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EXACT SOLUTION OF G-ESSENCE

The g-essence model is studied. It is shown that this model admits some important physical reductions narely
k-essence and Feeszence. The exact solution of the g-essence model 15 constructed. This solution can describes the

observed accelerated expansion of the universe,

More than ten years after its initial discovery
[1-2], cosmic acceleration remains an unsolved
prohlem. In fact, this phenomenon is so much at odds
with conventional particle physics and cosmology that
a solution might require a complete reformulation of
the laws of physics governing both very small scales
and very large scales. The contemporary models
trying to explain cosmic acceleration using quantum
field theory and general relativity fail to provide a
convincing framework. The observational evidence
from different sources for the present stage of
accelerated expansion of our universe has driven the
quest for theoretical explanations of such feature.
More generally, modemn theoretical physics are faced
with two severe theoretical difficulties, that can be
summarized as the dark energy and the dark matter
problems. Several theoretical models, responsible eg.
for the accelerated expansion, have been proposed
in the literature, in particular, models with some
sourses and modified gravity, amongst others.

Druring last years theories described by the action
with the non-canonical kinctic terms, k-essence,
attracted a considerable intercst, Such theories were
first studied in the context of kinflation [3], and then
the k-essence models were suggested as dynamical
dark energy for solving the cosmic coincidence
prohlem [4-6].

In the recent vears several approaches were
made to explain the accelerated expansion by
choosing fermionie fields as the gravitational sources
of energy (see e,z refs, {7-24]). In particular, it was
shown that the formionic feld plays very tmportant
role in: 1) isotropization of initially anisotropic spa-
cetime; if) formation of singularity free cosmological
solutions; 111) explaining iatetime aceeieration, Note
that the formulation of the gravity-fermionic theory
has been discussed in detail elsewhere [25-28].

Quite recently, the fermionic counterpart of the
scalar k-cssence was presented in [23] and called
f~essence for short. In the present paper, we explore
the so-called g-essence for the particular case
L= R+2|aX" +e¥ ~¥(F,y)|. In particular, the
exact solution of the model is found.

Let us start with the M_, - model. It has the
following action [23]

§= [a'xf=glr+26(x. 7. g7 ). (1)
where K ig some function of ils arpuments, & is a
scalar function, =-|:|,|!:“|;.?-f!.g.-',.qe-r4 }r i a fermio-

nic function and F = "y" is its adjoint function.
Here
X =05g"V #V 9,

Y =0sfpr D w-(0@rw] @)

are the canonical kinctic terms for the scalar and
fermionic fields, respectively. V and D are the
covariant derivatives,

The variation of the action (1) with respect to
£ . Eives us the following energy-momentum tensor

for Lhe p-essence fields:

T, - {2_ as
g B,
=KV 6V, ¢+ 0,50, [T, D, w - D, §T, ¥
- g & =2K Xy uy VK Yo o, - Kp o (3)

where K, =ak/ax, K, =aK/dY, u, =V §/2X
ete. The equation of motion for the scalar field & is
obtained by vanation of the action (1) with respect

o g,
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1 &5

g
(K g™ + Ko VTGN,V 64 2XK (oK, (4)

Varving the action (1) with respect to g -
the Einstein equations

2 a5

ey

where R, is the Ricci tensor. Similarly, from the
Euler-Lagrange equations applied to the Lagrangian
density K we can obtain the Dirac equations for the
fermionic field w and its adjoint i coupled to the
gravitational field.

