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Abstract. Solution of heat equation with second type boundary conditions represented in explicit analytical
form. The developed method is based on use of Integral Error Functions and its properties which enables to solve
heat and mass transfer problems with domains that include moving boundaries. Elaborated method can be effectively
used in the fields of engineering, which require consideration of phenomena with phase transformations, such as heat
and mass transfer problems, low temperature plasma, filtration mathematical models of which are based on Stefan
type problems. The main idea of this method is to find coefficients of Heat Polynomial which a priori satisfy the heat
equation.

AHAJIMTUYECKOE PEHIEHUE YPABHEHUSA
TEILIOITPOBOJHOCTHU C NIOMOIIBIO TEIVIOBBIX TIOJIMHOMOB

M.M. Capcenreabans, A. ApbiHoB, A. Ketubaepa, C. I'yBepa:xun

Kirouerbie ¢JioBa. AHATHTHYCCKOC PCIICHHS, YPABHCHUS, TCILIOMPOBOIHOCTD, TPAHHIIBL.
Annotanmusa, HaliieHO aHATHTHYCCKOC PCIICHHC YPABHCHHSA TCIUIOMPOBOAHOCTH B 0OJACTAX C IOJBIKHBIMH
TPAHUIAMH, BEIPOKIAFOIIUMHAMCA B HAYAIGHBIH MOMCHT BPCMCHH C TIOMOIIBIO TCIIOBBIX ITOTHHOMOB,

1 Introduction:

Despite the quite extensive literature on various types of moving boundary value problems both in
theoretical and numerical aspects; see, ¢.g., [1-5] and a long bibliography on these problems [6] we are
still not able to apply offered methods for solving Stefan type Problems particularly necessary for
mathematical modelling of arc phenomena in electrical contacts, solution of which originally based on the
reduction to the systems of integral equations [7], and accepted non degenerate at the initial time [3],[5] or
at least give qualitative [8] solution which is inapplicable in above mentioned engineering problems.

The aim of this paper is to find both qualitative and quantitative solution of heat equation in domain
with moving boundary that degenerate at the initial time and which can be helpful for solution of heat and
mass transfer problems that include phase transformations.

Tracking answers of these questions will be organized as following. In the first section some
necessary propertics of Integral Error Function that are used for solving heat equation with moving
boundaries are represented. In the second section by the use of multinomial coefficients of Newton’s
polynomials solution of heat equation with second type boundary conditions is developed. The third
section is devoted for conclusion and discussion.

1.1 Integral Error Functions
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Heat equations are solved by the help of so called IEF method (Integral Error Functions or Hartree

functions method) and properties of Integral Error Functions which were introduced by Hartree in 1935
and reasonably sometimes called Hartree functions.

The integral error functions were determined by recurrent formulas
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erfx =1—erfox = %Iem(—vz)dv
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One can obtain from
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Expressions (1) satisfy the differential equation
2

—i"erfox + Zx%i”erfcx —2ni"erfcx =0

“4)
and recurrent formulas
2ni"erfex =i Cerfox — 2xi" erfox 35)
Integral Error Functions are very useful for investigation of heat transfer, diffusion and other
phenomena which can be described by the equation

Ou , 0%u
—=qa 3
ot ox (6)
region D(t >0,0 <x <a(1)) with free boundary x=all) , since the functions
> + X
u, (tx,1)=1%i"erfc
2a+t

suffice the equation (6) as well as their linear combination or even series
u(x,t) = Z [Au, (x,t)+ B u (—x,1)]
n=0

For any constants 4,, B,.We can choose these constants to satisfy the boundary conditions at x=0 and

x=a(1), if given boundary functions can be expanded into Maclaurin series with powers 7 or ‘/; .
1.2 Properties of Integral Error Functions
It is possible to derive properties of Integral Error Functions.
If 7 is an integer, then

1 1 > d"
i"erfc(—x)+ (=1)"i"erfcx = 2—Hn (ix) - ¥

=——-e¢ e .
"inli” 2"'nl dx”  withi =v=1  and  Hermite
polynomials H,(x) in the right side. Indeed, using formula (1) one can write
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Using formula for Hermite polynomials one can derive
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1f7=2k then
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In particular
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In particular
ierfc(— x)—ierfc x =2x

Perfo(— x)—ierfc x = %x +%X3

12
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The proof of the formula

Perfc («x)—Perfc x =

e 4 ~ (exzerﬁc)

i"erfe(—x)—(—1)"i"erfex = ¢ (10)

where
2 = 2
erfx =1—erfcx = TIexp(—v )dv
7
can be obtained by mathematical induction method using recurrent formula (5).

(11
Using L’Hopital rule and representation (1), it is not difficult to show that

lim - erfcn(—x) _2

wom X n! (12)
Using property 2 one can derive following formula
- n n
1{[1-, t] — z -‘;“i:n Z x:n—:?ﬂt?]‘lﬁ:n!m +A:}g+1 z X:H—:?'?l+1t3‘n Tntl,m
n=o m=o m=o

Where  u(xgt) is Heat polynomial which  exactly satisfy Heat  Equation
1

Whereﬁ T T gnam-imi (n — 2m)!

2. Problem Statement

2.1 It is required to find the solution of Heat Equation with moving (known) boundary that
degenerate at the initial time

du  _d%*u

= : t >
e 0 < x < alt), t=0

(13)
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where®@(t) = oyt + azt® + agt® + - o t% + - (14)
L.C: ulx,00=0 (15)

du
B.C: —| =y

dx =0 (16)
i = (1)
ﬂx|x=rx(:) o (17)
From property (4) section 1.2 we consider solution in the form of Heat Polynomials

m » n ri
ulx.t) = z Azn Z XTI R F Aznsr z x:n_=m+ltmﬁ:n+1,m]

n=gl m=o m=o (18)

2.2 Method of solution
u | v
D |42 Y n—2myramiemg,
m=0

ax
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-+ A2k+1((2k + 1)x2kﬁzk+1,u + (Zk - D’xzk—z tﬁzk-r—l,l g tkﬁzkﬂ,k)"'

- (19)
Taking k times derivatives from both sides of expression (16) we get Aan+1 coefficients as following

B dufdx|(x =0)=A4,(10— -~
yields

—— )4 ——
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To find the remaining unknown coefficients Azn  we use multinomial coefficients of Newton’s

Polynomial.
Newton’s Polynomial
n :
(xy + 23+ 425, )" = z l_[ #
S1:Fg0 s Sl
Sy+Szte S, =N l=t=k+1 (22)
n !
where = :
. NSyoSgs vees Spigy L
is a multinomial coefficient
k
Ij_ +.’1'= + e +xk+1 - ﬂ:{t} = Z fx»n+1tn+1
In our case where n=e (23)
we have (@t + at? + -+ @y t*71)"=
_ 51,835 s Sppa

Fgtapttey,,Tn (24)
where
( n )alsiﬂ;sl Ol g TRE1 SIS R D)y

SE TR TSRO 2 | (25)

1sa multinomial coefficient in our case.
Bul
ax =)

du

dxlx=g(t)
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We substltute (21) into (22) and get
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Since @) function is analytic and can be expanded into Maclaurin series we can easily derive

recurrent formula for 4zn coefficients by taking both sides of expression (27) 2k and 2k+1 times
derivatives and equate coefficients of both sides.
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