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Multidimensional nonlinear soliton equations are an object of the intensive researches in recent years. They are
universal mathematical models because they describe different physical situations. The author presents the method
of the construction of new solidly two-dimensional soliton A1-414 and AI-AXII equations on the given H1-H5 and
HI-HIV bilinear forms. The A1-414 and AI-AXII equations are (2+1)-dimensional generalizations of the Korteweg-
de Vries equation. The HI1-H5 and HI-HIV bilinear forms are (2+1)-dimensional generalizations of the classical
bilinear form of Hirota.

I. Introduction. The classical Korteweg-de Vries equation or (1+1)-dimensional equations of KdV is
called universal mathematical model [1-4]. It describes the different physical phenomena in various
environments. In 1895 the equation of KdV appeared as the description of waves on water. In 1966 of
Washimi M. and Taniuti T. deduced the equation of KdV studying poorly nonlinear ion-acoustic waves of
compression in plasma. In 1969 of Gardner C.S. and Morikawa G.M. received the equation of KdV
investigating weak hydromagnetic long waves in plasma.

The two-dimensional generalizations of the equation of KdV also possess the universality nature. For
example, Kadomtsev-Petviashvili's equation was found for poorly nonlinear long waves in dispersing
environments [5]. Tappert and Varma, and Narayanamurti and Varma received KP equation studying
thermal impulses in firm bodies [6, 7]. Kako and Rowlands received KP equation for two-dimensional
distribution ion-acoustic solitons [8].

Today we know that scientists study solitons in oceans (a tsunami, vortical solitons), in firm crystal
bodies (a dislocation, domain walls), in magnetic materials (solitons in ferromagnetics, electromagnetic
solitons), in fiber light guides (optical soliton, soliton networks), in the atmosphere of Earth and other
planets (soliton Rossbi or a red spot of Jupiter), in galaxies (black holes), in live organisms (nervous
impulses) and others. Therefore studying of multidimensional universal models such as the equation of
KdV represents a great interest.

Later it was constructed the equation Veselov-Novikov as two-dimensional integrated expansion KdV
equation [9]. Nizhnik L.P. proposed the spatial two-dimensional modified KdV equation [10]. The equa-
tion was constructed for a given pair of Lax or auxiliary of the linear system. Myrzakulov R. M. deduced
(2+1)-dimensional complex mKdV equation from the spin UM-LXVII model.

In 2001, the author found (2+1)-, (3+1)-and (4+1)-dimensional KdV equations, different from the
above listed models. In 2004, the author has formulated a method of constructing new multidimensional
generalizations of the equation of KdV [11-15]. Higher hierarchies subsidiary lincar systems for these
equations were built. It proves the integrability of the equations and allows to solve them using a method
of a return problem of dispersion [16-18]. In this article the author presents new (2+1)-dimensional
analogues of the Korteweg-de Vries which were found by her over the years. Each equation is associated
with a (2+1)-dimensional bilinear form, which allows to solve this equation using the Hirota’s method.

II. Method of the construction of the (2+1)-dimensional soliton A1-A14 equations by the given
(2+1)-dimensional H1-HS bilinear forms. It is known that soliton equations have bilinear forms. We
consider the (2+1)-dimensional bilinear form

(0.D, + D7D Xp-p)=0, (1)
Where m +n=4,m,n= (),_4, Q= go(x, y, t) is an adequately smooth complex-valued function,
DD (p-9)=2.0~ 9.9,
DIDp-p)=@, -0,) @, -0, ) ole.y.00(. 3" ) ey i
The form (1) contains five (2+1)-dimensional bilinear form, which we call the HI-HS5 bilinear forms.
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The H1 form is (Dth + Dnyz)((p-go): 0.
The H2 form is (Dth +DD, Xgp .9)=0.
The H3 form is (Dth + DXD;Xgo-go): 0.
The H4 formis (D, D, + D g - ¢)=0.
The H5 form is (DxDl + D} Xgﬂ . (ﬂ): 0.

Theorem 1. The H1-H5 bilinear forms are complex solidly two-dimensional generalizations of the
(1+1)-dimensional bilinear form of Hirota

(DD, + D)1 - £)=0. 2)
where f = f (x, r) is an adequately smooth real function.
Proof. We show that a linear transformation
x=a,x+a,y', y=ayx'+ayy', t=t 3)
Driving the H1-H5 bilinear forms into the bilinear form (2). We find the partial derivatives of the
function ¢ = qp(x,y,t) and take @ = g(x',t'), where g = g(x',t') is an adequately smooth real
function. Then g,=0.We put it into the H1-H5 bilinear forms. We obtain

