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Annotamusi: OCHOBHAas Wiaesl SIBJIICTCS HAXOKACHUC TOYHBIX pEINCHWH AByX(asHOH oOpaTrHOH 3amadn
Credana A1 BRIPOKICHHOH 00TACTH C ABIKYIUCHCA TPAHUIICH. OTCe)KMBAHAHE OTBCTOB O3THX  BONPOCOB
OyAyT OpraHMU30BaHbI CICAYIOINAM 00pa3oM. [ HAX0KACHUS AHAIUTHICSCKOTO PEHICHHUS MBI B OCHOBHOM CJICAYCM
merozoM, npennokeHHbIM C.H. Xapus nmpumenstsa Gopmyny Paa [lu BpyHO 111 mHTETpanbHEIX (DYHKIUH OMIHOOK.
B npoaomkeHHH pasaciia HHTCTPATBHEIC (DYHKIMH OMIHOKH W ¢¢ CBOMCTB, HCOOXOIUMBIX I Pa3pabOTKH HOBBIX
METO/IOB.

3agaua Cre(ana O4EHb CIOKHA U1 TOYHOTO penreHus. [103TOMy MBI IBITAaEMCS HAHTH NPHOMKCHHOC
peLICHHE IyTEM MPHCBOCHHA TEMICPATYPHBIX HPoQmiIcH ¢ u3MEHeHHEM AH(PCPCHUMATIBHOTO YPABHCHHSA HA
VPABHEHHS TEIIOBOTO OANAHCA, KOTOPBIE MOJYYAKOTCA MyTeM HHTErpupoBanus mo X u [ . JIid HaxXOxIAeHHS
NPUOIMKCHHOTO PEIICHUS MBI B OCHOBHOM CIICAyeM MeToaoM, npeaiokeHnsiM C.H. XapuH, npuMeHCHAS MeTOaA
HHTETPATIBHOTO TEIDIOBOTO OanaHca.
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Abstract. The main idea is finding the exact solution of two phase inverse Stefan problem for degenerate
domain with moving boundary.

Tracking answers of these questions will be organized as following. For finding analytical solution we mainly
follow the method proposed by S.N. Kharin applying Faa Di Bruno’s formula for Integral Error Functions. In the
continuation of this section Integral Error Functions and its properties necessary for elaboration of new methods are
presented.

The Stefan problem is very complicated for exact solution. Therefore we try to find an approximate solution by
profile assignment of the temperature with change of differential equation by heat balance equations, which are
obtained by integration with respect to X and /. For finding approximate solution we mainly follow the method
proposed by S.N. Kharin applying Integral Power Balance Method.
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Problem formulation

In the following two sections we will deal to find theexact and approximate solutions of heat
equations:

2
%: f% O<x<a(t), t>0
t x (1)
2
%:azzauj, a(fy<x<oo, >0
ot ox )

Subjected to the following conditions:

1,(0,0)=0

(3)
u,(x,0)=f(x) a(t)<x<w
(4)
ou
_J 1 = P(I), 1>0
4 ox |, (5)
u(a(0),t) =u,(a(1), 1) =u, ©
The Stefan’s condition:

ou, du, d(a(1))

Iy e — 2] +L7/—
A OX |y & OX | ecary dt O
uz |x:oo: O (8)

It is necessary to find temperature distribution 2,(X,f) and u,(x,f)also it is required to

reconstruct the boundary function P (f ) if the free boundary a(7)is given. Such problem is called two

phase inverse Stefan Problem. The heat spread in the solid is negligible because of the physical properties
of contact material. This condition is valid for refractory metals like wolfram. After getting the solutions
we try to discuss given both solutions.

I. EXACT SOLUTION OF TWO PHASE INVERSE STEFAN PROBLEM
1.1 Introduction

The first analytical solution of two phase inverse Stefan problem, which describes the dynamics of
soil freezing has been published by Lame and Clayperon.

