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ANOTE ON 1D GENERALIZED TODA LATTICE

A generalized Toda Lattice equation is considered. The associated linear problem (Lax representation) is found. For the
simple case N = 3 the t-function Hirota form is presented that allows to construct an exast solutions of the equations of the IDGTL.
The corresponding hierarchy and its relations with the nonlinear Schrodinger equation and Heisenberg ferromagnetic equation

are discussed.
1. Introduction, The 1D Toda lattice { 1IDTL)
(1.1}

15 one of most important integrable equations in
mathematics and physics. The equations (1.1)
describe an interacting N particles, each with mass
m =1, arranged along a line at positions §,, ¢y ... §y .
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Between each pair of adjacent particles, there is a
foree whose magnitude depends exponentially on the
distance between them. The 1DTL was discovered
by Morikasu Toda in 1967 | 1]. Using the computer
experiments, in [7] was suggested that the 1DTL is
mtegrable. In [3-10] the integrability of the 1DTL
is proved. Note that thiz equation is a discrete
approximation of the KdV equation

=} (1.2)

There arc exist several gencralization of (1.1)
{11-14]. In thas paper we consider some integrable
generalizations of 1DTL.

2. Basics of TL. In this section we prescnt some
very known fundamental information for the 1DTL.
Let p_ denotes the momentum of the »-th particle,
‘Then the tofal energy of the system is the Hamiltonian

¥, +Ouu,
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ff=;L +l;f~~ (2.1)
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mo the svstem (1.1) can be written as
el
':.Ir _{:""!r'qrfE=iu L]
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p.={H,p,}=-—. (2.2)
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Except the original form (1.1}, there are exist
the various equivalent forms of the equation of TL
(1.1). Some of them as follows,
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and so on. Above D, I3 are the well known Hirota
bilincar operators and r 15 so-called wfimetion which
play a key role of the theory of integrable svstems.
Note that a new and initial “physical” (g, p
dependent variables are related as

By = Pus

— ¥,
o, =g o

1 Mot 1
a, = b=~ P
Iii £ - -[In £), =eti, (2.7}
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There are at least two possible Lax matrices for
the TL, one of order 2x2, another one of arder M=,
The 2x2 Lax pair is defined as

el it W m=| © ey
e 0 ) e A
The associated linear problem is
¥, =L,
¥.o=MWY,. (2.9
The compatibility condition of these equation is
L.+LM -M L =0 (2.10)
Here

" EL"r VM, = i MYX,,
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2.11)




Hsgecmua HAH PK. Cepus ¢usuxo-mamemamuyeckas 2010. Ne 1
where [Xﬂ X‘.]= ff-'ﬁ,ﬁ’j-Thcn the TL equations £ o o -
) ] b =
obtained from the Lax equation T o5 B
=[L,M]. (2.12) 3 poa, o
There are exist a so-called r-matrix represen-  , _ 4 4!:'_ I| o 2 0 .
tation for the Poisson brackets {L’“ o } between the TS ORI
matrix elements L. 1L has the form 0 o
o, L=l L@l+I®L]=|rL +L ], 213 P
or A o . CH =l 'p.-. 4
(1@ L}= (3-2)
=lnrei-l L= +L], @219 i iagigs 0
i op :
where g "
o r T L |
r= Lr"X, @X,r = Zr*X,@X L = s RN S S |
grml M= _HI —El” il
=L@ L =IBL (2.15) 0 Sy
i Li [}
Finally we have 0 o -‘I’:]"I
' i Mo F
{L@,.L}: [rﬂ{.':: L' - rmf;':;fﬁ JX# @YX, . (2.18) (3.3)

In this notes we use the following form of the
F-matrix

M
r=YE®E+2 ¥ E @
b=l nimifi<d)

3. Generalized TL. In this paper we consider
the following GTL

’r}x ='E',{. i -a b ]+2uu{ﬁﬂ _I}>

iI.E' t &

E.. 217

t1i{l l‘+'|'i‘1

B ~p }ﬂ*+2u{h s 5 )
)

b +2u(a &8

k-1 &0

vaﬁ]

k&l &, -1
=(,"ﬂz —pﬂ]u,

b =(p;—p, 0. (3.1)
It can be written in Lax form as (2.2) with

There are ke p'am: a Lie-Poisson brackets [2]
lF'r a l-—
P ,}= —a,
{pl.bi } =h,
{p, =8,
{p-ﬂ 'H};'.-{ =N,
{p,_u}H = —Mu,
b, =,
Py =0,
{a ﬂ,:} =21,
{b.1bo}, =