2 2,
8- 8.8 ) 2 (g g —4g .8, +382,.)=0 )
|A| 4]
Cog a22 12
& - 2 x'x'x'x! 4 x'x'x' & x' +3 x'x' :O’ (5)
7l 2g.g-8.8) NV (grrmng —4g,ng, +382)
o5 dyd 132
x _—2 x'x'x'x' 4 x'x'x' & x' +3 x'x' :O’ (6)
|A| 2g.g-8.8) AT (grrmng —4g,0g, +382)
4
|A| 2g g — 8080 )+ |a| 2(g € ~ 48,08, +382,)=0 ™
4
Tjj 2(g.08 — 8. gt)+| 2| 2(g 1w § ~ 4G w8y +382,)=0 (8)
We compare the equations (4)-(8) with the bilinear form (2). We have g = fand
9y _ a222a122 _ Ay _ _5’325’12 _
4 > - — 1
[ 4 4l Jaf
Gp _Gxa5 | dn G5 | Adp _ Gn
4 > ] > 2 >
4l |4 [l ) 4l |4

where |A|= a,,a,, — a;,a,, . Hence the H1 and H4 bilinear forms coincide with the bilinear form (2) in

case of a,, +a, =1, a,,+a, =1 or a,—a, =1, a,, —a,, =1 . The H2 and H3 bilincar

forms coincide with the bilinear form (2) in case of a,; +a, =1, a,, +a,, =1.The H5 bilinear form

a,,d
coincide with the bilinear form (2) in case of d,, = —22L The theorem 1 is proved.
dy —
We consider the (2+1)-dimensional nonlinear soliton equations, which we call the A1-A14 equations.
The A1 equation is W+, + 2[1//2Jy + [UV ]y =0,
Ve=y, U, =y, v=2(ng),
The A2 equation is Wit W T 3[1//U]y =0,

U,=w,.y=2(0ngp),
—— ) ——
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The A3 equation is W, W, t 3[1//V]y =0,
Ve=w,, l//:2(1nq0)xy.
The A4 equation is v, +V,, +3lV2Jy =0,
Vx:l//y, l//:2(lnq0)w.
The A5 equation is W, ¥, t ZlVZL + [l//W]x =0,
Wxxzv/yy:Vx:l//y:l//zz(lnw)xx
The A6 equation is W+ Wt 3[1//V]x =0,
Ve=y,.y =2(Ingp),,.
The A7 equation is W, T, +3[VW ]x =0,
Wo=w,.V.=v,.y=2(ngp),.
The A8 equation is v, +W,, +3lW2Jx =0,
We=W¥,, w =2(ng),, .
The A9 equation is ¥+ W +05 =0,
Q,=2U°+yP, P, :g//xx,Uyzl//x,l//:2(ln¢))W.
The A10 equation is W+ +3F, =0,
F.=PU,P, =y..U, :Wx,g//:2(ln¢))w.
The A11 equation is W, ty,, +3M =0,
M, =yU. U, :g//x,l//:2(ln¢))w.
The A12 equation is w,+V,, +3K, =0,
K.=y".V.=w, y=2(ng),.
The A13 equation is W, W +3lU2L =0,
U,=v..v :2(1n¢))xy.
The A14 equation is W, + W +3B, =0,

B, =P, P, =y, 1//:2(1n¢))w.
Here ¢ =y (x, ¥, Z), Q= g/)(x, vt ) are adequately smooth complex-valued functions,
lnqo:|qp|+iargqp, - <argp <7 .
Theorem 2. The Al-Al14 equations are a complex solidly two-dimensional generalization of the
Korteweg-de Vries equation
u,+u, +6uu_ =0, )
where u =2(In f)_, u = ulx,1), f=f (x,¢) are adequately smooth real functions.

Proof. We demonstrate that a linear transformation (3) driving the Al1-Al4 equations into the
Korteweg-de Vries equation (9). We find partial derivatives of the functions y =y (x,y.1), U =U(x,y.1).
V =V(x,y,t), w =W(x,y,t), o ZQ(x,y,t), P =P(x,y,t), F =F(x,y,t), M =M(x,y,t), K =K(x,y,t),
B :B(x,y,z) and take W :v(x',t'), U= U*(x',t'), V ZV*(x',t'), W = W*(x',t'), o ZQ*(x',t'),
P=P(x,t), F=F (x',t), M =M (x'.t'), K =K"(x'.t'), B=B"(x'.t'), where v, U™, V", W™, 0", P~,