Despite the quite extensive list of problems in literature which lead to the necessity to solve Stefan
type problems see: e.g., [1-9] and a long bibliography [9] on methods for solving these problems lead to
additional difficulties which occur due to the degeneracy of domains. In some specific cases particularly
for free moving boundaries it is possible to construct Heat potentials and a problem can be reduced to the
system of integral equations [2], [3], however in the case of degeneracy, singularity in integral equations
occur, and method of successive approximations is inapplicable in general. Morcover, the use of
numerical methods is problematic when the number of parameters is great. Therefore, development of
new analytical methods is very important especially for various applications because it enables one to
analyze an interrelationship of different input parameters and their influence on the dynamics of
investigating phenomena.

As for applications: a wide range of electric contact phenomena, in particular, the phenomena
occurring at the interaction of electrical arc with electrode can be described in dynamic use of the
presented method see ¢.g., [9] for very short arc duration (nanosecond diapason), when experimental
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investigation is very difficult. In this study we will try to find solution of two Phase Inverse Stefan
problem for degenerate domain with moving boundary.
1.2 Problem Solution

Let us consider this problem at the suggestion that & (I ) = Zant "2 s given.

n=1
The unknown functions are 2, (X,?),u,(x,t), P(f) we represent in the form of Heat

polynomials and Integral Error Functions:

3 N B O R e I

u, (x,1) :i{(zaﬂ/})zn Ban'z"erfc[ 26: \/;} (2%‘/;)2’1+1 Bmz'z"”ezy‘c[— 26: \/;ﬂ (10)

PO=3 11 (1)

Where the coefficients Azk: Azk p sz: sz s P (I ) should be found satisfying the boundary

conditions.
Let us satisfy first the initial condition (4). It is clear that:

U, (xa O) = {g{;“’% (xa Z() = Z |:111£I(;1 (2612\/;)2” anl.znerfC{zax\/;j +
n=0 2

(12)
2n+l X
+im(2a,\t) B, i erfe| -
t—=0 ( ) 2nl 2612\/;
by properties of Integral Error Functions:
1 i"erfe(x) _o
X*)w x
by using L’Hospital Rule to find limit:
m! i"erfe(—x) i ”’1erfc(l—x) i i”’zerfc(—xz) T erfe(-x) 2
Hw x" xoo o x>0 p(n—1)x" x>0 pl n!
So therefore,
u,(x,0) Z i X7 = f(x)
0 ) (13)

If we expand f(X) into Taylor series:

f(2n+1)(0) 2n+1
f(x)= Z Y )

- 2n+1 fan(O) 2n+1
ZO 2 ap+ 1) +1)| _Z(2n+l)|

2n+l1 = Ef(znﬂ)(o): (n = O: la 27 )

(15)
From the condition (6) for %, (0( (I ),l ) =u,:
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=u

m

", (x’ [) _ nz“’(;|:(2a2 \/;)2" anjznel’fc (ﬁ} + (2612 \/;)Znﬂ B2n+ll.2n+lerfc£_ 26:\/; }:|

The main problem is to find the remaining unknown coefficients we have, also if \/; =7, then our
expression will get:

2] 5 oy e A2 ey e -2 | o

x=a(t)

e 2a,7 2a,7
o 2%k . 2% | 2% 2
Zz(zaz )2 B, (2n)! g2 2k 0 _ iznerfc a(r”) n
n=0 =0 l (27’1 - 2k + Z) ' aT 26[22-

+(2a )2n+1B 2k (Zn)! g2k o P erfe 05(7 ) ~0
? T ) @2n+1-2k+1)! o 2a,7

After taking both parts 2k-derivatrives we can see following expression:

@R P (L ()
22 B i 5 (’ erfc[ 2a,r N

n=

7=0
nt 2k)! oM a(r?)

