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INTEGRO-DIFFERENTIAL EQUATION
WITH PARAMETER

Abstract. By parameterization method a solvability criteria for the linear two-point boundary value problem for
the Fredholm integro-differential equation containing parameter is established.
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Consider the linear two-point boundary value problem for integro-differential equation with parameter

;l’; = A(1)x+ [K(1,5)x(s)ds + B()A, + f(1), 1€(0,T), xeR", A, eR". (1)
Cx(0O)+Cx(T)=d, deR", Q)

where the (17X 1) matrix  A(1), (nxm) matrix B(?) and 7 vector f(t) are continuous on
[O,T], the (12X 1) matrix K (t,s) is continuous on [O,T]X[O,T], C.:R"—>R", k=12,
x

= max|x, .

i=l,n
Denote by C ([O, T ], R") the space of continuous functions X : [O,T ]—) R" with the norm

x|, =maxix(1).

Solution to problem (1), (2) is a pair (lz, x*(t)), where x (1) e C ([O, T ], R") is a function,

continuously differentiable on (O, T ), satisfying integro-differential equation (1) at lo = ﬂz and
boundary condition (2).

Works of many authors were devoted to the boundary value problems for differential and integro-
differential equations, containing parameters (See [1-3] and references therein).

In [4] there proposed a method of investigation and solving the linear boundary value problem for
Fredholm integro-differential equation. Necessary and sufficient conditions for the solvability of
considered problem has been obtained, and the algorithm for finding its solution has been constructed.

The aim of present work is to establish the necessary and sufficient conditions for solvability of
problem (1), (2).

For this purpose, we use the parametrization method [4]. Divide the interval [0, T ] into N parts with
the step /1> 0: Nh =T . Denote the restriction of function x(#) to the 7 -th interval [(I” —Dh, I”h),
r= LW, by X,(t). On introducing the additional parameters A = x ((# —1)A) and making the
substitute #, (1) = x,(1)— A, on the ¥ -th interval, we obtain the equivalent multi-point boundary value
problem with parameters

W, A, +4)+ S (K@, () + 4,1ds + BOA, + £ (0,
dt J=1 (j-Dh ®)
te|(r-Dh,rh), r=1N,
u [(r-=Dh]=0, r=1N, “)
Clﬂ‘l +C21N +C2 llignouN(t):d: dERmm’ )
ﬂ/p +1Ligloup(t)_lp+1 =0, p:m’ ©

where (6) are the conditions of continuity of solution at the interior partition points of interval [0, T ]
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By C([O, T], h, RnN) denote the space of function system u[f]= (u1 (1), u,(1),...,u, (t)),
where %, : [(I” —1)h, rh) —> R" is continuous, and given all # =1, N it has the finite left-sided limit

lLi};zr}our(t) , with the norm Hu[-]H2 =max } [52)12) rh)ur(t).

If the pair (/T,u”‘[t]), where A =(ﬂ;,ﬂ:,l§,...,ﬂj\,)€ R™™,
u'ft]= (ul* (1), u,(1),....,u, (t))e C([O, T], h, anv) is a solution to problem (3) — (6), then the pair
(I(; , X' (t )), where  the function x(1) 1s defined by  the equalities:
Xt)=4 +u (1), te [(r —Dh, rh), r=,N,.x"(I)=4, + lliggou; (1),

is a solution to initial problem (1), (2).

dx
Suppose, that X (7) is a fundamental matrix of differential equation — = A({)X on

[(I” - l)h, I”h] , ¥=1,N. Then the special Cauchy problem for system of integro-differential
equations with parameters (3), (4) is equivalent to the system of integral equations

u (=X, [ X (2)A)dr A, + X.(0) [X(5)x

(r-1)h (r=Dh

3 ij(rl )1 (5) + A, Jdsdr, + X (1) jX (r)B(z)dr. A, +

7=l (j-Dh (r—Dh

+X.(0) jXrl(z'l) f(z)dz,, tel(r=Dh,rh), r=1N. 0

(r-1h

Assume in (7) that / = 7. On multiplying both sides by K (I ,T) , then integrating by 7 on the
interval [(I” —1)h, I”h] and summing up over 7, we have

rh rh

> [K@ow,(0)dr=Y, | K.0)X,(r) [X,(z)A(z)drd7A, +
=l (-D)h =l (-D)h (r—Dh
rh

23 [ KX | XS [K@9)u (s)+ 4 dsdr,dr +

=1 (r-Dh (r-Dh 7=l (j-Dh

rh

+3 [ KLo)X (o) [X(@)B(z)dedea, +

=l (r-D)h (r-1)h

rh

+3 [ KX (@) (X () f(e)dedr,  (€]0.7]. @

=1 (7-1)h (r-1)h

Introduce the following notations:
N Jh N Jh 'y
O,()=> [Kt,s)u (s)ds. M (ht)=> [ Kt 7)X,(z) [X,(z)B(z)drdr.

J=L (D J=LG-Dh (J-Dh
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rh T
M (ht)= | K(t,2)X (r) [X '(z)A(r)dr,dr +
(r—1)h (r=Dh
N Jh T vh -
+> | Kt,0)X, (o) | X\(z) [K(z,,8)dsdrdz, r=1,N,
7=l (G—Dh (j-Dh (r-1)h
N Jh T
Fhy=Y [ K@t,0)X () [X(z)f(z)drdr.

