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ON SOME GENERALIZATIONS OF WEAK O-MINIMALITY ON PARTIAL
ORDERS

Abstract. The article relates to o-minimality. A partially ordered structure is called weakly o-
minimal if any definable subset is a finite union of convex sets. On how we can define a notion of a
convex sets for a partial order the notion of weak o-minimality depends.

Keywords: o-minimal, partial order

Tipek ce3aep: o-MUHUMAIIIBI, KEHOIp KUHAKTAYIAp.

KawueBbie ¢jioBa: 0-MUHUMAITLHOCTh, YACTUYHBIC MTOPSIKH.

In [1] van den Dries considered o-minimal expansions of the ordered field of reals. Later in
[2—4] Anand Pillay and Charles Steinhorn introduced a general notion of o-minimality. This notion
became a very fruitful for investigating ordered structures. After that Max Dickmann consider an
example of a weakly o-minimal structure. And then Dugald Macpherson, David Marker, and
Charles Steinhorn developed a theory of weakly o-minimal structures, where they proved a lot of
facts on weakly o-minimal structures, among them some properties of definable unary functions
and definable subsets.

Definition. A set 4 is called a convex set if for all @, b € A it holds that
@a<b—-=Vx(a<x<b—=xeAd)

Definition (Anand Pillay, Charles Steinhorn). A totally ordered structure (M, <<, ...) is called
o-minimal if any definable subset is a finite union of intervals and points

Definition (Macpherson, Marker, Steinhorn). A totally ordered structure (M, <<, ...) is called
weakly o-minimal if any definable subset is a finite union of convex sets.

Definition. A set 4 is strongly convex if A = U;g; Byor A = N je; G where By, G are of
the form (a,b), (a,b], [a,b), [a,b] and B; & B; fori < jand (; 2 € fori < j.

Example.

Let M= Q,UQ, UQ.U Q4 where Q, is a copy of the set of all rational number Q and

for any dq € Q. bq € Q, Cq € Q., dq € Q4 we put that the following inequalities holds:

Cq < 8q,Cq < by, 3q < dg,bq < dg and g, Dq are incomparable.

Claim 1. There exist a convex set which we can define as the union of intervals, but we
cannot define as the intersection of intervals and there exist a convex set which we can define as the
intersection of intervals, but we cannot define as the union of intervals.

Proof is obvious.

Claim 2. Strongly convex set is convex.

Proof: Let A be strongly convex

Casel. A = U B,
Let 3,bE A be such that a< b. Then 2 E B;,bE Bj. Let Kk =max (1,j). Then
B; € By B; € By s0a,b € By, since By, is an interval, then (a,b) € By.



Case2. A= niEI Bi
Let a,b € A be such that for each ia << b. Then @ € By, b € B;_ Since B is an interval,
then(a, b) € By foreachi1 = (a,b) € N5 B;

Definition. A partially ordered structure (M, <, ...) is called nearly po-minimal if any definable
subset is a finite union of strongly convex subsets.

Lemma 1. Any nearly po-minimal structure is weakly po-minimal.
Proof is obvious.

Lemma 2. Let M be nearly po-minimal. Assume that an interval (&, B) does contain a chain
of length 2 and M is a lattice. Then (@, b) is finite.

Proof: Assume the contrary, that(@,b) is infinite then it contain an infinite antichain
{c;,C5, -, €y, -n . Note that GG UGy =Dband GNC; =a foranyi #j, where bis exact
upper bound and a is exact lower bound.

Let ¥(x,c;,ab) =a<x<bNx#c,;. Then ¥(M,c,,a,b) is a finite union of
convex sets V,,1%,,...,V,. Let V; =U B;. Then B; S (a,b) so B; = (a,b) for i > i, for
someiy. But ¢; € (a,b) and ¢; & ¥(M,c,,a,b) for a contradiction.

LetV; =N B;.

Since W¥(M, ¢,,a,b) is infinite at least one of V;is infinite up to renumeration we may say
that V/; is infinite. Then it contains € ,€j for some 1 # j. B; is an interval, which contains €, Gj.
Then it contains a=¢ Ng and b=quU G Then
(a,b) €EB;=(a,b)=nNB;= ¢, €Ec, €V, = ¢, €¥(M,c,,a,b) for a contradiction.

Lemma 3. There is a weakly o-minimal structure which is not nearly po-minimal.
Proof. Let (N U {0}, <) be ordered as 0 <C; n <, oo for any positive n and n, k are

incomparable for 0 < n # K <C 0. Then this structure is a weakly po-minimal lattice but not
nearly po-minimal.
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FOCAH OMUHNUMAJIJIbI )KAPTBIJIAW TOPTIBIHIH KEUEIP )KWUHAKTA VJIAPBI

Makanaga KaTblHAaC O-MHUHUMAJIBl JKapThbUIall  TOPTIOIHIH  KEeHOIp JKWHAKTaysapbl
KapacThIpbUTFaH. ToOMIaK TepiMHIH MIEKTTIK O1pJIeCcTiri, YFBIMBIH TaHBICY OieMi3.
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Pe3rome
I'. I1. AGybakupoBa, ®@. K. MykanrtaeBa, B. B. BepboBckuii

HEKOTOPBIE OBOBILEHUSI CJIABOI O-MUHUMAJIBHOCTU HA YACTUYHBIE
TTOPSIJTKU

B crathe wu3ydeHBI HEKOTOpHIE OO0O0OIICHHS cIaboil O-MUHUMAILHOCTH HA YaCTUYHBIE
nopsaky. YacTHUHO 3aKa3aHHas CTPYKTypa Ha3blBaeMasi XHJIOM O-MHUHUMAIBHOCTBIO, €CIIU JH000e
OTIpeICTUMOE TTOJIMHOKECTBO — KOHEUHOE OOBEIMHEHUE BBITYKJIBIX HA0OpOB. M3ydeHO TOHSTHE
BBIMTYKJIBIX HA0OPOB.
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