+(2a.)""' B ( ierfe] ———2

(20.)" B (2k —2n-1)! 67> 4 2a,t

For this purpose we use the Faa Di Bruno formula (Arbogast formula) for a derivative of a composite
function:

=0

7=0

2k=2n 2 2%—2n
0 — LjZHeIfC[a(T )}} — Z ilne’f,fc(j) (5)ﬁ2k72nj(5 |’5u,.“’52k72n—j)
or 2a = :

2

ierfc(8) = (lznerfc( ))

— 1y %H (&) exp(~5)

2k=2n 2 %251
%Ljhﬂerfc [ 05(7 )}} _ Z l~2n+le’,fc(j) (5)ﬁ2k72n71,j (5 |’ 5 u’ . 52k—2n—1—j)

2a22' 0

S, (S)exp(~5%)

Z"Hel’fc(])(é‘) _ ( 2n+1e;/fc( )) \/;

Let us denote our boundaries in the following form to get rid of the singularity:

7/(1) O((t) o, = 1/2_,_;/214_ Z7n+1t(n+l)/2
n=0

2N 2 ntl _ (n+l)
AT )=y T+, A Y T =D VT
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Then we can easily find our boundaries:

o0
Z]/rﬁrlr}”l
5 — n=0 — 7/1
=0 24,7 2a
2 2
7=0
o0
Z]/rﬁrlr}”l
5| =_m0 __h
=0 24,7 2a
2 2
7=0

Finally, we get the following sum:

0 (26[ )2n(2k)| 2k—2n o 7/ 7/2 o
1 J= 1 __ . 5;5"’“.,5 A
; (2k 2 )| ]ZO ( ) \/_ j—2n-1 26[2 eXp 46[22 ﬁ2k72n,]( )

(2Cl )ZWrl (2k)' *E n 7/ 7/2 ' " —2n-1-j
+Z 20l (2k—2n—1)! Z (- l)] ’ \/— j-2n-2 26112 exp 46112 ﬁZk—Zn—l,j(é‘aé‘?"';é‘Zkz 1]):O

2

Here let us denote the known coefficients in the following form:
2

(26[ )2n(2k)|2k 3 j—2n— 1_ 7/1 1
_Z G amy 2 VT M[zaZ]eXpi 4t

2

j/)’%zn,f(szs--,...,ykm)

2

Z(2a)n (2k)! Z 1 an ]M[ 22 ]e P[‘E]ﬁ% O

5 2k-2n-1)! = A
After we can easily find our unknown coefficient:
B, Kn,l =B, Kn,z
B _ B2n+1 'Kn,Z _ f(2n+1) (O) 'Kn)z
2n -
Kn,l 2Kn,l (16)
From the condition (6) for #,(x, ) will be the same situation for u, (o (f),1) =u,,:
Az 1 K 2
A, =2l e (17)
’ Kn,l
By using the condition (7):
dt =27dr

*
[Q da(z‘)}
2t dr

k) w (n
:(Q Z“( '(0) Tj
o 2 = (2n)!

It is casy to sce that k£ = 21 — 1, therefore:

7=0

(k)

Ol(n)(O)

(n) (O)( py 1)
2n

— (2n)!

2

=0 #=0

If we will take 272 — 1 derivatives in both parts by using Leibniz and Faa di Bruno formulas:
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a 2n-1) au
U
x=a(r’) x=a(r?)

ox ox
{21 N (26!1)2"71 A2n(2n—l)!£l'2nlel’fCLO;(Tz)) )

2n-1)

Ly < a™(0)
+_ _—
4 ; n

7=0 =0

a. T
1 7=0

.

