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DISTRIBUTED INERTIA SPACE MOTION ROD MECHANISM

Annotation

In the mechanics of mechanisms the inertia of linkage elements is usually taken into account
through reduction to the center of mass as the resultant force vector and the resultant moment of
the couple of forces, and the center of mass is included in the finite element model of the
mechanism structure as the nodal point Ref. [1]. It is possible to deduce more accurate finite-
element models analytically accounting for distributed inertia of motion.
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Model mechanisms

Let’s first consider the plane-parallel motion of the element “A” in the fixed system (Fig. 1).
At the point O let’s introduce the moving coordinate system (OX'Y'Z with the position

determined by the angle 8, . At the point £ connecting element k with the element (k-1) let’s

introduce two local coordinate systems: F.X,Y,Z, moving together with the associated joint,

with the axes remaining parallel to the corresponding axes of the coordinate system OXYZ and

the coordinate system P,X,Y,Z, rigidly bound to the element “4”.
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Fig.1. The link mechanism element

Let’s assume that the element &k of the mechanism with the uniform cross-section moves in
plane-parallel relative to OXY . And let’s assume that in an arbitrary instantaneous position of

the mechanism the angle 0, , the acceleration components V_V,;, and V_V,;, of the point 7 on the

element k relative to the fixed coordinate system OXY, and ®,, &, (angular velocity and

angular acceleration of the element k& with directions, as shown in Figure 1, correspondingly) are
known. Then

y‘

)CI . X
Wi _[ cos 6, smHk] Wi
Wi,

-sinf,  cos6, wp,

the acceleration of the point B of the element £ is the sum of the acceleration of the point P, and
the acceleration of the point B in its rotation together with the element around this pole. The

vector V_kab; is perpendicular to the axis of the element, v_v,;‘,;; is always directed from point B to

the pole B, . Components of the acceleration of point B relative to the coordinate system OX'Y'

in matrix form are as follows:
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In case the cross-sections along the element are uniform, then the gravitation force of the
element may be considered as the load uniformly distributed along the length of the element with

the intensity level of g%, =y, 4, , where ¥, is the specific gravity of the material, and 4, is the

cross-sectional area of the element k. Due to the need in further calculations of the element let’s
split this load in two directions:
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The intensity of the uniformly distributed load acting perpendicular to the axis of the element

arising from the acceleration W,;k is equal to q,flk = —ykAkv_v,;k / gand is directed opposite to the

direction of v_v,fl} . The angular velocity @, of the element & rotation about the pole F; causes the

distributed loads of triangular shape with the intensity . acting along the axis
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of the element, and always directed from the axis of rotation along the axis x,. The angular
velocity of the element k rotational motion about axis Z,, causes the distributed loads of

triangular shape with the intensity qlf}‘ =—y,4,6,x,/g. These loads always act perpendicular to

the axis of the element and are directed opposite to the direction of the vector &, X I (-

By summing the loads acting along the axis ¥, it is found that the intensity of the total load
is varying along the length of the element in a linear fashion: ¢, (x,;): ay, +b,cqx}c ;
4, =~ 4, cosb, —;/kAkw,f[’f /g , by =—7i4e,/g. Similarly, summing the loads acting along the
axis of the element (X, ) it can be seen that their intensity also varies in a linear fashion and is
represented by the following equation: ¢, (x}()= a,, +b,x,; a, =—-y,A4,sin6, —y, A, WZ / g,

by, =%wkz . Thus, the intensity of inertia and gravity forces of the element has quite definite

analytical expression. By using them and the finite bar elements method, based on the straight
uniform bar Ref. [1-2] the finite-element models, analytically accounting for distributed inertia
of the plane-parallel motion, and more accurate for the study of the link mechanisms
kinetostatics (dynamic force analysis) are deduced. The finite bar elements method equilibrium
equations of the bar element are as follows (Fig. 2):
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Equations relating deformations and elastic displacements for rods:

du do d*w d*w,
E = -, = -, = __z’ B —_ — 2
Yodx x dx Xy dx’ x dx* @
Equations relating deformations and forces for rods:
N=EFe; M=GJy; M, =EJ y,; M. =EJ y. 3)