With the general formaism described above, we
are now interested to investipale cosmology. Let us
consider the flat FRW universe, in which the metric
15 grven by

gives us

=R,, —05Rg,, ~T,, =0, (5

det=di? —a{.-it’? +dv? +.|121L
and the vierbein is chosen to be
{'E': }— diag(l, 1/a, 1/a, 1/a), {Eﬂ }= diagll, a, a, a)

(71
In the case of the FRW metric (6), the cquations

corresponding to the action (1) look Hke

(6)

3H' - p =0, (8)
2H +3 s p=0, (9
K_y$+{_a‘::_¥+}Hﬁfg:H-K!:ﬂ~ (10}

Kok 4+ 0.5(3HK, + K, v —i7"K. =0, (11)
K +0503HK, + K, 7 -iK,y" =0, (12)

g+3H{p+p)=0, (13
where the kineiic terms, the encrgy density and the
pressurs take the form

X =058%, ¥=05F"y -pr'y) (14)

and
= X+ K ¥-K, p=K. (15)
Mote that for the FEW metric (6, the egualions

L, N SRS W B G o O S SO R PR S "
of the ¥l - TIROEE 1) Can he rewritton ax

IH -p=0, (16)
2H+3H v p=0, (17)
{ujﬁfﬁ&}l —a‘iﬁ'# =0, {18)

k) -2k, w), =0, (9)
[::]R'Fp’;zl + 2K, [l,?;r"i‘ll =0, (20)
p+3H(p+p)=0. (21)

Finaliv we present e [ollowing useful formula
K, ¥ =05, 7y~ ") = -05(K p + K, 7)
(22)
and the equation for & = Fyr
Infua’& | ) u = —ik7 (7" K, - K, p"w). (23
Let us consider the purely kinetic case ol the

M,, - mode] that is when £ = KX Y). In this case,
the system (8)-(13) becomes

3IH - p=0, (24)
2H+3H +p=0, (25)
{T]Kﬁ!ﬁ'—ﬂ'=ﬂ, (26)
Koyl -g, =0, (27)
a’ Ky -g; =0, (28)
p+3H(p+ p)=0, (29)

where ﬂ{;] 15 the real {complex) constant, Hence
we immediately get the solutions of the Klein-Crordon
and Dirac equations, respectively, as

ot £, x
=gl W, = —s (30}
4 j.u’a‘ia at \e'K,
Also the following useful lormula takes place
Te i o .
X= I:I:ljﬂ-z [£] Kﬁ» =?_“- l]li._l
a Ky T N2X

It is interesting to note that for the purely kinetic
g-essence the solutions of the Klein-Gordon and Dirac
equations are related by the formuls
p=ogw]. (32)
Let us conclude this section as: for the purely kinetic
case K = KX, 1 from (22) follows that }'=0 5o that
in fact we have & = KLY = K{X0) = K(X). So we
will go further, having passed by this case
Let us now we consider the following particnlar
case of the M,, - model (1):
K=K =KI(X.9) (33)
Then the system (8)-{13) tekes the form of the
equations of the k-essence
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3 —p, =0, (34)

2H +3H +p, =0, (15
Kd+E,, £3HK JB-K, =0, (36
Ao +3H e, +p,)=0, {37}

where the energy density and the pressure are given by

py=2K, XN -K,, p=K (38)
It is interesting to note that in the case of the FEW
metric (6), k-essence and F(T) — gravity (modified
tcleparallel gravity) are egivalent to each other, it

gmg 9
Mow we consider the following reduction of the
M,, - model (1):
K=K, =K(Y.v.¥) (39)
that corresponds to the M, - model that is the fes-
gence [23]. In this case, the system (8)-(13) becomes

3H'-p, =0, (40)

IH +3H +p, =0, (41)

Ko +05(3HK,, + K, b —iv"K 5 =0, (42)
Ko +05(3HK,, + K, 7 —iK,,7" =0, (43)
gy +3Hp, + p,)=0, (44)

where
p, =K, Y-K,, p,=K,. (45)
Let us we present some solution of the g-essence,
To do it, we consider the case
K=K(X.Yw@)=aX"+s¥-Vip.i). (46)
We have

—_—

o -

X=tel——— (47

J?n a'a’ e

) . 2 E:-'l ;
= -x?t.‘-li H + EI'H[ m‘] ., [45)

L e

- =q;;x_{zﬂ.-1}nurz?l .14y
K=-28H-3H", (30)

Mow we would like to construct some solutions.