4,3 4 (2a)" 2n-1) !Liz“erfc Ean

a4

_Ai(zal)z;a A2n+l . T-(2n—l)!£l'2"erfc£_ 0{(72) }

2a,7

Ay (2a)" Azn(zn—l){ime,f{%n
a

n=0 1

7=0

o0

o w (1)
Z AZnCn,l = Z BZnCn,Z + LT{Z d (O)
n=0

n

n=0 n=0 (18)
where
C,, =4 Q2a)" - erfe| L
’ 2a,
C,, = A4Q2a,)" @n-)P erfe| 21
’ 2a,
From (17) and (18) we can easily find two unknowns in the following form:
B 4n-C,, -f(z"”)(O)-Km2 —IrL;/-O{(”)(O)Kn)1
! 8n-K, -C,, (19)
A = 4n ) C’LZ ) f(2n+1) (O) ' Kn,Z + LJ/ : a(n) (O)Kn,l
2n+1 8n . ]{m2 . Cn)I (20)
By using the last condition (5) we get:
Ay Qay" | A, ()" erfe(0) = 4y, (1) erfe(0) |= Y e
n=0 n=0 (2 1)

The main problem is to find the remaining unknown coefficient we have:

%[%i{@wf“ et o) Azf[—mj—[zpj

2a,7 2a,;7

& " kY (2n-1) i O o x
2 2 lA el B L PR _
ﬂ“;;{( “) 2"[1](2n—1—k+l)! ! ark[ f[zalrn
n k (27/1)' _ 8k R X 8k Z
(2 2 A Lp2nktl Y| e2n _ — P n
(24,) 2"”(1}(2;1—/{”)! T (’ erf‘{ 2alrm O

After taking both parts k-derivatives we can see following expression:
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i 2nl (k)' 8k72n+1 'z’Herfc X
p_r = (k—2n+1) o7* " 2a7))

oy ([ x >
—(2a,)" 4, (k—2n)!82’k2"£l erfc£_2a22']}‘r (Z; " (k- n)'j

For this purpose we use the Faa Di Bruno formula (Arbogast formula) for a derivative of a composite
function:

8k72"+1 2l k—2n+1 - o
82”“2"” " erfc£2a 2’} Z " el’fc(])(5)ﬁk 2n+1](5 5" 5 e 7])
2

ST H, (8)exp(—57)

i lelfc(])(5)— | (2n lerfc( )) J_

X
=0 2ag| 0 exp(0) =1
2% |x=0
fe=2n k—2n
a@ — Lizner‘fci_z—}} Z llne’y(‘c(j)(é‘)ﬁk o (5 5 " 5k72n—j)
T a,

Prerfe(8) = S (erfe(8)) =1V H L G)exp(-8)

Finally, we get following sum:

(2a )2n 1(k)|k 241 i2n ' on k-2nlojy
{ZAZ (k—=2n+1)! 7 Z D J_ J- 2n(0)18k72n+1,]-(5,5,...,5 )

< 2 an R 2n-1 N k—2n—j
ZAM ((Z)z(),) Z( " J_ H,5,,(0)f 5, ,(6,5",..,677")= Z

(k - )'
After we can easily find our unknown coefficient:

AZn : Kn,S _A2n+1 : Kn,4 = Rz (22)
1.3 Conclusion

Main result namely coefficients of function A,,, A,..; (9), B,,, By, (10) and the function P(%)
are obtained from (19), (20), (16), (15) and (21-22) respectively. It worth nothing that deviation of

solution can provide maximum principle. Moreover if convergence of (9) and (10) proved, wide class of
heat equations that describe diverse phenomena can be solved both analytically and numerically.

II. APPROXIMATE SOLUTION OF TWO PHASE INVERSE STEFAN PROBLEM

2.1. Introduction
Exact solutions of heat conduction problems are rather cumbersome and time-consuming. In
addition, they are practically absent in the problems of the radial heat flux in spherical coordinates with
220
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the change in the aggregate state [11], 12]. Therefore, to solve practical problems are commonly used
charts, obtained by numerical or approximate methods [13]. One of the approximate analytical methods is
an integral method of heat balance, which primarily attracted to its physical clarity, simplicity and
precision of the results is high enough that demonstrates T. Goodman [14] on numerous examples. The
main difficulty to be faced when using the integral method of heat balance is the setting right temperature
profile, which according to T. Goodman, significantly affects the accuracy of the results.