The «k», «’» are not shown for the convenience of writing. Taking into account positive
direction of the external and internal geometric and force factors (Fig.2,3):
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and other factors have the same direction; and, omitting the intermediate rearrangements of
(1) - (4), the finite bar elements method basic equilibrium relations for the straight uniform bar
element are deduced (Fig. 3):
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Fig.2. Sign Convention for Force Impacts
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coupling generalized jo = [RIJN R ZJNS R 3JN§ R, R szg R3/M§] , acting in the bar nodal points with the

nodal generalized ]Qéﬁ :[lel"vg R, . R3j;\/5 Rlﬁ)g R2j§W§ RﬁM]T displacements Ug Z[u{/ué’ugfgol”gogquf]T ’
Ul = [u{"uzf"u{"{p{"go{’(p{’ ]T. Square submatrices [Bﬁz]l(l’ =12; ¢ =12) stiffness matrices [Bij] of the
bar element do not change Ref. [2, 3], and subvectors QU and jS are as shown in (6). Thus,

elements (6) of subvectors Qlf and Qj i analytically accounting not only for the weight, but the

distributed inertia of plane-parallel motion of link mechanism element as well are deduced [3]:
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Fig.3. Bar finite element stresses and other displacement components
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3. Spatial movement

Let’s consider the spatial motion of the k element of the mechanism relative to the fixed
coordinate system OXYZ. By Chasles theorem every displacement of the free body from one
position to another of can be deduced by linear displacement with the arbitrarily chosen pole and
rotation about an arbitrary axis through the pole. Then acceleration of any point M of the free

solid body in the projections onto the moving axes B X,Y,Z, has the form:
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Where w, ,w, ,w, are the projections of the acceleration , of the pole Py in coordinates

P.X,Y,Z, (Fig. 1). In this case the centers of gravity of the element cross-sections are located

along the axis of PkX'k , therefore, the coordinates of M are xkzx'k ,y«=z:=0; then

ka:wpxkﬁ-w)zckxk—w%xk
dosy

Wyk = wak+7xk+wykkaxk
day

Wt = Wsz_Txk+kakaZk

Accelerations w,, along the axis PiXi cause distributed inertial forces, and the intensity of
the total load varies along the length of the element in a linear fashion and is deduced using the
following expression: 7, (xk )= a,, +b,x,, where ay, =7, A, sin0 —y, 4w, [,

by algebraic summing of all loads forcing on the element in the plane
b =_7/kAkw§k/g + 7kAkwlf/g y alg g g p

PX\ Yy it is found that the intensity of the total load varies along the length of the element in a

linear fashion and is deduced wusing the following expression: ,
g g oxp g!(x.)=af, +b;x,.

a;, ==y, 4,080, -y, 4w, /g, 0, - tilting angle of the element k in the plane OXY by algebraic

summing of all loads acting on the element in the plane P XY\, it is found that the intensity of
the total load varies along the length of the element in a linear fashion and is deduced using the
following expression:
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The finite bar elements method equilibrium equations of the bar element (Fig. 2) in the
spatial case are as follows:

dN dN am
—+q =—+a,+bx=0, —+m=0;
dx dx dx
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When you set the length of «l», the initial displacement and rotation angles (4), Solving
(2,3,7) for the elastic displacement, we obtain for the spatial case [3]:
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For internal of force factors spatial case we get [3]:
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Then, considering (5), the subvectors Q7and Q7 of the finite bar elements method

equilibrium equations for straight uniform bar element analytically accounting not only for the
weight, but the distributed inertia of spatial motion (8) of the element k, the following expression

is deduced [3]:
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4. Conclusion
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Thus, the elements (6) of the subvectors 07 and Q7 analytically accounting not only for the

weight, but the distributed inertia of the bar mechanism element spatial motion are deduced.
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Pe3rome

E. C. Temipbexos

(AnMaTbl TEXHOJIOTUSIIBIK YHUBEPCUTET], AJIMATHI K.)

