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Abstract: In this paper some iterative methods for solving differential equations with partial derivatives are
presented. In the course of solving this problem, we used the difference method and a grid pattern type cross.
Numerical results obtained by the program and the results are analyzed.

The idea of the method is that fine grid problem is solved by the usual iterative method once and then from the
resulting solution by converting obtain a solution on the coarse grid. And using a conventional direct method gets the
error solutions on the coarse grid. Then, using the inverse transformation error of the solution to obtain a fine grid
and add it to the previously obtained decision on a fine grid.

One way of solving stationary elliptic problems, including the problem, is their reduction to the decision of a
fictitious non-stationary problem (hyperbolic or parabolic), the solution found that for sufficiently large values of the
time it is close to the solution of the original tasks. Method is actually an iterative process of solving the problem
with the conditions, and at each iteration of the unknown function values obtained by numerical solution of an
auxiliary problem. In the theory of difference schemes it shows that the iterative process converges to the solution of
the original problem, if there is a steady-state solution.

Introduction. For the solution of the difference of the Dirichlet problem for the Poisson equation in
a rectangle the most economical are direct methods. Currently, there are routines in the algorithmic
language for solving Laplace equations in a rectangle with boundary conditions of the three types, as well
as with mixed boundary conditions. However, in the case when the domain is not a rectangle, or consider
equations with variable coefficients, iterative methods are applied. In fact, the direct methods are
economical only when the variables are separated.

Consider the theory of iterative methods for the equation Ay = ¢, Ay = ¢, where A=A">0

Comparison of different methods was carried out for a model one-dimensional problem on the interval
0<x<1:

o, ==f(x) x=ih, 0<i<N, y,=yy=0
0<x<1:

Y-, =—f(x), x=ih, 0<i<N, y,=yy=0.
For it the operator has the form. The boundaries are determined by the operator constant

5:izsin2—, Azizcoszﬂ.
h 2 h

The number of iterations for the considered methods depends on the relation
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p=S g TN
A 2 4 (1)

Let us now consider as a model two-dimensional Dirichlet problem in the unit square on a square

(ll =1, =1)(l1 =1, =1) grid withastepof h=h, = h,:

AY ==Y, = Vi, =0 ¢,y €H.
The number N of intervals in each direction is equal, so that 2=1/N.
Limits & and A A4 operator found in attitude 77 = &/ A coincides with (1). This implies that the

number of iterations is not dependent on the number of measurements (if /4 =/, [ #1,it is weakly

dependent). Therefore, those estimates of the number of iterations of the various iterative methods that we
have received for the one-dimensional model problem, valid for the two-dimensional case.

In the case of non-square grid number of iterations for the two-dimensional problem can be different
from the number of iterations for the one-dimensional problem. We consider here only the alternating
triangular iterative method for solving the Dirichlet problem of the difference (2).

2. Statement of the problem. Referring to the problem (2). The operator 4 isasum A= A4, + 4,

Y N Y3 ) Ay Yo Yy ’

hy h, h h

and set D = F . Pairing Aand A, : A, = Al* established by comparing their matrices or by using the
first difference of Green's formula: (A1 v, U) = (y, A l)) = (y, AZU).

To obtain the equation determining By, = (E +w A, )(E +wA, )y iy =g

2

Where Al y=

Fp=By+1, Ay +0) (=, yR=OXE7%)
Values y,,, are consistently from the equation
Hence we obtain the formula Hence we obtain the formula
. 1) . 1)
X1 VR (il _1:i2)+7(2 YR (ila iz _1)+FR(i17 iz)

et 1+ 7 +1,) ’
o )
e :?’ X :E:
: ‘ L)
A N I CRA WA L 2 P CA3) L9 VA (NN )|

1+, +2,)

3)
o (1)

To identify ) p (il , iz), select a node 7, =1, = lin the left rectangle; Then the remaining two

i2
nodes (il, i —l) (l'1 -1, iz)and {(il, i ), (l'1 -1, i, ), (il, 5 —l)}template are on the
2 (1) 2 (1) . (1)
boundary and, therefore y (l'1 -1, 1'2) =y (il, I, — l) = Oknown. Knowing y, when 7, =1, i, =1
. (1)
successively y, find i, =2,3, ...,N, —land 7, =1when (the first line). Next 7, =2, think and find
. (1) .
Vg the series on the second line at 7, =1, 2,..., N —1. To determine to y . perform calculations
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{(il, i, ), (l'1 +1, i, ), (il, I, + l)} on the template i columns from top to bottom: fix
ip=N,-1, N;,—-2,...21 and at cachi, changei, =N, —1, N,—2,...,2,1. Starts counting y,,

from the node (l'1 =N,-1, i,=N, —l)in the upper right comer. It should be y,. noted that the

account can also be conducted in rows from right to left fix 7/, =N, =1, N, —2,...,2,1 and at cach/,
. (1)

changei; =N, -1, N, —2,...,2,1. However, the calculation y, can be carried out not by rows and
columns upwards. It can be seen from the formulas themselves.

The calculations are carried out by the recurrence formulas (11); Account apparently stable. An
algorithm of this type, as already noted, an algorithm called the running computation.

We count the number of arithmetic operations per grid point: calculation requires 10 additions and 10
multiplications; for a given computation requires 4 operations of addition and multiplication operations 6.