* * *

F*, M", K*, B" are adequately smooth real functions. Then v, =0, =V,=W,=0,;=
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P.=F,=M, =K, =B, =0.Weput they into the A1-A14 equations. We obtain the Korteweg-de Vries

equation (9) in case of ¥ = ¢ and

2 2 3 2 4 3
Apdy Gy 0 dpdy  dy -1 dp _ 4 B .. Pg
3 —_ _— 2 3 —_— —_— - 3 —_ —_ 2 3 - 2 -
|A| |A| |A| |A| |A| |A|022 |A| Ay |A|a22
2 2 2 3 3 3 4 4
Apdy  dy 0 apdy Gy 4 dy  dy ap,  dyp
3 - 3 - 3 2 3 0 3 - 3
l4 |4ax 4| 4] ez, ey, |4 ay,  |4]ax,
2 2 2 3 4 2
apdy Ay apd,, Ayy 1 Gp Gy a, 4y
3 - - s 3 - = — 1 3 — 4> 3 - - s
4 |4 || [Alas, (A | R V7 1
3 2 3 3
Gy __9p _4 fn _ 9np _
3 e 3 2
|4] |Ala,, A |Alad,

Hence the A1-A3, A7 and A13 equations coincide with the Korteweg-de Vries equation (9) in case of
a,+a, =1, a,, +a,, =1. The A4-A6, A8-A10, A12 and Al14 equations coincide with the equation
) in case of a,, +a, =1, a,, +a,, =1 or a;, —a, =1, a,, —a,, =1. The All equation
a,.a
coincide with the equation (9) in case of @, = ——2 The theorem 2 is proved.
ay —
Theorem 3. The Al-Al4 equations are presented in the form of the H1-HS bilinear forms. And
conversely, the H1-HS5 bilinear forms are presented in the form of the A1-A14 equations.

Proof. Necessity. We put ¥ =/ (x , V.t ) into the A1-A14 equations. We obtain
200 P = P07 + 2Py = 200y @y + PPy — 20,0 + 2050 0 =0,
20— 00 + APy @~ 20, @y + 3000, — 30,0 )9 " =0,
2000 =000 7 + 2Py # = 20,0, = 30,0, +30,0,)0 " =0,
2p 0 -0.0 )0 +20,,,0-40,,0, +30.)p =0,
2(<0xz<0— PP, )4072 +2(Pon®— 4. P, + 30 )P P =0

Here ¢ = (/)(x, y,t ) is an adequately smooth complex-valued function. Hence the A1, A5, A9 equations

give the H1 bilinear form. The A2, A6, A10 equations give the H2 bilinear form. The A3, A7, All
equations give the H3 bilinear form. The A4, A8, A12 equations give the H4 bilinear form. The A13, A14
equations give the HS bilinear form.

Adequacy. We consider the bilinear form (1). We will write down the equation (1) in the form

28x8t(ln§0)+28?8Z(ln(o)+G =0, (10)
where G =G(x,y,1) 1s an adequately smooth complex-valued function. We take the derivatives of the
equation (10) £ — 1 by x and / by y. We obtain

8,|20%8" (n )|+ a7 107 |2o%0! (in )|+ 056" |0.'G|= 0. (11)

We take y =20%0" (Ing), where k+1=2, k,[= 0.2, v=wxy1), p=p(x 1) are
adequately smooth complex-valued functions. Then from (11) we have

O, +077'3w +050,®=0, (12)

where @ =G, © = q)(x, V.t ) is an adequately smooth complex-valued function. The equation (12)

contains the A1-A14 equations. The theorem 2 is proved.

II1. Conclusion. We presented the method of the construction of new solidly two-dimensional soliton
Al-Al4 equations on the given HI-H5 bilinear forms. We showed that the Al-Al4 equations are
(2+1)-dimensional generalizations of the Korteweg-de Vries equation and the H1-HS5 bilinear forms are
(2+1)-dimensional generalizations of the classical bilinear form of Hirota.
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Similarly it is possible to construct the AI-AXII equations on the given the HI-HIV bilinear forms.

The HI form is (DD, +D!+4D2D, +3D2D>)p-p)=0.
The HII form is (DD, + D! +4D D} +3D2D> p-p)=0.
The HIII form is (DD, + D} +4D3D, +3D2D Np-9)=0.
The HIV form is (DD, + D! +4D.D} +3DD*)p-p)=0.