There are several approaches in selecting the temperature profiles. In [15] AL Veinik offers to use
temperature profiles in the form of ordinary polynomials for problems of any geometry, which should
simplify the solution of the problem.

In this study we will try to find approximate solution of two Phase Inverse Stefan problem for
degenerate domain with moving boundary.

2.2. Problem Solution

Let us consider this problem at the suggestion that & (I ) = Zant "2 s given.

n=1

To find the unknown uz(x,t ), we identify the temperature profile corresponding following

conditions:
uy((t),0) =, 3)
1, s =0 (24)
L (25)
X | pr)
uZ o = O (26)

Therefore the temperature profile will be:

X80 |
,(x,1) = ”’”L(z)—ﬁa)}’ @) <x <)

0, x> p(t)

@7

Here we need to find the [S(¢), where [(0)=Oby using the equation (2) to use the integral of

power balance:

A(t) £t
[ 2 e %}
- ¥
a(t) ot ox alt)
(28)
£
s e {% ouy }

s Of N |epiy  OX |eagn

ﬂ(l)a
U
2

I—dx:az 0—2u { x—pu) }( ! ﬂ
i O i "La@®)-pw) \a®)-pO) )] .,
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B auz Ly 2”,,,
—dx=-al ——"—
o O a(t)— B(t)

For the right side we use the Leibniz integral rule, also differentiation under the integral sign:

b(x) b(x)
dx( [ 7x t)dtj—f(x b))~ f (va()- a0+ [ = 7,0

o(x) a(x)

Therefore,
Bt 8 Bx)
| =S n 0y == ( [ e, r)dxj FBE)D-B O+ f(a@),0)-a'?) (29)
a(t) o(x)

By using Leibniz’s method we get:
d(’ apw . da(t) . 2u,
[ e |~ g ety T | T T i B
dt o) dt dt a(t)— p(t)
The solution of given differential equation has been shown in the paper [24].

dﬁ(l) dd(l)

(BO—a®)+2——=(B{)~a(1)~6

(30)

To solve the equation (30) we have used the mathematical program Mathcad 13. To find the solution
we considered three patticular cases and got following graphs:

<y (0 -a0)+ 2228 (50~ 1)) - 6 - G1)

Equation (31) have been plotted in the following way for the first particular case when 7 =100

Figure 1 B(t) at t =100
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Equation (31) have been plotted in the following way for the second particular case when # =300

t
Figure 2 ((t) at t =300
Equation (31) have been plotted in the following way for the third particular case when 7 =500

|3

— 4

- 1

Figure 3 f(t) at 1 =500

[

This given plots approximately show the value of S(7). Therefore, we can consider that we know
the value of £(¥) and consider other cases.

For #,(x,1) we have the temperature profile Alt )x2 + B(t)x + C(t) as it is linear. We will use
the conditions (5),(6) for #,(x,1), (7) and (1):
u (x,0) = AOX* + BOx+C({), 0<x<all)
By using the condition (5) we get:

on|  _pon_ PO
ol —B(f)——T (32)
By using the condition (6) for #,(x,7) we have:
u (a(),t)= A’ () + B () +C(t) =u,, (33)
By using the Stefan condition (7) we get:
A QAW+ BO) =1, [L] v 1y 220
a(t)—B(1) dt

If we equalize the right side of the equation above to (J(7), we will have following expression:
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2AN (1) + B(t) = —% (34)

Let us use the last equation (1) and get an integral of power balance:

o’ ox

t
a(t) azul e 8u1 Tt( )

0 0

3t R T
ax x=a(t) ax x=0 0 al
2 2 0 au
a [2A4(0)- a(t)+ B(1)— B(t)] = a} [2A(1)-a(0)] = a_zl

0
The solutions has been shown in the paper [10].

AW 207 () +4e (1)) ]+ A0)| 40 )+ 4(2"0)- ) + (') ) 123 |+

{ d {301 (100 3a(1)Q '(r)} 0] } .
dt A A a(?)