All other brackets are zero.
bracket by x,. The functions

(3.4)

We denote this

1. o
H =-trL (3.5)
i
are independent invariants in involution that i3
\H,.H }=0. (3.6)

74




MATEMATHYECKAA ®H3HKA

The expressions for A are, for example,

x
H= %

P,s

+ i [“.‘E’,F. +|[.::r|ErI +a:b? +uu}|p? +
t =l

+[u1b: +.:‘:'3£1__;_‘;|-;:-~J -ii-lif;r;ﬁlJ +ab "‘””}fﬂ +

+alf:-ipﬁ +a a b+ .E:-] b: u]

and so on. The invariant /1, is the only Casimir. The

; 1
Hamiltonian in this bracket is M, = E“E . As for

the usual TL in our case we can introduce the
quadratic Toda brackets which appears in
conjunction with isospectral deformations of Jacobi
matrices, It is a Poisson bracket in which the
Hamiltonian vector field generated by H| is the same
as the Hamiltenian vector field generated by H, with
respect to the i, bracket. We will denote this Poisson
bracket by &, The bracket «x, is easily defined by
taking the Lie derivative of &, in the direction of
suitable master symmetry. This bracket has det(L)
as Casimir and I, = trl is the Hamiltonian. The
eigenvalues of L are still in invelution, Furthermore,
x, is compatible with x . We also have
m,dH, = mdH, ;. (3.8)

Mote that both brackets «, and s, transforms to
the corresponding brackets of the usual TL for the
case = p= [,

4, Case ¥ = 3. Let N=3, Then the equations of
the GTL take the form

by =—?{uf +u?1
Je —2{&, .fef
.E‘ﬁ =g} +4? ]L
@ ='”|{Fz - P:}—Eﬂfz’??
ay =ay(p, - )+ 2uay,

i =(p, = puJo.

(4.1)

This system can be written in Lax form as

L=[LM] (4.2)
where
n & u 0 & wuj
L=lag p, @) M=|—-a 0 a/.(43)
TR . |=u —-a 0

There exists a Lie-Poisson bracket given by the
formula

{Ir?l"‘al } o ﬂ”
{pu--l »H } = =,
{put=u.
{pguf=-u,
fen }=2u.
All other brackets are zero, We denote this
bracket by . The functions

1
H =-tl
i
are independent invariants in involution that is

L H  |=10.

The expressions for I, are, for example,

{4.4)

(4.5)

2 3 1 2 2| [ T ,z!]
a +d +la” +a +
*L I:ﬂ:pl-l_[ﬂl az : Jpl I N P]
k=1
[t it Lo ap +2aa u| (46
+(\.ﬂ3 +a ]p,,+"‘41"5 A | 48
and so on. The Hamiltonian in this bracket is
5 g o .
H,= 5 trl’ . The Casimirs of the system are
C =H =p+p+0,

. _aa
Cy=- I:L ==2pP

(£.7)
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Note that
st o= p, et
1 i , ‘ g § =—2[{;‘1E:q:" _p?ﬂl-ml (4.i3)
4.1. 1GTL g,, p, coordinates. Let us write the > = '
= | ¥ Yoy
system (4.1) in terms of the coordinates g, , p, = 4,, gy = 4{P|1J’3‘4€- o —q4€ '?"'":l
k=1,2,3. Then from (4.1) we have Here
Gy = pugy Hae™, (A1)

g, = ——E{ﬂF -1 l

§ ==2a} -u’)

iy = 2[‘:'::_ —u]},

4 =g = [F'l - P )=2ua,,

Wy = Pyt

¥

(4.8)

