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PERMUTATION 5. ~ MODULES
IN FREE NOVIKOV ALGEBRAS

Abstract. We study permutation modules that are isomorphic to 5,-submodules of free Novikov algebras and
give necessary conditions ~~ permutation modules to be Novikov admissible.
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1. Introduction. Let M be a positive integer number. A partition of M is a
sequence®= (¢4, %X, ..., 0 ) such that
n= 0, 4+ 0 and K="+ 20, > 1, &, is called a part of & and K is the length of % We
write
OC b= 1 if ®is a partition of T1. Also, it is common in literatures to write a partition of 71 in the following
form: ot = (n*n,...,Z‘z,l‘i’)

where i; is the number of occurrence of the integer J in the partition <. Let us denote by P(71) the set

of partitions of T1. _ ) _ _ ‘
Definition. For o¢= ﬂn‘n_ 'w%izj- '=1;;r;]an— jf[? }h.e ;[)arut}'?}n w(x) € P(n + 1) defined by
=1
Is called the weight of &,

A weight of a partition is studied in [2]. Weights are used to describe irreducible S, -module
components of multilinear parts of free Novikov algebras and also showed that there are modules in free
Novikov algebras which are isomorphic to permutation modules M™ (®) corresponding to weights
w(oc) for any @ = n . For more details about structures of 5,, -modules and permutations modules see
[4], [5] or [6]. In [3] considered two types of permutation modules in free Novikov algebras and given
their decomposition into Specht modules.

But we do not know what a permutation module appears and what its multiplicity is in free Novikov
algebra. These kind of questions motivated us to study combinatorial properties of weights and in our
paper we find necessary conditions on partitions of 1 + 1 to be a weight of partitions of 1. More
precisely, we calculate maximal length of weights and find minimal weight with respect to lexicographic

order in the set of weights of partitions of 1.
MAIN RESULTS

2. Main results. Theorem 2.1. Maximal length of weights of partitions of 1L is equal to the number

—1+4/8n+1
e

Where I_EIJ is a integer part of .
Proof. By definition of weight, we can say that length of weight of a partition equals k£ + 1 if and
only if the partition has K different parts. To obtain maximal length of weight, it is enough to consider a

partition of 11 with K different parts in the following form:

so that

By solving last inequality, we get the proof of our theorem.
Let 0t= (0¢,,00,, ..., % Jand B = (f4,55,..., B)) are partitions of . Recall thato< = ﬁ, in

lexicographic order if, for some index I,
o= B, forj <i and o;= B,

One can check that lexicographic order is a total order in a set of partitions.

Theorem 2.2. Let B be the minimal partition in the set of weights of partitions of TL.
M+3 N n

Irn=0(mod3), thenf = (= ,;,;).

n+2 n+ ﬂ—l}

i =1(mod 3). then B = (==,
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n+4 n+l n-5

Ifn—Z(modS)rhenB—( e

, 1)

Remark 2.3. If we get a negative number as a part of a partition in Theorem 2.2, we remove this part
from the given partition.

Proof. In our proof we apply the following proposition:
Proposition 2.4, (Lemma 82 in [2]) Lt (YuYar-uYe)Fn+1l I
V2 +20+ .+ (k=2)y >y, — ltheny € Imw.

In order to prove the Theorem 2.2, we only cr,\mgdef tb,q case when 1 = 0(mod 3), because other
cases are proved similarly. Suppose that is not a minimal in weight sets, so there is a
partition € in P(1) sothat § = ¥ = (¥4, V5, -~ }«’k) 2 w(oc

Now we consider three possible cases for ¥ such that § = ¥ They are following:

n+3 n n
DRa="fa=c,andp +—+ ="
+3
M= >Nz 2%kl
n+3
— "N

In all cases ¥ satisfies the inequality in proposition 2.4, so we get contradictions to our assumption of

our lemma.
Let us endow partitions set P (ﬂ) by equivalence relation. For %, ﬁ eP (n] say that GC~ .3 if

W(DC:I = M"[ﬁ]. It is easy to see that this relation is reflexive, symmetric and transitive. Let ﬁ {n) be
the set of equivalence classes of P(mM) under this relation. Generating function for
partitions Gp (‘L} - El- p,'.l‘i, where p; = |P (I) |, satisfies the following relation

G0 =| Ja-x

It will be interesting to find similar relation for a generating function of factor-set P (n). Beginning
part of G5 (x) = Z,0: X", where ; = |FU)| look like
Ga(x)=x+x*+2x* + 4x* +3x° +8x° + 7x" + 12x" + 132" + 19"+

We see that coefficients are not monotone. But if we consider separately even degree parts and odd degree
parts, GacTHiCi(as) sesniorbadivg + 8x° 4+ 12x°% 4+ 19x1% 4 32x% 4+ 42x** + 64x'°
ﬁOdd (x) = x +2224184°1 31227 + 13x° + 19x** + 30x™® + 48x'° + 64x"7
+93x"+131x%* +
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EPKIH HOBUKOB AJITEEPAJTAPBIH TAFBI AJIMACTBIPMAJIBI 5. — MOJIVJIBJEPI
Epkin HoBukoB anreOpachIHAAFBI aIMACTBIPMAIBI 5, — MOJAYJbACPI KAPACTHIPBUIFAH >XOHE epkiH HOBHKOB
anreOpachIHAA KE3OCCETIH aIMACTBIPMANBL &, — MOJYJIbACP] YIIiH KAXKETTi IAPTTAPHI AHBIKTAIFAH.
Tipek co3aep: xikremM, 5, — MoayTb, HoBUKOB aareOpacsL.
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H. A. Hemaunos
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YHuBepcurer uMmeHH Cyneiimana Jlemuperrs, r. KackenneH)

IMEPECTAHOBOUYHELIE £, — MOJYJIM B CBOBO/JIHBEIX AJITEEPAX HOBHMKOBA

UsyuaroTcs mepecTaHOBOYHBIC 5, — MOAYJH KOTOPBIE BCTPEHAKOTCA B CBOOOAHBIX amrcOp HosmkoBa H

OTPEACISIFOTCS HCOOXOAUMBIC YCIOBHUS UL TAKUX MOJIY JICH.
Kinouesnie ciioBa; Pa3oucuue, 5, — moay s, anreOpa HoBukosa.
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