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SOME PROPERTIES OF FUNCTIONS DEFINABLE

ON PARTIALLY ORDERED WEAKLY O-MINIMAL STRUCTURES

Abstract. The article surveys some topics related to o-minimality. A partially ordered
structure is called weakly o-minimal if any definable subset is a finite union of convex sets. We
consider some properties of functions definable on partially ordered weakly o-minimal
structures. We show that there is no infinite interval such that each point of this interval is a point
of a local minimum (maximum).
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In [1] van den Dries considered o-minimal expansions of the ordered field of reals. Later in
[2—4] Anand Pillay and Charles Steinhorn introduced a general notion of o-minimality. After that
Max Dickmann in [5] considered an example of a weakly o-minimal structure. And then Dugald
Macpherson, David Marker, and Charles Steinhorn in [6] developed a theory of weakly o-
minimal structures. Here we consider some generalization of this notion to partially ordered
structures and investigates some properties of definable unary functions.

Recall that is subset A of a partially ordered structure M is called convex if for any two
element a; and a, of 4 and any element b of M the condition a; < b < a, implies that b is an
element of 4. A maximal convex subset of 4 is called a convex component of A.

Definition (K. Kudaybergenov) A partially ordered structure is called weakly o-minimal if
any definable subset is a finite union of convex sets.

Let (M, <, f, ...) be a ordered set, and (N, <) a totally ordered set, where f/: M — N and the full
induced structure on M is weakly o-minimal. That is if 4 is a definable subset of M" x N* in the
structure (M U N, <, f;,...) then the projection of 4 on M"is definable in the full induced (M, <, f,

)

We define the following formulae:



9-(x, a) = (lx) > fla))
p<(x, a) = (flx) < fla))
p-(x, a) = (fix) = fla))

The intersection of ¢-(M, a) with the interval (a, «) is definable, so there is a minimal convex
components, because the number of convex components is finite. The same we can say for the
intersections of p( M, a) and p-(M, a) with the interval (a, ).

Note that the finitely many convex components of these three formulae have a as the left
boundary point.

Definition. We say that a point a is of the type (k, m, n) from the right if there exist k convex
components of ¢-(M, a) with the left boundary point a, there are m convex components of p-(M,
a) with the left boundary point a and there are n convex components of ¢p_(M, a) with the left
boundary point a.

Note, that similar things can be done for the intersections of these three formulae with the
interval (—0, a).

It is an simple exercise to write formulae ¥, ,(x) and O, .(x) which express the fact that x is
of the type (k, m, n) from the right and of the type (k, m, n) from the left, correspondingly.

Let Fyjxmn(x) be the conjunction of @y, (x) and P, .(x).

Lemma 1 If F},;;,..(x) is true on an infinite interval and j > 0 or n > 0, then both j and & are
equal to 0.

Proof. We consider only the case j > 0, because the other case is similar. Let Fj;;xma(x) be
true on (a,b). Let ¢ belong to (a,b). Then there is d from (a,b) such that for any x from (c, d) it
holds that fix)=f(c). Let e be from (d,c). Then fix) = fic) =fa) = fle). Hence, n > 0.

Lemma 2 If Fyp;00.(x) is true on an infinite interval (a,b), then the function f'is constant on
(a.b).

Proof is obvious.
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formula Fo00.m0(x) is true, then a is a point of a local maximum.

Theorem 3 There is no infinite interval / such that each point of this interval is a point of a
local minimum (maximum).

Proof. Assume the contrary, that such a function f does exist. Throughout the proof of the
theorem all considered elements belong to the interval /.

Claim 1 We may assume that if f{a) = f(b), then a and b are incomparable.

Proof of Claiml. Let E(x, y) be defined as f(x) = f(y). It is an equivalence relation. Consider
[a] = E(M, a). It contains no interval otherwise on this interval the formula F,;;m.(x) holds with
j>0and k> 0.



There is a minimal convex component of the equivalence class [a], because any finite
partially ordered set has a minimal element, and this convex component is a point. Let G(x) = (x
is a minimal point of [x]). Note that G(M) is infinite. If G(M) contains no interval there is a
minimal point a of G(M) as its minimal convex component. Since / is open there is b from / such
that b < a. Then any minimal element of [b] is less than a, for a contradiction.

So we may assume for simplicity of notation that G(M) = I. Note that minimal elements of
any partially ordered set are incomparable.

Notation U, = the union of {x>a:f(y)>flx) forall y in (a, x]},
{x<a:f(y)>fix)forall yin [x, a)}, and {a}.

That is the point a is a global minimum on U, and U, is a maximum convex set containing a
with this property.

We denote a <y b iff U, contains b, and a ¢ b iff either a =b or a <y b, or a <y b.
Claim 2 1) U, is a convex set.

2) if a # b, then U, # U,.
Proof is obvious.

Property 1 If the intersection of U, and U, is not empty, then either U, is a subset of U, or U,
is a subset of U, for any a, b with a < b.

Proof. Let the intersection of U, and U, be non-empty and a < b. Assume also that fla) < f(b).
If b 1s in U, then U, is a subset of U.,.