Hence we get

=, e, Gy =0~ Py =Pi— P

Hy, =comst, (4.9}
Let ay =e™p,,a, =™ p, and
. E\'JEP.‘ g i
L=|de*p, Py &gl (410
dd.e™ de"q. p, .
Then the equations of motion become
g, =_2{‘3f _“2}
s - .
P
= - 2
g; = 2a; ~u 1
ﬁ,_‘ = gnHTarh; "11 = _EEHM &y {q_l I:]
{}.4 = EE"i'n"“ﬁ'n*ﬁ'u Fﬂ = _EE:"ﬁ-pd‘
ty = p)aH.
. - : 1 EL TS x
80 we see that p, = Ee g, =g, and
":'il _ —‘E{EI'?"Pq + gt :L
fif; = _'El.,':i'-if'zq“ o PS-E el ’|_
gy = -2’ p} + ™ l (4.12)

ér-‘ 1 4{1!3'[3 pqezqﬂ et '?.1.'3 Ty ]L
W= pau

ar

4.1.1In F, O coordinates. Let us consider anew
representation for the Lax matrix L as

F eHp gt W
L=| de®P, B-B %0 |, 415
d.d, pihi+ch f.‘l’zf';?’ o, -P

where {E1-Q.}=EF”, In this case the equations of
mation take the form

‘F,:|=Q|r
F=0,
ﬁa=;-.:]3=

g =5|'[P1_P:}_E”ﬂzr
() = ﬂ:i!{ll:'i _pﬁj_zmu

Qz — ﬂ;{,ﬂ'; ¥ }" dua,,
it =(8 - P

(4.16)

4.3, Solutions. To find solutions we first
introduce a now variables as

1 o caier. il %
-'-1{1}=P*—,-I - [J:I=-:':' — .m=u"[—r ;
L e e 2 ,I
{4.17)
Then the system (4.1) becomes
= A + )
& =d, ~d,,
& =d, +m,
‘:';I:- = €l "E\II}E- (4.18)

d, = Cagtly + 2,\,"&?,
lﬁ.i - Ej_-,-ﬁﬂ'.
The GTL equation (4,18) is the isaspeutral {4,= 0)

and obeys the compalibilily condition of the
following spectral problems:
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P = + Bus
duénﬂ +ﬂn-|'ﬁv + ':E!Iun'. s i'ﬂ'n*

where A is a spectral parameter. Namely, it has the
Lax representation L = [M, L], where the Lax pair is

{4.19)

(dz +d; .}r = ey i

(e, + cpudy | = deod,.,
i —e =10,

(4.25)

Henee and from we get

defined by
L = dﬂﬁmi.m T Cu-!é'lm e '5.7 Jm e ‘S l
M_ =8, +¢. 0. @20 (lnng), = [In —[lr_n, :f’J }[m et ] g
Om the other hand the matrix form these matrices : A s
have the fox a 1
. - = f,+| In 5“:—} .[].n T,e° ] =1,
[qu d £y L. M L) i
LZL] o dy, M={0 ¢ 1/[ {421}
: . : 2
B 1 e (U . f ¢
;{lnfljlm- f‘.,—[ln T; 3 Ine? ‘,, -+

Using an dependent variable transformation

r i
d, =1+{Inr, ) =thrﬂ?z 1 .

BRp
=—1—(In ) =—|In f&? 422 Rl :
{ { !'II-}H l 'ﬂ? ]’ { :I ﬁ_fz +_-f\: - L—EJ”' _‘f’lir =ﬂl (425]
LY .1—
we find o
¢ : For simplicity we set /, = 0. Then the system
¢ =1, _{mf’i ? {4.26) becomes
}'_ F
i rE la
c=1, +( InZz | (4.23) (Inrr, ), *[‘" i ['“ T, ] -
% rj i ik i
il o
& =1, +[]"+3] - ln%] (I]‘l‘l‘aﬁ'i ] = (},
. ! T3 : .-l'k Au
Hence we get 2
f | 1p

3o [{]111‘1}” —[In‘—'EJ [Ine-" ] ] +

& ¥ '1'1‘ i
‘:‘lv"rlr‘[]“%J* o

: I-‘.,.i|I i [ IJ] r’ Jrz
+4| Int,e? In fe® = ),
gy = j!j + (Iﬂ?:_l_l] ' "414] a ' ]rl\ f ].'.'
Ly .
£y =1y _[]“ 551 ’ ﬁ : jﬁz v f! N ;r_ferl-m lpg=i, (4.27)
L j.] ‘.‘J ™3

