat (kJ/kmol); k0 is the reaction rate coefficient (s-1); E and R are the activation energy (kJ/kmol) and uni-
versal gas constant (kJ/kmol K), respectively; n is the surface area for heat transfer per unit hydraulic radius
(m). Index “c” refers to coolant, ”1” to initial conditions, “0” to reactor inlet.

Stability analysis. One of the main problems in theoretical analysis of chemical reactors is the problem
of steady states of a given system. Due to the non-linearity, instability and numerous number of varied
parameters it is difficult to obtain solutions (numerically or analytically) of steady-states problem. To
investigate the nonlinear system behavior, it is necessary to simplify the above equations by replacement the
partial derivatives on finite-differences with account the boundary conditions [5]. Obtained zero-dimensional
model is the dynamic system of the 3rd order:
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Where ˆ ˆ ˆ,  ,c C  are the reactant mixture tempe-rature, coolant temperature and reactant mixture
concentration, respectively at point x=0,5.

The static equilibrium positions can be found from:
ˆ ˆ ˆ( , , ) 0,           ( 1,2,3)

Si s c sP C i ,                                                    (9)
where subscript “s” indicates the steady-state conditions.

Taking inlet reactant mixture temperature 0  as bifurcation parameter, the bifurcation equation can be
obtained:
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In Fig.1,a the bifurcation set obtained in ŝ , 0,C0 space is depicted. Typical cross sections for a fixed C0

are shown in Fig.1,b. Bifurcation diagram as that in Fig.1,b provides information about the range of parameters
where multiple and unique regimes exist. The S-shape of the curves indicates that the s may correspond to
any one or three values for a given values of 0 and C0.

By applying the methods of bifurcation theory [6] the parametric equations of non-unique boundary in
the plane “inlet gas temperature” ( 0) -“reaction heat” (q) were obtained:
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The stability of steady states is investigated using the first Lyapunov method. From Routh-Hurwitz

stability criterion the stability boundaries can be obtained:
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here A – matrix of coefficient of linear transform [6].
 Stability boundary 0  in q,0  plane is determined by:
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with (10).
 Stability boundary 0  in q,0  plane is determined by:
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Fig. 1. Bifurcation set (a) and bifurcation diagram (b):  –
0

0,025;c Pe = 130; Pec = 130; Da = 1,7 109; BiT = 2;

2Tc
Bi ; q = 16,7; b – C0 = 0,001 (1); 0,002 (2); 0,003 (3); 0,004 (4)

b
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The parametric equations of stability boundary =0 agree with parametric equations of non-unique
boundary (10), (11). It was obtained that 0  is an oscillation boundary and for given parameters is
located inside non-unique boundary; 0  is a neutral stability boundary.

Fig. 2, a illustrates the non-unique (curve 1), neutral stability (curve 2) and oscillation (curve 3) boundaries
for Pec =130. Here, the obtained boundaries divide 0 , q plane into 4 regions, corresponding to a different
type of stability and number of steady states. In region I and II here is one equilibrium state: stable (I) or
auto-oscillating (II). In region III and IY the reactor possesses three different equilibrium states. One
equilibrium state represents a meta-stable and the remaining two states correspond to high- or low-temperature
regime, depending on initial conditions. The both high- and low-temperature equilibrium states in region III
are stable. In region IY the high temperature equilibrium state is unstable, and low temperature equilibrium
state is stable.

The stability boundaries obtained for case when coolant flow velocity Pec =0 are shown in Fig. 2, b. It is
seen that there are two additional regions are appeared in this case. Inside region Y the both high- and low
temperature equilibrium states are unstable. In region YI the high-temperature regime is stable and low
temperature one is unstable.

The overall bifurcation structure becomes clearer when influence of different parameters is studied.
Fig.3 demonstrates the influence of inlet reactant mixture concentration C0 on stability boundaries. It is seen
that a decrease in the value of C0 enlarges the auto-oscillation region (curve 2’ in Fig.3,b), but shrinks the
region of multiplicity (curve 2 in Fig.3,a). Non-unique boundary is displaced so that extinction is taken
place at higher values of reaction heat q.

It was found that decreasing in system parameter Da, which characterized the time of residence of
reaction mixture in reactor leads to displacing the non-unique boundary so that extinction and ignition are
occurred at higher values inlet reactant mixture temperature 0 and reaction heat q. Auto-oscillating region
is considerably enlarged in this case.

Increase in the value of inlet coolant temperature
0c negligible influences on the size of stability regions,

but effects on critical conditions of ignition, which is occurred at the lower values of inlet reactant mixture
temperature.

