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ABOUT EXACT SOLUTION OF THE NONLINEAR EQUATION

Soliton solutions are the important aspects of multiplies field theories as classic, as quantum physics. Notion of the
integrability allows making useful classification of the soliton systems. Soliton solutions of these systems have simple
behavior in bumping and they are stable. By using such methods as the inverse problem scattering method we can
construct multisoliton solutions of the nonlinear equations in the exact form.

There are some ¢xamples of the nonlinear
equations of the mtegrable systems in (2+1)-dimen-
sions, majority of them are no relativistic [1-3],

It was shown, that many well-known integrable
equations in (1+1)-dimensions are reductions of the
selfdual Yang-Mills-Higgs equation. Similarly,
integrable systems in (241 }-dimension we can obtain
from the self dual Yang-Mills-ITiggs equation as it’s
reductions. We note, that there are some examples
of the multiplier solitons of the nonlinear systems
as skirmions, monopoles, lamps. Such theories are

_relativistic and solitons have the topological nature
[4, 5]. Self dual Yang-Mills-Higgs equation is the
important example of the integrable system. Resear-
ching of such integrable model m (241)-dimensions
demonstrated that soliton’s dynamics can be
nonirivial on the integrable models,

Yang-Mills-Higgs equation were widely inves-
tigated and the equation are known to integrable
[6]. The Lax pair of this equation was obtained by
R.5.Ward [6]. In the present paper, we consider the
Yang-Mills-Higgs equation in the (2+1)-dimen-
sional ant: de Sitter space-time. There are two
curved space-time with constant curvature: de Sitter
gpace with positive scalar curvature; and anti de
Sitter space with negative scalar curvature, At the
same time, this equation is a reduction of the Gauss-
Mainardi-Codazzi equation m (2+1)-dimensional
anti de Sitter space-time. Here we find the soliton
solution of the YMH equation in (2+ [ )-dimensional
ants de Sitter space-lime for the simplest non-
Abelian group SUR2). Let M be a three dimensional

Lorenz manifold with metric g, A4

potential, L ig a sealar Higps field, both of which
are valued in the Lie algebra of Lie group G. We
suppiose (7 is a matrix Lie group (7. We denote the

it a gauge

domain £3: { the (2+1}-dimensional anti de Sitter
gpace-time 15 the universal covering space of the
hyperboloid U° +F* - X —¥* =1 i B with
—dU? —d¥V? +—dX? 4 =dF ).
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We define

1 i F" :
FE— re=- E] f=— ] {!_:I
o+ & U+ X L+ X

then a part of the 24+1 dimensional anti de Sitter
space-time with L+ X > ( is represented by the
Pomecare coordinates /¥ x4} with v and the metric is
ds® =y {=de® + dr’ +dx ) = (dt* + dudv) (2)
where u=x+¢, v=x-f. The Yang-Mills-Higgs field in

the domain L2 satisfies the Yang-Mills-Higgs
equation [5]

Dp=*F 3)
Or, written n terms of the components
DO =—mmg, &"F,, ()
Ll Byt v
il -
where D B=3 ®+[4,,®], 8, = e Fo0

ia the curvature corresponding to 14,1

F, =[D.D

0, ]. The equation {4) is an integrable
aystem in the sense that a Lax pair exists, if the metric
& has constant curvature £ = const, In our case the

curvature is negalive B < 0. With the Poincare

coardinates (1), the equation (4) becomes
DQ=rF  DO=—rF_  Dd==-2¢rF . (5)

The system of nonlinear partial differential
equations has a Lax pair

(rD, + O - 2(£ =)D, Wy =10,

B 1%y 'f;”mw sl

(&)
"

where Dy =8 w+Aw and £ is a complex

spectral parameter. Thus (3) is the inteprability
condition of the over-determined system (6). We
formulaie the following statement, If the equation

{57 has a trivial solution in the domain £, so the
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equation (5) has onesoliton solution with constant

spectral paramcter in the domain £ of the following
form

r A W o i i
A,=0.2=-@58" = 10,5) -1k, 5];
(7.1)

SN , 13
a-t@met s L -0, M (AT D)
A, IU' I: +2r{5ﬂ'35 ;) 2r|{&ﬂ.ﬁ'+1}.,
(7.2}

b= _%{.a,ﬁj's-q > %{SJJS tha) =B84 x0,,

(7.3)
where
_&-&(V F) s
S_I+I-:r|‘[cr JJI’]4I§“ =
oy . #Ms
"o ] g T

c, {1 are two holomorphic functions, &, is a
complex constant, & is a real number, ¥ — scalar
function. This solution is the localized at some values
of the parameters of this model, and the length of
the Higgs ficld is given by the following form

—tr®* =

_ B+ 32x(x + )" =) #1687 (x+10)
(r* +2 =2 +2x + 207 1)

(&)

-2t

With the help of the Darboux’s transformation
method we find the soliton solution for the simplest
non-Abelian group SUY2). Let