To define the unknown functions we have the

gyslem

We expand the functions £ , in a formal power
seTies in an arbatrary parameter £as
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g = > E*r,[,” =1+ E‘i’i.] + EE‘E?E:I+,. -
ko=

f=v& _,f'l:"] =1+gMegt 0y (428)
k=

Expanding the 1.h.s. of (4.27) in £and equating
comresponding coefficients, the resulting equations
can be written in the form.

5. The 1D GTL hierarchy. First let us recall the
main formulas of the usual TL hierarchy. The corres-
ponding hierarchy is defined by

&L

= [LB) (B =) k=1,2,3..). (1)

&, - :
The r-functions of the TL hierarchy obey the

following equations

[Dg =k (D)lr ey -7 =0, (k=12,3..). 5.2}
Here

‘J'ﬂ:ltf* P
& S h 0K,
He=fl

|

= o, -,
It iz interesting to note that the nonlinear

Schrodinger equation (NLLSE) is the second member

of the TL hierarchy. In fact from (5.2) as k=2 and

from (2.6) we get the following set of equations {for

example [2]}

11
D=(D,5D;, 5D, (5.3)

I:'Dl & E:II.: ]ful Ty = {L

Dty €y =20 Ty (5.4)
This set is equivalent to the NLSE
ig, +¢, +2¢°¢ =0, (5.5)
where
d=1,1, d=1,75" 1, >, (56)

The set (5.4) 15 the compatibility condition of
the following set of linear equations

{,] .=l \".
[fﬂjd TH' ;

1%
_=2 =l
Tﬂ—lrmlr.v - |:Tn—|r.lr :Ijj

0
=&
o 7 7

b+l "

t

¥

W 7 (3.7

T ),

Note that in this case the matrix § =y o
obeys the Heisenberg ferromagnetic equation
ZJ'.S',I =[S-Sr.r.]' (5.8)

Finally note that the 1DGTL hierarchy has the
same form as (5.1) but content the additional two
equations related with w and o

6. Conclusion. In the present Letior we consi-
dered one of integrable generalizations of 1DTL. The
corresponding Lax representation is presented. For
the particular case N= 1 the bilinear form { =function
form) is found that allows to construct exast solulions
of the studied generalized Toda equation.
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Pesome

TonTeH XalTbUIaHFaH TOPHI TAJKbITaHAIE. (JIakc yChI-
HBICHI) CBI3BIKTHI €CeNTiH MIeliMi TadbIaabl. N = 3 OoraH
Xarnarna, XupoTaHbH 7-(hyHKITHSICH YCHIHBLIBI, TOATHIH
XaJMIbLIaHFaH TeHaeyiHgeri 11D HakThl memmiMaepi TYpFbI-
3pIIBL. DeppomarauTrep yiriH IlperrHrepaiH ChI3BIKTHI
eMec TeHaeyiMeH 'eiizeHOepr TeHAeyi apachHIAFEl Oaiina-
HBIC XOHe ColiKec KeJeTiH uepapXus TaaKbLIaH b

Pesome

PaccmarpuBaercs o6o6iennas penietka Tojpl. Haitreno
pelieHue JIMHEeHHOH 3aja4un (B npejcTaBieHun Jlakca). Jns
ciydas N = 3 npejicTaBieHa T-(QyHKIS XUPOTHI, TI03BOJISIO-
1Iasi TOCTPOUTH TOUHBIE perieHus 11D 00o0IeHHOro ypaBHe-
Hust Tosel. OGCyKaeTcsi COOTBETCTBYIONIAs HEPAPXUS, CBSI3b
¢ HeJIMHEWHBIM ypaBHeHUeM IllpenuHrepa U ¢ ypaBHEHHEM
TeiizenGepra 131 GeppoMarHETHKOB.

Espasuiicxuii nayuonansHulii yHugepcument
um. JI. H. I'ymunesa, 2. Acmana Hocmynuna 6.01.20102.