(35)
If we denote the functions that is multiplied to A'(£), A(¢f) and some functions by
Z,(1), Z,(t)and Z,(1) respectively, then we get:
AWM -Z,(O+At)-Z,(1)+Z,(1)=0
We can easily rewrite our differential equation in the following form:
Y'(x)+y(x)-S(x)+1(x) =0

By solving our differential equation by Integrating Factor method that has been shown in the paper
[10], we can show the solution of givendifferential equation:

At = —e O ( [7()-! “’”‘dzj AR (36)

where S(1)=7Z,(t)/ Z,(t) and T (t)=Z,(t)/ Z,(t). Let us denote the right side of above
expression as K (7). therefore we can show the temperature profile for u,(x,1) and reconstruct the

boundary function P(¢):

w (5,1) = K(0)x° — {% n 2K(z)oc(t)} X+ {um KO (t)+ %} (37)
P@) =Q(ﬂ+% G8)
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2.4. Conclusion
In this chapter for solving problems of heat conduction in spherical geometry by integral method of
power balance for the first time evaluated the effectiveness of the temperature type profiles:

1'(r,t)= polynomial and T(r,t)= polynomial | r with polynomials of degree n. The results

show that in dealing with problems of thermal conductivity for different geometry approximate integral
method of power balance is not always possible to achieve sufficient accuracy when using temperature
profiles of the same type.
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HAKTBI 7KOHE JKYBIKTAJIFAH EKI ®A3AJIbI KEPI CTE®AH MOCEJEJEPIHIH IIEIIIMI
M.M. Capcenrenbaun, C. Kacatek, B.M. Carmio/ta
CyetiveH Jlemupen aThiHIarbl yHUBEpeUTeT, KackerneH, Kazakctan

Tipex co3mep: Muterpanapl QyHKIMsIIapKaTeTikTep aici, VHTerpamapl JKbUTYIBIK Telle-TeHIIK a/ici, Eki ¢azamsl xepi
Credan Macemneci.

AnHoTamust. bepulreH KYMBICTHIH HET13T1 HAESICH, KO3FalaThIH ITeKapaiapsl 6ap HYKCAH bl OHip YIIH eKi da3aiblK Kepi
cTedaH MaceIeHIH HaKTHI TennMAepiH Taly GONBIT TabhuTa b

Temenze ockl Macernenepml ’Kayamn Kagaranay YHBIMIACTHIPBUIAABI. AHATUTUKATIHIK TiernnM Taly YImH Gi3 HeTiziHeH
CHXapun xymplcTappiHga yobmraH oficrepi ®aa Jlu BpyHo dopMymacklH WHTErpangpl KaTemikTep GyHIMSIIaphHA
KoIIJaHaMbI3. VIHTerpan bl KaTemikTep QYHKIMSCH XKaHe OHBIH KaHa 9/JICTepIHIH KACHETTIpI e aHbIK KOpiHreH.

Credan Macenmeci HaKTHI MIENIM VITH Kypaem Gonbit Tabbutaapl. COHOBIKTAH, Gi3 MaMaMeH INeniMiH Tady yimiH, X
xone [ apKBIIEI HHTErpaTal ambIEFaH JHdGepeHIHaIBK TEHIEYTICpTe TeMIIepaTypabik IPodIIbIep TaFaibHaMMEr. Byt
mamMameH Trrertimid Taby yrtH C.H. XapuHHBIH YCBIHFaH 9/IICTEPIH KOMaHa OTHIPHIIL, MHTErPATIH KBLTYJIBIK TeIle-TEHIIK 9/TICiH
KOJL/BIH/TBIK.

Hocmynuna 17.06.2016 2.
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