W=(g-u)Ry - Ty, (9
where Riu,vr) and Tiu,vr) are 2x2 matrices and R is

invertible, then the transformation ¥ —* ¥ is called
a Darboux transformation of degree one if there are

{Em&l} are satisfying

(rD, + D= 2(E —u)D Wi =0,

s BN
{rD, +=—— 101 =23

— I '_"n.."', B Fey
= Wy =0, {14}

7
For given

where fiq.pr =d,p+ Eﬁgp :

(A, m},qﬁ,-&’f:} and arbitrary matrix function {2, let

A R=0, rA R+2A,T+8R +2R =10,

rAT+4T =0,
Expressed in ¥, both equations of (10) are
palynomials of £ of degree two. The coefficients of

the second, first and zero-th order of £ in the two
equations of (10 lead to four equations. After some
transformations we give

A =RAR'-(3 RR";

A=T4r-@nr, (1.1)
- 1. PRI g |
A, = (T4, —8T)T" +— (R4, ~8R)R™' +

+il(m1r' - RORTY); {11.2)

F
= [ i il ~1
Dm—(TA =87V —=(RA -8R +
) 2
+%(T¢~T" ~ RBR). (11.3)

Take a trivial solution in the following form
A, =0(g=uvr)®=xo,. We can choose

R=], T=8. Then from (11.1)-(11.3), using the
Theorem 1 [4] and after the some transformation we

give a saliton solution in the form (7). Take £, to be
a complex constant which ig not real,

g
z =[’?‘ = ] (12)
BT
Let 7 =a(E, ), then
a(r) - fB(r
Hw[ 4
Aix) &) )
The matrix 5 has the following explicit form
‘:-j _é?u Ifl a \L =
Sk s y [ F{8 —ull, (19)

i
&+

] .
+ig|'\o o

& -&,

8,8 =
1+]|a

~(ef), &,-5%,)_,;
e, -F,0 '

We use (15) and obtain the following
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— 'f-:-_*f?:- i
(1+| e f)

rri]ﬂ 16
[ﬂ I'E}

{17}

il

[f (|af), &g -7,
Not-0, ~lof),.
We infroduce

Sy=hLt=w(5,), o(z)=r.
Then we have from (17)

( (S —u)") G —a)

T
F

_H}I-l}i" =—,——2.

(& =)

(18)

= vk IrE
[ i:'l.-' —F t;"BI.I
We can calculate

_AS-EY
(+|a[)*
(o f). +(&a, - 7,Xo75,
LA
P

(@)

~ T

’-.e-,-. hf

'), +2&°. {149)

We notice, that
(o), +(5a, -5’5, —0,)} =
=g, (+|a|'V;
(| I ), =loo), =0,0+00,,
A
(&, —
(+|o

A

@Y = 2 T+ a Y+

f‘-n S0 :'
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(20
[t is the localized solution and the length of the
Higgs field iz given by the form (2).
We conclude, if the Yang-Mills-Higgs equation
has a trivial solution in the certain domain £, so the

equation has onesoliton solution in (he domain £
with & constant spectral parameter. This solution is
the localized solution at some values of the
parameters of this model, and we can determine the
length of the Higgs ficld.

The purpose of this paper is 1o deal with con-
struction exact solutions in high dimension,
ezpecially for (241 -dimensional anh de Sitter space-
time.
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Pesmase

ENaccHERALY EoHe KEAHTTHE HHIHKLNAFL GpTY i
SpICTCP TEOPHATAPRHLH MAHEATH SCHekTiciEiH Gipi — co-
N¥ToHOR Wenidaep. Harerpannany Tycisiri apkeis oo-
NHTOHMAD FyHereplie malipars EnaccHMEanHA Bypriayre
Ch e, COnATOHARD, enismep Sip-Sipiae THTEHIC Kapa-
ke KyHIE EARE TYPRAETINRETR cakTaias. Beemrin kepi
TADRTY SNici CHAKT ATicTepli KONuAHuE §i3 CRIRKTR
EMEC TCHISYARPIIH KONCOMUTOHAM IeniMLepi HAKTE
TYRIE Ky AMAMELD.

Peapmue

CORNTOHHLIS PelBea SOAAITCH (UIHM W3 BiasHCA-
1HX ACAEKTOE MAOTOYHENEHHRIX TEOPHH TOACH KOk B IR~
cHYeckol, THE A 8 EeaRTorol guoxke. [lonarse HEHTEITTH-
PYEMOCTH TOIBANHET CHERSTE TIONeIHYE KNaccHpHEaumHD
CONHTOHHEE CHOTEM, COnMTONHLG pLiEHAn STHX CHCTOM
ARCHT NCTOE TORSREHNE NP COVIARGHHR A OSTARTECN
worofnHaeMA. Homoneava Taxne MeTonLl KK MeToa ob-
PRTHOH JUGEYH PACCETHAA, MEl MOOECHM HOCTDORTE MHOTO
COMMTONHME PECHHE HEAHHEANRN YPEaBHEHHA B ABHOM
HHIE.
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