Decrease in the value of inlet reactant flow velocity Pe leads to displacing the non-unique boundary, so
that ignition is occurred at the lower values inlet reactant mixture temperature. Moreover auto-oscillating
region is considerably shrunk.

b

Fig. 2. Stability regions for different values inlet coolant flow velocity.
C0 = 0,004;

0c = 0,025; Pe = 130; Da = 1,7 109; BiT = 2: Pec = 130 (a); 0 (b)
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Increasing the value of BiT, which characterized the heat exchange with coolant, results in a larger auto-
oscillating region but a narrower non-unique region.

Thus bifurcation analysis can provide a qualitative prediction for the behavior of non-linear system.
Numerical solution. The stability analysis on simplified model allows obtain a preview of possible

dynamics and initial guesses for numerical computations. To examine the qualitative prediction by the
bifurcation theory, the predicted by linear theory regimes are compared with those computed numerically on
model (1)-(4). The numerical solutions were obtained by using an explicit finite difference approximation
[7]. Time step is “automatically” decreased with increasing reaction rate that provides stability of calculations
on each time layer.

According to the prediction by the bifurcation theory in the point A (Fig.2,a) a unique, stable limit cycle
occurs. The corresponding limit cycle simulated on model (1)-(4) is displayed in Fig.4. As an illustration of
the dynamics of predicted unstable high-temperature and stable low-temperature regimes, corresponding
point B from multiplicity region IY in Fig. 2,a the numerically computed high-temperature auto-oscillating
(curve 2) and low-temperature stable (curve 1) regimes are shown in Fig.4,b. Numerical simulation of
predicted multiple low- and high-temperature stable regimes corresponding point C from region III are
presented in Fig. 5 (curves 1, 2). It can be seen that numerically computed regimes (curves 1 and 2) are
located close to equilibrium states predicted by the bifurcation diagram (dotted lines in Fig. 4,b and Fig. 5).
The medium equilibrium state is unstable and numerically is not realized.

Results of comparison show, although some negligible discrepancies between predicted approximately-
analytically and obtained numerically regimes are happened, in total the strongly nonlinear simulation supports
the existence of auto-oscillating, stable, unique and multiple regimes as established by linear theory.

Thus it can be concluded that zero-dimensional model (5)-(8) describes all qualitative features of the
one-dimensional model (1)-(4) and therefore obtained regions of possible regimes (Fig.2,a) may be used for
prediction the dynamics in the reactor and for choice of the parameters of required regime for numerical
solution of complete model.

As well known when an exothermic catalytic reaction occurs in non-isothermal reactor, a small change
in coolant temperature may cause thermal instability in the sense that the reaction may either become
extinguished or continue at a higher temperature. Fig.5 illustrates the influence of coolant temperature on
low temperature regime (curve 1). It is seen increasing in coolant temperature results in a higher temperature
in reactor (curve 3). Exceeding certain value of coolant temperature causes the temperature in reactor to
increase sharply to higher temperature and reactor operates in high temperature regime (curve 4, Fig.5).

b

Fig. 3. Influence of inlet reactant mixture concentration 0 on non-unique (a) and neutral stability (b) boundaries:
0 = 0,004 (1,1’); 0,001 (2,2’); other parameters corresponding Fig. 2, a
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Fig.6 shows the influence of inlet coolant flow velocity on coolant temperature. Due to decreasing rate
of heat removal, the coolant temperature higher when coolant velocity is slower (Fig.6, curves 1-3). It was
obtained that temperature in reactor increases with decrease in coolant velocity. So it can be concluded that
taking into consideration changing coolant temperature along reactor length in the model allows more accurate
estimate the effect of wall temperature on reactor behavior.

Conclusions. In this work a one-dimensional model of a co-current fixed-bed reactor with a first-order
exothermic reaction was analyzed. The stability investigation was carried out on zero-dimensional model.
Using first Lyapunov method and Routh-Hurwitz stability criterion the analytical expressions for stability
boundaries were obtained. It was shown that cooled co-current reactor can exhibit unique, multiple, stable
and auto-oscillating regimes. Numerically computed regimes are agreed with those predicted approximately-
analytically by its character, number of equilibrium states and its range. Thus it can be concluded that zero-
dimensional analysis provides a detailed insight into various dynamical modes occurring in the system and
gives information about the range of parameters where unique, multiple, stable or unstable regimes exist
and therefore to what values the adjustable parameters of the process should be set at numerical computation
of complete model.

b

Fig. 4. Phase portrait of auto-oscillating regime, corresponding point A (a)
and multiple regimes, corresponding point B in Fig. 2,a (b). a) q = 7; 0 = 0,067; x = 0,6; b) q = 14; 0 = 0,042

Fig. 6. Influence of inlet coolant flow velocity
on coolant temperature: x=0,6; Pec=0 (1); 30 (2); 130(3).

Other parameters corresponding point C in Fig. 2, a

Fig. 5. Sensitivity of reactor to change of coolant temperature:
1, 2 – high- and low temperature stable regimes corresponding

point C in Fig.2,a: x=0,6;
0c = 0,025 (1,2); 0,04 (3); 0,055 (4)
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