The Al equation’is w, +y ., + 4y +3y  + 6y, +120U _ +12[pU], +3[pV], =0,
U=y, Ve=w,.v=20np),.
The AIl equation is w, + y .. + 4y ., + 3w, +6yy , + 30V, +12[yr ] +3[Uv ], =0,
U,=y,.V,=w,.yv=2np),.
The AIl equationis v , +y ... + 4y ., +3w  +3V +12F +3W =0,
2 _ _ _ _
V.=P ,Fx—PQ,Wx:ZQZH//P,Qy =Y., P, —l//xx,l//—Z(lnq))W.
The AIV equation is
W, W Ay, 3+ 6py  + 120U+ 12[UV ], +3[ph ], =0,
Ux :V/y’ Vxx: :'//yy’ sz(lnqo)xx
The AV equation is
Wty tdy +3p + 60U + 12[pV ] + 12y +3[0V ], =0,
Ve=w, .U, =vw,, l//:2(lnqp)xy.
The AVI equationis , +y . +4y , +3y  +3V,  +12@0 +3W =0,
2 _ _ 2 _ _ _
V=P, © =yQ W . =20"+yP 0, =y, P, —g//xx,l//—Z(lnq))W.
The AVII equation is
w,+ N, +4y. +3w,, +6NN_+121V, +12[pV] +3yN] =0,
Vo=w,. N,=v,.y=2(ngp),.
The AVIII equation is
W, +V,, Ay 3w, 6V, +12yy  +12[pU] +3[UV ], =0,
Ve=w,, Uy =y._, ¥ :2(ln¢))xy.
The AIX equationis v, + L, +4y  +3y  +3K +12F +3W =0,
K,=y’ F,=PQ. W, =20"+yP, L=y, 0, =y P =y, v=20np),.
The AX equation is
W+ Vo, Haw 3w, 6PV + 1200+ 12[0r ], +3[pr ], =0,
Ux :V/y’ Vxx = l//yy7 '7// :2(1n¢)xx
The AXT equation is
W,V tdy + 3y +6VV + 12y |+ 12[wl ] +3[UV ] =0,
Ve=y, U, =y, . v=2(ng)_.

The AXII equationis . + L, +4y  +3y,  +3K  +120 +3W =0,

Kx:l//27 ®.X: =WQ’ Wx :2Q2+V/P’ Lx :V/y’ Qy :'//x’ Pyy :l//xx’ sz(lnqp)yy
Here v =y (x, y,l), Q= (o(x,y,t ) are adequately smooth complex-valued functions,
lng/):|¢)|+iarg¢), —m<arg <7 .
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Thus the AL All, AIll equations give the HI bilinear form. The AIV, AV, AVI equations give the HII
bilinear form. The AVII, AVIIIL, AIX equations give the HIII bilinear form. The AX, AXI, AXII equations
give the HIV bilinear form.

Similarly the author constructed the (3+1)-and (4+1)-dimensional KdV equations on the given the
multidimensional bilinear forms.

For each equation pair Lax or auxiliary linear system is constructed. It proves the integrability of the
equation and allows to solves the equation using a method of a return problem of dispersion.

The bilinear form allows to find soliton solutions of the equation, using Hirota's method.
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A. B. Anexceesa
KOPTEBETI A-JIE ®PU3/IH, (2+1)-OJIIIEM I TAJIIAIT KOPBITBIJIFAH TEHJIEYJIEPI

Kememmremzi CHI3BIKTBI €MEC COIMTOHABIK TCHACYJIEP COHFBI >KbUIAAPBI KAPKBIHIBI 3CPTTEYIICPIAiH HBICAHBIHA
atiraapl. Onap aMOebam MaTeMaTHKANBIK YITiaep Oombin Tadbutaasl, ce0edl omIap apTypri PU3HKAIBIK axyannapasl
Octinenerini. ABtop OepinreH Kocchi3bIkTel H1-HS sxome HI-HIV ¢opmacema Al-Al4 xome AI-AIIl »xana
KEHICTIKTI EKIONmEeM/i COIMTOHABI TCHACYICPIH Kypy oficiH ycbmanpl. Al-Al4 sxome AI-AXII Tenaeynepi
Koprera-ne @pu3 TeHacyacpinin (2+1)-eamemai Taggan KOPHITBUTFAH TCHACYICP 00ica, ad KOCCHI3BIKTHL H1-HS5
sxoHe HI-HIV (opmamapsr XupoTo KIACCHKANBIK KOCCHI3BIKTBI (POPMACBIHBIH (2+1)-emmeMai KOPBITHUFAH
(hopmace! OOJIBIN TAOBLIATBL.

A. V. Alekseeva

(2 +1)-DIMENSIONAL GENERALIZATIONS OF THE KORTEWEG-DE VRIES

Multidimensional nonlinear soliton equations are the subject of intense research in recent years. They are
universal mathematical models because they describe different physical situations. The author presents a method of
constructing new space of two-dimensional soliton equations A1-A14 and AI-AXII and defines a bilinear form H1-HS
and HI-HIV. Equations A1-A14 and AI-AXII are (2 +1)-dimensional generalization of the Korteweg-de Vries
equation. Bilinear form H1-H5 and HI-HIV are (2 +1)-dimensional generalization of the classical Hirota bilinear form.
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