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Abstract. In this paper we introduced noncommutative vector-valued H ,(A4;/) and H ,(A, /) spaces.
Then we proved two criteria for positive sequences and proved the analogue of Saito’s theorem on H » (4;1) and

H ,(4,¢,) spaces.

Introduction. Let M be a finite von Neumann algebra equipped with a faithful normal normalized
tracial state 7. Let N be a von Neumann subalgebra of M , and let @ :M — N be the unique normal
faithful conditional expectation such that 1o @ =t. A finite subdiagonal algebra of M with respect to @ is
aw -closed subalgebra A4 of M satisfying the following conditions:

(i) A+ A" is weak”dense in M ;

(i) @ is multiplicative on A, i.c. P(ab)=D(a)D(b). forall a,be M ;

(iii) AnA =N, where A" is the family of all adjoint elements of the element of 4, iec.,
A*:{a* :aeA}.

The algebra N is called the diagonal of A4 . It's proved by Exel in [16] that a finite subdiagonal

algebra A is automatically maximal in the sense that, if B is another subdiagonal algebra with respect to
@ containing A4, then B = A . This maximality yields the following useful characterization of A :

A:{xeM:T(xc):O,Vcer} 1.1
where 4 = Anker® (see [1]).

Given 0 < p <oowe denote by L, (M ) the usual noncommutatve 7, -spaces associated with (M;7)
. Recall that L (M)=M equipped with the operator norm (see [15]). The norm of L p(M ) will be

denoted by ||0||§ = T(Hp) . For 0 < p<oo we define Hp(A) to be closure of A4 in LP(M) and for

p = we simply set H_(A)= A for convenience. These are so called Hardy spaces associated with A .
They are noncommutative extensions of the classical Hardy space on the torus T. We refer to [1] and [15]
for more examples. The theory of vector-valued noncommutative L, -spaces are introduced by Pisier in
[14]. Pisier considered the case M is hyperfinite and later by Junge in [12] (see also [13]) for the general
case. We refer the reader notably to the recent work by Defant/Junge [7]. Junge and Xu introduced the
spaces L(;’S)(M ;1) and L (M;1) spaces (see also [9]). They proved that both spaces L(;’S)(M ;1) and
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L,(M;l)) spaces are Banach spaces for 1< p<oco. More precisely, let 1< p<ocosuch that

1/ p+1/g=1. Then the duality theorem holds, i.c. LP(M;Il)* =L,(M:1,) (1.2). We now define the
analogue of (M ;[ )and L (M;]) spaces by a similar way (see [4]).

Definition 1.1 Let 0 < p< 0.

(i) We define H ,(4,/,) to be the space of all x= {xn }nzl mn H p(A) for which there exist

c H_(A)such that x, =ay b, for all n>1. Given

wllbllzp}a
nzl

a,be H, ,(A)and a bounded sequence {yn }n21
xeH (A4,0,), define

&

o inf{uanzp ol

where the infimum runs over all factorizations of x = {xn }n as above.

>1

(i) We define H ,(4,/,)as the space of all sequence in x={x,}

nzl

C H ,(A) which can be

decomposed as x, = Zu,mvnk, for al n>1, for two families {u,m }k)nzl and {an }k in H,,(A) such

k=1

that Z u i, Z VoV € L,(M).

k.n=1 k.n=1
In this space we define norm the following form:

*
Z uknukn

k,n=1

,nxl

1/2 1/2

[+

*
Z vnk vnk

=inf
HP(A;ZI) =
7

r r

where the infimum runs over all decompositions of x = {xn }n as above .

>1
In [4] it is proved that both H ,(4;/) and H ,(4, () spaces are quasi-Banach spaces. Then proved
some basic properties such as duality theorem and contractibility of conditional expectations on these
spaces.
Formula (1.1) admits the following H , (A) analogue proved by Saito in [18]:

H, (4= {xeLp(M):z'(xc):O,Vcer}, I<p<owo (13)

Then in [3] Bekjan and Xu proved that formula (1.3) holds for every O< p<oo. This

noncommutative Hardy spaces have received a lot of attention since Arveson's pioneer work. We refer the
reader a series of newly finished papers by Blecher/Labuschagne [2],[5].]6], whereas more references on
previous works can be found in the survey paper [15]. Most results on the classical Hardy spaces on the
torus have been established in this noncommutative setting. Here we mention some of them directly
related with the objective of this paper. The main purpose of the present paper is to extend formula (1.1)

to the spaces H ,(4;/) and H ,(4,7,).
2. Main results. To gain a very first understanding on H ,(4;/) and H ,(4,(,) space above we

define, following Lemmas are very useful.
Lemma 2.1. Let 1 < p <oo . Then forany x = {x }

o0
2%,
n=l1

€ H ,(A4;1)) we have

nz1

< ||x||Hp(A;ll)
H,(4)

In addition a positive sequence x = {xn }nzl (ie. x, 20, V n=1)belongsto H ,(4;/) if and only if
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Z x, € H ,(4)
n=1
Proof. Let x, = Zu,mvnk is a decomposition of X, then by the Holder inequality in Proposition 3.6 in
k=1
[18],
an < Zu,m . Zvnk :
n=1 H, (A) fc.n=1 ? nk=1 P
whence
Z Xn < ”x H,(4:h )
n=1 H, (A)

In fact, this inequality holds for any x € H ,(4;/,) . To prove converse for a positive x we need only

142
n

to take {u,m }k)n21 and {v,m }k)n21 defined by u, =v,, =x, " if n=k ,u,=v =0 otherwise.
Lemma 2.2. A positive sequence X = {xn }n21 belongs to H ,(4,7,,) if and only if there exists

positive a € H ,(A) such that
x, <a, Vn=l
Proof. Let {xn}

n=1

C H ,(A). Assume that there exists positive ae€ H (A4) such that x <a,

V n=1. Then by Remark 2.3 in [7] there exists a contraction operator #, € M such that X =ua?

