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EXACT LATTICE SUPERSYMMETRY AT THE QUANTUM LEVEL

FOR N =2 WESS-ZUMINO MODELS IN LOWER DIMENSIONS

Summary

We have recently proposed a new lattice SUSY formulation which has exact lattice
supersymmetry for Wess-Zumino models in one and two dimensions for all N=2 supercharges.
This formulation is non-local in the coordinate space but the difference operator satisfies the
Leibniz rule on the newly defined star product. Here we show that this lattice supersymmetry is
kept exact at the quantum level by investigating Ward-Takahashi identities up to two loop level —
Ward-Takahashi Identity for Exact Lattice SUSY Wess-Zumino Models. Talk given at The 30
International Symposium on Lattice Field Theory —Lattice 2012, June 24-29, 2012, Cairns,
Australia, and part of a talk given at al-Farabi Kazakh National University in May 2012.
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1. Introduction. There are two major difficulties in constructing exact lattice SUSY
formulation for all super charges:
1) The difference operator does not satisfy the Leibniz rule.

2) For massless lattice fermions species doublers of chiral fermions usually appear.

If we replace the differential operator by a difference operator in the SUSY algebra, lattice
SUSY is broken at the algebraic level since the SUSY generators satisfy Leibniz rule while the
difference operator does not follow to the Leibniz rule. Secondly if we put massless fermions on
the lattice species doublers of the chiral fermion appear: an unavoidable consequence of the NO-
GO theorem of chiral fermions on the lattice. In supersymmetry the number of boson degrees of
freedom and that of fermions should be the same, and thus this chiral fermion doublers break the
balance of degrees of freedom between the bosons and fermions. Thus lattice supersymmetry
will be broken with the naive version of lattice fermion formulation. Even if we use the recently
proposed chiral fermion formulation satisfying Ginzberg-Wilson relation, the treatment of



fermions and bosons cannot be exactly the same leading to a breaking of exact lattice
supersymmetry. It has recently been pointed out that the item 1) is in fact a NO-GO for local
lattice formulation of supersymmetry [1].

With the aim of solving these difficulties we proposed the formulation of ref. [2, 3]. For the
problem 1) we identify the momentum representation of a symmetric lattice difference operator
as a lattice momentum and impose the conservation of the lattice momenta for products of fields
in the momentum representation. The importance of the lattice momentum conservation was
noticed by the very first paper of lattice SUSY [4]. In solving the problem 2) we identify the
species doublers as super partner particles in the same super multiplet. To keep the balance for
the equal treatment of fermions and bosons we introduce the species doubler counter part for
bosons. We briefly explain the lattice SUSY formulation N=2 Wess-Zumino model in two
dimensions, which has exact lattice SUSY [3]. We explicitly show that the exact SUSY is kept at
the quantum level by explicitly examining the Ward-Takahashi (WT) identities up to two loop
level. One dimensional formulation of Wess-Zumino model which has exact lattice SUSY is
given in [2].

2. D=N=2 Wess-Zumino action. N = 2 extended supersymmetry algebra in two dimensions
is given by
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where we may use an explicit representation of Pauli matrices for y* ={c",0}.

By going to the light cone directions this two dimensional N = 2 algebra can be decomposed
into the direct sum of two one dimensional N=2 algebra:
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Here we have introduced the following light cone coordinates
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We can equivalently express the above algebra in a chiral form:
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The corresponding momentum counterpart of the algebra is given by
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In two dimensional N=2 SUSY algebra, we introduce four chiral fields ® , ={®,¥,,\V,, F}
and the corresponding antichiral fields @ ,. Each field @, and @, has 4 species doublers. We

can impose chiral and anti-chiral conditions which lead to the identification of the original fields
with the species doubler fields [3]:
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The invariance of the action S under all supersymmetry transformations generated by 0. i
assured by the algebra of (7) whose component representation is given in Tables 1 and 2 and by
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the momentum conservation for the lattice momentum: p =2 sin 22
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The kinetic term of the supersymetric Wess Zumino action can be written in a Q — exact form
of action as in the continuum:
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with G,(p) as appropriate momentum function which does not affect to the lattice SUSY
invariance.