Consider examples. Let consider the power-law
splution

i gt (51)
Then we get
|—*Tj'r g
X =1z ; (52
dzn 2 e
i ] e
'I,’., |
Yu=2g" —E,_Z-bwa n; — I . (33)
i 2n'a’ay™ |
=
34’ P wa
V== =1Jl] == . (34)
'3 ) [Zn‘ala;!:* J
A{2-34 e
- _{_;2—--1 (55)
We now consider the potential of the form F= Flu).
Then from (23) follows that
u=—y, Y=&Fu. (56)
As
r o
-. ¥
W=, = -—-‘rJ [
gt | eagu

the expression for the potential takes the form

H <
[ iy | f cr?a’n!‘* x'.“ -1
¥ a | L — I - M
F—SAI : J ~(2n - o} — | 2tais (56
\, & F)
Hence
_T‘ g o\
Y -3 3.2 | T 1
V =21 ' hiu W Qom =i Iu”‘"
X l e J 2
(5E)
ar
..'E .\\I =
A y a = O
F.ru=-2w:{f&lﬂjﬂ Hg: _zl_,ml _':r £ :|.l Iu.ﬂn-l
L e ) \2n'a’e? )
VL
LR
S0 that we have
T G
Fa= r__g_lm nteet i-fi.uiJ = 1. (60)
nata,
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If
,  2n—1 (511
c— L5:]
3 i
then we have
T '_ * _\\I |
. | i T~ .= b
X =| zq-||| s |.r” . (62)
In“etay |
¢ oL
: a 2r—1 ot P
¥=2¢" -I'.TI'.I'T| —.,.—,51 £, (53]
In L dntatay
2n =1 - = 2
¥ =(2n-1 — - ’ — 72, (64)
3n 2natay
K= E-.-:w! = (B3]
3n”
. |=3da
c = o
H=——i " (G0}
&1,
In this case the potential has the form
_ ) Yaed |f ey, Yo
v =n-p)| 221 _of 2t ) [emi
3n" 2n atay, . & |
{6h

Finally, let us we present the expressions for the
equation of state and deceleration parameters. For
the our particular solution (63 ) they take the form

In

. =—1+ :
; -1

(6%)

These formulas tell us that for ne(l,0,3) [u E{—-‘r:u,—l:!]

and n e (0,5, =) we get the accelerated [decelera-
ted] expansion phase of the universe.

In this paper, the g-essence model is studied, It
15 shown that this model admits some important
phyvsical reductions namely k-essence and f-cssence.,

raci sonution of the g-essence maodel is
This solution con deseribes the observnd
g L, i
LEL LIS

Lt Verse.
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Pe3srome

KymeIicTa g-scCeHIMSIHBIH, MOJeli 3epTreneni. byn
MoJielbJie Keldip MaHBI3IbL — K-2CCeHIMS XoHe [-acceHImrs
Ilell aTaNaThiH GU3UKAIBIK, PelyKITAsUIaphl KopceTiareH.

g-9CCEHIIMST MOJEeNIiHiH, HaKThl IIeNTiMi TYPFRI3LUIFAH. Byl
menrimMaep OIeMHiH yaeMelli KeHeliH TYCIHIipe anaibl.

Pesrome

B paGore uccnemyercs Mo iens g-s3cceHimu. [lokaszano, uro
3Ta MOJIETH COJIEPKUT HEKOTOPhIE BayKHBIE (GHU3HUECKIE PETyK-
My, TMeHyeMble kak k-sccenrmst u f-accenrus. [locTpoeHbt
TOYHBIE PETTISHIS TS MOICIIH Z-3CCEHITIH. DTH PETTICHUS MOTYT
OITICHIBATH HaOITIOIaeMoe YCKOPEHHOE pacipeHue BeeneHHo .
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