. Thus xe L (M;l,) and ||x||

SO X, = a" Zu:una” : L) < ||a||p (see [9]). Then by using Proposition 2.1
in [4], we obtain x € H (4;1,) . On the other hand if x € H ,(4;1,) is positive, then forall #>1 we can
find a positive @ € H ,(A4) and positive contractions y, € A such that x, = a”?y a? . From this it is

easy to show that x, < a, which is the conclusion.

The following Theorems are the analogue of Saito’s theorem (see [18]) on noncommutative
H ,(A;1) and H ,(4,¢,) spaces.

Theorem 2.1. Letl < p < o0. Then we have the following, where
H'(4:L)={xe L (ML) (x,)=0,Yce 4 and Wn>1}
H (A1) =fce L (M:1,):®(x,)=0,Yc e 4, and Yn=1] (2.1
Morcover,

HY(4:1)={xe L (ML) ®(x,)=0,Vce A and Yn>1} (22)

Proof. The inclusion H ,(4;1,)c {x el (M;l,):D(x,)=0,Vce A, and Vn= 1} is clearly. Let
ye {x el (M;l,) ®(x,)=0,Vce 4, and Vn> 1}. Then by Lemma 2.1 (i) in [4] there exist
a,be H, (A)and a bounded sequence {Zn }n21 C M such that x =ayb, for all n>1, where

<1. On the other hand we have 7(x¢)=0, Vce 4, Since

00

-1 7,1
a ,beAd and sup|z,
n

a'she 4, Vs e A4, substituting ¢ by a 'sb”' we obtain z, € A (see [18]), so {yn }n21 eH (41,).
Now we prove the (2.2).1t is obvious that Hg(A;lw) - {x el,(M;L,) ®(x,)=0,Vce A and Vn= 1}.
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Let x € L,(M;1,), then as above by using Lemma 2.1 (i) in [4] and since 7(x,d)=0, Vd € 4, we get
that xe H (A4;/,). On the other hand we have. Then since x,e L, (M), Vn>1, we deduce
X, € Hg (A), Vn>1 (see [18]), which is the conclusion.

Similar to Theorem 2.1 and by using Lemma 2.1 (ii) in [4] we have the following result.
Theorem 2.2. Let]l < p <. Then we have the following, where

H (A1) =f{xe L, (M:1): ®(x,)=0,%c e A and Vn=1}:
H (Ah)={re L (ML) O(x,) = 0,c € 4y and Yn =1} (2.1)
Morcover,
HO(4:1) = fce L (M:1): ®(x,)=0,Vce A and Yn>1} (22)
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KOMMYTATHUBTI EMEC H ,(A;/,) KOHE H ,(A,/,) KEHICTIKTEPIHIH
KEHWBIP KACUETTEPI

K. Tonienon
On-Oapadu arerHIarsl Ka3ak yirTeIK yHEBEpCcHTETI, AMaTsr, KaszakcTan

Tipek ce3aep: poun Hefiman anreOpachl, MaTeMaTHKAJBIK KYTIM, CYOIHMAaroHanael anredpa, T-eJImeM Il onepa-
*TOpIap, KOMMYTaTHBTI EMEC BEKTOP MOHAI Xapau KSHICTIKTEPI.

Aunoramusi. Makanama xommytarusri emec H ,(A;h) wxowe H (A4,0,) wemicTiktepi KapacTwipbitran
H ,(4]) wxome H ,(A,!,) xenicTikTepinae o onepatopap Tis0eri ymiH exi kputepuit xxone CaHTOHBIH TeO-

peMaChIHAa YKCAC TCOPEMA ARJICTTACHTCH.
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HEKOTOPBIE CBOMCTBA HEKOMMYTATHBHbLIX IPOCTPAHCTB H 7 (4;l)ya H p(A, L)
K. Tynenos

Kazaxckuii HanMOHATBHBIA YHUBEPCHTET UM. anb-Dapadbu, Amvarsl, Kazaxcran

Kmouennie cioBa: anrcOpa gon Helimana, YCI0OBHOS OKHIAHHC, CYOIHATOHANBHAS anreOpa, T-H3MCPHMBIC
OIEPATOPBL, HEKOMMYTATUBHBIC BEKTOPHO3HAYHBIC IIPOCTPAHCTBA Xapau.

Aunoramns. B 7ot paGote paccMoTpeHa HexomMyTaTuBHble mpoctpanctsa H (A L) u H (4,0,).
JokazaHel 1Ba KPUTEPHS I MOJOKHTEIBHBIX IOCICAOBATCIBHOCTH ONMEpaTopa W aHajor Teopemsl Cailito Ha

npoctpanctse H (A1) u H ,(4,7,,)
Hocmynuna 25.02.2015 2.