Table 1 — Chiral D = N = 2 supersymmetry transformation

0.0 0.0 00 00
®(p) iY,(p) 0 i (p) 0
¥, (p) 0 —2isin%<b(p) ~F(p) 0
¥, (p) F(p) 0 0 —2ism‘%q>(p)
F(p) 0 2sina‘;+ ¥, (p) 0 —2sin%‘1",(p)

Table 2— anti-chiral D = N = 2 supersymmetry transformation

0.0 0.0 00 00
() 0 iY,(p) 0 1%, (p)
7, (p) ~2isin L= B (p) 0 0 ~F(p)
7, (p) 0 F(p) _zism‘%&)(p) 0
F(p) 2sin‘%\?2(p) 0 —2sin%‘?l(p) 0

We assume that all fields satisfy the (anti -) chiral conditions (8), so that in each variable the
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The mass term in momentum representation is given as:
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where the chiral conditions (8) are imposed.

The dimensionless chiral fields can be rescaled with powers of the lattice constant a to match
the canonical dimensions of the component fields:
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The anti-chiral fields are similarly rescaled. It is also necessary to rescale supercharges to
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recover correct canonical dimension: Q,('f) N aEQ.(j)~ The kinetic term in momentum
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representation then reads:
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where the dimensional lattice momentum is p. = —sin D,
a

3. Ward-Takahashi identities. The equivalence under the fields redefinition leads to the

following identities, where we assume that the functional measure is not anomalous under the
symmetry:
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If the action is invariant under the transformation: oB[®]=0, we obtain the following

identity: <51— [®]> =0. To find nontrivial relations between two point functions, we examine



possible combinations of operators for [ . For example if we choose ' =@, and & as lattice

SUSY transformation of Q+(+) , we obtain
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Tree propagators are given by

(p(p)@(-p)) = 5(3) (v, (p)7 (-p)), =L i), (18)

where D( f?) =p.p —m. Apparently tree propagators (18) satisfy the identity (17), and it is

consistent with the fact that the action is exactly invariant under the lattice supersymmetry at the
classical level. We can choose other combinations of fields and lattice super charges for
examining the W-T identities.

The basic structure of the loop contribution of corresponding diagrams to the two point
function has the following form:
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where X, (p) s are given as follows:

Loop diagram X,(p)
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Therefor the W-T identity of this particular combination is exactly satisfied up to the 2-loop
level. We can show that the other combinations of the two point functions and SUSY
transformations have the same structure as this example. In this way we may conclude that the
W-T identities are satisfied exactly at the quantum level for all super charges.

4. Discussions. In confirming the exact lattice SUSY invariance lattice momentum
conservation plays a crucial role. This lattice momentum conservation defines a new type of *-
product of fields F and G:

(F*G)(p)zTd2p1d2p2F(pl)G(p2)5(2)(ﬁ—ﬁl—ﬁz), (23)

where the lattice momentum conservation is introduced. If we introduce standart momentum p
conservation instead of the lattice momentum 2, the coordinate representation of the product of
the function /" and G leads to the standard product. However the coordinate representation of the
*-product can be found in [2] and [3]. It would be interesting to find a connection with this
nonlocal nature of the *-product and the noncommutative nature of link approach of lattice
SUSY formulation [5] with Horf algebraic lattice SUSY invariance [6].