=L G-k (j-Dh

Write down equation (8) in the form

N Jh T
©,0= | KE.0)X (2) [ X, (z)®,(z)dr,dr +
=L (j-Dh (jDh
)

+ iM (DA, + F(ht), 1€[0,T].

Choose the number ho > (0 satisfying the inequality
BT he™™ <1,
, O = maXHA(t)H.

te[0,7]

where /= max HK(I,S)

(t,5)€[0,T]<[0,T]

Using estimate (16) from [4, p. 1152] one easily may establish that for any /€ (O,ho]i Nh=T

the integral equation (9) has a unique solution, and it can be found by the method of successive
approximations.
By equalities
N Jh T
MOty =M (ht), MP(h)=3 | Kt,D)X () [X ] (z)M " (h,z7,)dz de,
7=l (-Dh (j-Dh
FO(ht)= F(h,t),
N Jh T
FOhn=Y [ Kt,0)X (z) [X,'@)F*(hr)drdr, k=12,.
7=l (j-Dh (j—Dh
we determine the sequences of matrices and vectors depending on ¢ € [0,7"] . For h € (O,ho ]2 Nh=T
the unique solution to integral equation (9) can be represented in the form

D, (H=>.D.(h,H)A + F,(t), te[0,T], (10)

where D, (h,t) = S M P (h,t) u F,(1)=S F©(h,1).
k=0 k=0

N Jh

On substituting the right-hand side of (10) into (7) instead of Z IK (t S )u j (S )dS , wWe obtain the

7= (j-Dh

representations of function #, (1) via l]. and f(¢):

0, ()= X,() [ X, (DA@T, + 3 X,(0) [ X, (0)x

(r-Dh (r=Dh
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x{D}.(h,r)+ TK(r,s)ds}dr/lj +X (1) jXrl(r)[Do(h,z')+B(z')]dr/lo +

(J-Dh (r=1)h

t
+X,() [X(OIF,(0)+ f(0)dz, te[(r-Dhrh), r=LLN. a1
(r-1)h
Find lilrrno u, (t) and hr;{loul’ (), p=1,N —1 from (11). Substituting their corresponding
t—>T— t—> ph—
expressions into boundary condition (5) and bonding condition (6), we get the system of linear algebraic

equations

X, (T) [ X, @)D, () + B@o)deA, +

+ {Cl +C.X (1) }XNI (z')[Dl (h,7) + }K(r,s)ds}dr}/ll +

(i—Dh

+C, X X,(D) }XNl(r){Di (h,7) + TK(r,s)ds}dr/li "
+C, {] + X, (T) _T[XNI (T)|:A(T) + D, (h,7)+ _T[K(z',s)ds}dr}/llv =
—d=C.X, (1) [X DI ()+ f(DHr, )

X (ph) prpl(z')[Do (h,7)+ B(r)zA, +

(p-Dh

+ {] + X, (ph) prpl (z'){A(z') +D,(h,7)+ pr(r,s)ds}dr}/lp -

(p-Dh (p-Dh

- {1 - X (ph) jX (z'){DpH (h,7) + (p]l)lg(r,s)ds}dr}/lpﬂ +

(p-Dh

J#p,j=p+l

+ i X, (ph) pIhX ;(r){Dj(h,rH TK(r,s)ds}dr/lj:

J (p-Dh (J-Dh

ph
==X, (ph) [X@IF,@+ f(Ohr, p=LN-1. (13)
(p-Dh
Denote the matrix, corresponding to the left-hand side of the system of equations (12), (13) by

Q*(h), and vector, corresponding to the right-hand side of the system of equations by /¥ *(h) Then
this system can be written as follows

O (MA=F*(h), AeR™™. (14)
Forany h € (O,ho ]: Nh =T the following assertion is true
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Theorem. Problem (1), (2) is solvable if and only if for any 1 € Ker(Q*(h))'rhe equality
(n,F"(h))=0 holds, where (-,-) is a scalar product in R™™ ie when the right-hand side of

!

equation (14) is orthogonal fo the kernel of transposed matrix (Q* (h)) .
Definition. Problem (1), (2) is called uniquely solvable if for amy pair ( f (I ),d ) where
f(H)e C([O, T], R ) d e R™", ithas a unique solution.
Corollary. Problem (1), (2) is uniquely solvable if and only if the matrix O *(h) ‘R™ —> R™ is
invertible for N h € (O,ho ]2 Nh=T.
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TIAPAMETPI BAP ®PEJATOJILM HHTETPAJIIBIK-TN®®EPEHITHAIBIK
TEHJAEYI YIITH CHI3LIKTEI INETTIK ECEBIHIH
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[Mapamerpi 6ap PpearorsM HHTETPATIBIK-THOPCPCHIHATABIK TCHACYl YIOIH CBHI3BIKTHI €Ki HYKTCHI MICTTIK
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O PA3PEIIMMOCTHU JIMHEMHOM KPAEBOH 3A JAUU
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®PEJTOJIbMA C TIAPAMETPOM

AnHoTamust. MeEToIoM mapaMeTpH3allid YCTAHOBJICH KPHTEPHIl Pa3PEIIMMOCTH JIMHCHHOH JBYXTOUYCYHOH
KpacBoH 3amaun ;i1 HHTCrpo-audepeHnnansHoro ypasHeHES OpearoapMa, COACPKAMICTO HapaMeTp.
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