Let b be not in U,. Then there is d such that a < d < b and f(d) < fla) < f(b). Since d is in U,,
so U, <d < Uy. Then U, N U, is empty, for a contradiction.

Property 2 The relation <y is a strict partial order.

Proof. Asymmetry and transitivity hold for <.

Property 3 For any chain ay <y a1 <y ... <v a, there is a,.1 >v a,.
Proof. Take a, be an arbitrary element of U, where b = a,.
Property 4 Let b <y a,c<yaand b<c. Then b ¢ c.

Proof. Since b <y a, ¢ <y a, then a is in U, U. and by Property 1 it holds that either U, is a
subset of U,, or U, is a subset of Uj.

Property 5 For any a the set C, = {x : x <y a} does not contain infinite <,-chain.

Proof. Assume the contrary that C, contains an infinite chain. Then C, contains an infinite
interval J. Let d be inJ and m, n is in J N U, be such that m <d < n.



By Property 4 it holds that m ¢ n, say, m <y n. Then n is in U,. Since U,, is convex, so d is in
U, that is f(m) > f(d), for a contradiction.

Property 6 <y is a discrete order.
Property 7 For any a, ¢ with ¢ <y a, there is b such that ¢ <y b and (a © b).
Proof. As b we take any element from U, such that if a > ¢ then b <c, and if a < ¢ then b > c.
Notation K is the set of all minimal elements respective to <y
S(a) = {x : a <y x and there is no y with a <y y <y x}

Property 8. Sets S(a), where a runs over dom f, form a definable uniform partition of (dom f)
\ K.

Proof. If S(a) m S(b) is non-empty, then it contains ¢ such that a <y ¢, b <y c. Then either a
<y b or b <y a. Then either a < b < ¢ and c is not in S(a), or b < a < ¢ and c is not in S(b), for a
contradiction.

Property 9 K contains a minimal element.

Proof. Otherwise, it contains an infinite interval /. Let b be in 7, and ¢ in U, N I. Then ¢ > b,
for a contradiction.

Property 10 For all a it holds that S(a) is a subset of U..
Property 11 The set S(a) is finite for all a.
Proof is similar to the proof of Property 9.

By partition K, S(a), a runs over dom f, we construct an equivalence relation E(x, y). Observe
that each E-class contains a minimal element with respect to <y. Properties 9 and 11 imply that E
is an infinite equivalence with finite classes.

Let X consist of minimal elements of E-classes with respect to <. Then X is infinite. Let U be
a maximal convex component of X. Let a be in U. By properties 7 and 3 there is b <y a such that
b is not in X, b>a.

Let ¢ be in U, with ¢>b. Since S(c) is not empty, it contains some d from X by property 3 and
S(c) > b by Property 10. Then d > b > a, both a and d belong to X, and b does not belong to X,
for a contradiction.

The theorem is proved.
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KAPTBUIAM PETTEJITEH 8JICI3 O-MUHUMAJIB/II KYPBUIBIMJIAPIA
AHBIKTAJIFAH ®VHKIUSJIAPJIbIH KEVBIP KACUETTEPI

Makanana o-MHHMMATBAUTIKTIH KEHOip »Kaumbl KOPBITHIHABUIAPHI KapacThIpbUIFaH. bi3
KapTBhUIAl PETTENTEH QJICI3 O-MUHUMAJIb/II KYphUTBIMIapAa aHBIKTAIFaH Keloip GyHKIHsIapapy
KaCHeTIH KapacTelpambl3. bi3 mHTep-BaiAblH opOip HYKTECi JIOKaJIbJAbl MUHUMYM (MaKCHUMyM)
HYKTeci O0JIaThIH IIEKCI3 HHTEPBAIBIH )KOK EKEHIH KOPCETEMI3.

Tipex ce31ep: ’xapThlUlali PETTENTEH, O-MUHUMAIBAUNT, (YHKIHMS KOJIAHYIIbI, aWKbIH
KUBIHTBIK, TOKAJIbJIbI MUHUMYM (MaKCHUMYM).
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HEKOTOPBIE CBOMCTBA ®YHKIIUI, OITPEJEJINMBIX

HA YACTHUYHO VIIOPAIOYEHHBIX CJIABO O-MUHUMAIJIBHBIX CTPYKTYPAX

B cratee paccmarpuBaeTcs HEKOTOpoe 0000IIeHne 0-MHHUMAIBHOCTH. MBI paccMaTpuBaeM
HEKOTOpbIe CBOI-cTBa (YHKIUI, ONpPENEeNMMBbIX B YaCTUYHO YIOPSIOYEHHBIX ciabo o-
MUHUMAJIbHBIX CTPYKTypax. MBI MOKa3bIBa€M, YTO HE CYIIECTBYET OECKOHEYHOIO MHTEpBaja,
TAKOr'0 YTO KaXkJasi TOUYKa ITOr0 MHTEpBaja €CTh TOUKA JOKATbHOIO MUHUMYMa (MaKCUMyMa).
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