One of the other characteristics of this *-product is that the product is not associative. A
given product, however, is well defined and thus the invariance of the lattice SUSY
transformation is assured since SUSY transformation is linear with respect to fields. However
non-associativity may be a problem when we try to extend this formulation to gauge theories
since gauge transformations are nonlinear is mildly broken since we use lattice momentum
which is not periodic in itself. We can, however, show that it is recovered in the continuum limit

[3].
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TOMEHI'T ©JIINEMAIVIKTEPAEI'T BECCA-3YMUHO N =2 YJITI'ICI YLIIH

KBAHTTBIK JIEHTEM/ETT 19J1 TOP KO3/ CAMMETPUS

Kypipma 613 N = 2 Oapiplk cymep3apsaTap YIIiH OipeimemMai KoHe eKiemeM/Ii
enmmemauTikTepae Becca-3y-MUHO YNTICIHE apHajIFaH M TOP KO3l CyNepCUMMETPHUSICHl Oap
cynepcumMmeTpusiblk  (SUSY) TopAblH »aHa aHBIKTaMachlH YCBIHABIK. bynm  aHbIKTama



KOOPJMHATTHI KEHICTiKTe Oeilokanapl Oonbll  Tabbutafgel, Oipak aiiblpmMa  omeparop
KYIIBI3IIAMEH OeNTiIeHreH jkaHa keOeutinmine JIeHOHMII epexeciH KaHaraTTaHIBIPAIbI.
Mynpa 6i3 eki inMekTi aeHreire neitin Yopu-Takaxamu teHneyimen — Becca-3ymuno SUSY
TIOT TOP K31 yuriepi yiriH Yopa-Takaxanm TeHaeyiMeH 3epTTeIeTiH KBaHTTHIK JISHTeiie Top
KO3/ll CYNMEePCHMMETPHUSl JI9J CaKTalaThIHABIFBIH KepceTemis. 24-29 wmayceiMm 2012 KbUTBI
ABcrpanusnblH  KopHe kanaceinga etkeH OpictiH Top kesni Tteopuschl xeHiHgeri 30-
XaJIbIKapaJIblK CHUMIIO3WyMbIHAA OasHAama xacaifsl koHe 2012 KbUIIbIH MaMblp allblHIa oJ-
®apabu ateiHaarsl Kazak YATTHIK YHUBEpCUTETIHAE OasHAaMaHbIH Oip Oesiri alTbulIbI.

Kint ce3gep: Top ke3mi cymepcummerpusuiblk Top (SUSY), JleitOnur epexeci, Yopn-
Takaxamm TeHzeyi, KBAaHTTBIK JIEHTeH.
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TOYHAS PEIHETOYHAS CYIIEPCUMMETPUA HA KBAHTOBOM YPOBHE

JUIA N =2 MOJIEJIN BECCA-3YMHWHO B HU3KNX PASMEPHOCTAX

HenaBHo MBI mipenioxuwin HOBYIO (GopMynupoBKy cynepcummerpuunoit (SUSY) pemeTkw,
KOTOpas HMMEET TOYHYI0 pEUIETOYHYI0 CylnepcuMMmerpuio g Mozaenu Becca-3ymuHO B
OJTHOMEPHOM M JABYXMEPHOM Pa3MEpHOCTX Ul Bcex cynep3apaaoB N = 2. Ota ¢popmynupoBka
ABJISICTCA  HEJIOKAJIbHOW B  KOOPJAMHATHOM IPOCTPAHCTBE, HO PAa3HOCTHBIA omeparop
yIoBiIeTBOpsieT mnpaBwily JleliOHMIIa Ha HOBOM OTMEUEHHOM 3BE3/I0YKOM IPOU3BEICHUU.
Hccnenys toxnaectBo Yopna-Takaxamu 10 JABYX METJIEBOTO YpOBHS (T.e. TOXAECTBO Yopja-
Takaxamm 11 TouHbIX pemeTodnbix Moaenei SUSY Becca-3yMuHO), MBI TOKa3bIBaEM, UTO 3Ta
peleTo4Has CynepCUMMETPUsl OCTAeTCs HEM3MEHHO TOYHOW Ha KBAHTOBOM YpoBHe. Jlokiasn
caenal Ha 30 MexnyHapoaHoMm cumnosuyme no Pemerounoii Teopuu Ilons — «Pemerka-2012»,
utoHb 24-29, 2012, KapHc, ABcTpanus, U 4acTh J0KJIa/aa 3a0keHa B Ka3axckom HallMOHaJIbHOM
yHuBepcuTeTe uM. anb-Dapadu B mae 2012 roga.
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