CBIPBIKTBI MEXAHW3MHIH KEHICTIKTEI'T KO3FAJIBICBIHBIH

TAPATBUIFAH MHEPLUACHI

bacTtbel Kyl BEKTOpHI JKOHE HWHEPHMS KYIIIHIH MOMEHTTEpl peTiHae, oaerTe OybIHIap
KO3FaNIBICBIHBIH MHEPLHUs KYIIl cajlMaK OpTaJbIFbIHA TYCIpUIEl, ajl calIMaK OpTajbIFbl IIETKI
ANIEMEHTTEp oici TYWIH TypiHIAe OpHajacaabl. MyHJa TanJaHFaH KO3FalbIC WHEPLUSCHIH
TapaThUTybl €CKEPUTIN, CBIPHIKTHIK MEXaHW3M KYPBUIBIMBIHBIH HAKThl IIETKI JJIEMEHTTEP OICI
aNbIHFaH. baplblK MHEPUUSIIBIK JKYKTEMEHIH anreOpaliblKk KOPBITBIHABICH — MEPHEHIUKYISIP
OaFrbITIIEH JKOHE OYBIH ©Ci OOMBIMEH ocep €Ty apKbUIbI OJIapIbIH ©pIIe/IeHyl OYbIH Y3bIHABIFbIH



CBI3BIKTBI ©3I' CpTCI[i. H_[LIH)KLIpJIBI MCXAaHU3M  KYPBUIBIMBIHBIH ~ COHYBI DJICMCHTTCP YJ'IFiCi

OyBIHAAPBIHBIH ~ CEPHIMIUIITIH eCKepill KWHETOCTaTHKa J>KOHEe IHHAMUKa  3epTTey YIIiH,
TY3YCBI3BIKTBI OIPTEKTI OCh YIIiH, OCHI QHE IIETKI 3JEMEHTTEp JJICIH MaiianaHy apKbUIbI

HaKTHI onenaep anbiaabl. [IleTki ameMenTTep omiciHe OenTisli MaTpUIAIBIK KaThIHACKIHIA!
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187 1(r=12: 4=12) esrepmeiini, an sexropnap 0¥ , 9/ xana rypre esrepeni:
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Kiar ce3aep: nHepius, meTKi 3J€MEHTTEP /IIC1, HIHTIPEKTI MEXaHU3M.
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(ANMMaTHHCKUN TEXHOJOTUUECKUN YHUBEPCUTET, T'. AJIMaThI)

PACITPEJAEJIEHHAA MHEPLIMA ITPOCTPAHCTBEHHOI'O ABMOXEHN A

CTEPXXHEBOI'O MEXAHU3MA

Cuibl MHEpUUH JBYKEHUSI 3BEHbEB OOBIYHO MPHUBOAATCSA K LIEHTPY Macc B BHJE INIABHBIX
BEKTOPOB CHJI U MOMEHTOB CHJI HHEPLIMH, a IIEHTP MacC BXOJAUT KOHEYHO-3JIEMEHTHYIO MOJIENb B
BUJEC y37a. 37ech NOJy4eHbl Oojiee TOYHBIE KOHEYHO-3JIEMEHTHBIE MOJAETH KOHCTPYKIHIi
CTEpKHEBBIX MEXAaHU3MOB, AHAJUTHUYECKH YUYUTHIBAIOIINME PACIPENEICHHYI0 HHEPLHUIO
IBIDKEHUs. AJNreOpanueckd CyMMHUpPYsl BCE HHEPIMOHHBIC HArpy3kd, JCHCTBYIOLIUE TIO
HAIPAaBJICHUIO NEPIEHIUKYISIPHO U BIOJIb OCH 3BE€HA, BUIHO, YTO UX MHTEHCUBHOCTb MEHSETCS
o JAjauHE 3BeHAa JuHehHo. Mcmonws3ys 3T0 W MeTol KOHEYHbIX 3jieMeHToB (MKD) s
MPSIMOJIMHEMHOTO OJHOPOAHOIO CTEpP)KHS, IOJIy4YeHbl OoJjiee TOYHbIE MJI HCCIEIOBaHUS
KMHETOCTAaTUKM W JUHAMMKM KOHCTPYKUMH pBIYQXHBIX MEXaHHW3MOB KOHEUYHO-3JIEMEHTHBIE
MOJIEJIA C YYE€TOM YIPYTOCTH 3BE€HbEB. B M3BeCTHOM MaTpuuHOM cooTHOmeHun MKO:
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