Total required for the determination of a single node to spend 14 additions and 16 multiplications. The
number of operations can be reduced when storing in memory not just one but two sequences {yR }and
{Wzm} for determining Y., the use of the algorithm

(E+G)A1)WR+1/2 =Ay, +f, (E+0)A2)WR+1 = WRr+i/2,

o

Yri1 = Vr T Ty W+

In this case, the transition y, from Y, ., afairly 10 additions and 10 multiplications per node.
For example, Find a continuous function u (x, y) satisfying the rectangular areca

O’u  Ou
Q= {(X:J/)‘O <x<a0< y<by} within the Laplace equation Au = w0 + y =0 and taking on the
X

boundary of the set values Q. u(0,y) = £,(»), y €[0,5]. #(a, ¥) = f>(¥), y [0,0],
T/I(X,O) = f3 (.X), X € [O:a]’ U(.x,b) = f4 (.X), X € [O,Cl],

wheref;, 5, f3, f4 - given functions,
fi=y.fa=v+e, fz =e* f, = e**1.We assume that u (x, y) is continuous on the boundary €, etc.

£0)= /,(0). A1) = £,00). ,(0)= fy(@). f>(b) = f,(a). Choosing steps b, 1 x and y

M where ™ n = nh=a.
. . . o’u ou
YV, = ml = b. Introducing the notation u, = u(xl.,y ]-), we approximate e and e the

respectively, we construct a grid X; = ih, i= 0Ll..n.y, = jl. j=0.1,.

partial  derivatives in  each intermal node of the grid central second order
2 —
O'u Ui 2”1-]-+”i—1-

] 2
+O(h")
ox? h?
Olu U g —2u,+u,
5 a 2l] e + O(l 2) and replace the Laplace equation finite-difference
oy /
U, —2U, +u, . U, —2U, +U, .
equation 1/ U iy, Zhit j il _ g
h? e
4)

i=1,.,n—1j=1,. m—1 Accuracy replacement of the differential equation is of the difference

O(hz) + O(Z 2) Equation (4) together with the values in the boundary nodes form a system of linear
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algebraic equations relatively to approximate u,-j values of u (x, y) at the grid points (xl.j yj). The

simplest form of this system is at: u; = (ui+1,j foy U g U )/ 4(5
uy = f3(x). u,, = f4(x;). Uy; = fl(yj)’ U, = fZ(yj)’
i=L.,n-1,j=1...,m-1.

Upon receipt of the grid equations (5) was used circuit nodes shown in Fig. 1. The set of nodes used to
approximate equation at a point called the template. This paper uses the template of the "cross".

)

Y
) i, j+1
]+1. i-1,7
J < —
. (i, )
]71 i,j-1
0 i—1 i i+ 1 a x

Numerical solution of the Dirichlet problem for the Laplace equation in a rectangle is to find

approximate values U ij of the unknown function u (x, y) in the internal nodes of the grid. To determine

u,-j the quantities required to solve a system of linear algebraic equations (5).

In this paper, it is solved by the Gauss-Seidel method, which consists in building a sequence of

(s+1)

. . 1
iterations of the formu ("™ = — (") +ul  +ul) +ul’

ij i-1,j i+l,j i,j+1

) IfS —> o0 the sequence M;S ) converges

to the exact solution of the system (5). As a condition to the end of the iteration process can take
maxju” —ui™| <. 1<i<n-1.1<j<m-1.

Conclusion. Thus, the error of the approximate solutions obtained by the grid method, consists of
two errors: errors of approximation of differential equations by difference; error arising from the
approximate solution of the system of difference equations (5). It is known that the difference scheme
described here has the property of stability and convergence. Stability of the scheme means that small
changes in initial conditions lead to small changes in the solution of the difference problem. Only such
schemes should be applied in the actual calculations. Convergence of the scheme means that as the grid

spacing to zero (h —> O), the solution of the difference problem tends in some sense to the solution of
the original problem. Thus, by choosing a sufficiently small step h, can be arbitrarily accurately solve the
original problem.
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UTEPAIIMOHHBIE METO/AbI PEINEHUSA CETOUYHBIX YPABHEHU I
JLX. KynycoBa, K.X. Kynycon

Kazaxckuii HanWOHATBHBIN TIeJATOTHICCKUH YHUBEpCHTET HM. Abast, Anmarsl, Kazaxcran
ATMaTHHCKUH YHUBEPCHUTET 3HEPTETHKH U CBsI3H, AnmMarsl, Kazaxcran

Kirouernie ¢J10Ba: PCIICHNC, HTCPALIHOHHBIN MCTO, V3CT, CCTKA.

AnHOoTamusi. B 3T0Hf cratbe HEKOTOpBIC HTCPAIMOHHBIE METOABI IS peImcHHI Anu(pPepeHIMATBHBIX
VPaBHCHHH C YACTHBIMH ITPOM3BOJHBIMH. B X0z1e pemreHus 3T0# mpoOIeMbl Mbl HCIIOIB30BAINA METO/ PAa3HHULBI H
KPECT CETKH THITA PHCYHOK. AHATH3HPYFOTCS YUCICHHBIC PE3YJIbTATHI, MOy YEHHbIC C MTOMOIIBIO MPOTPAMMBL.

Hpaes MeToga COCTOUT B TOM, YTO MPOOIEMA PEIHACTCsl OOBIMHBIM HTCPANHOHHBIM MCTOAOM OJHH Pa3 H 3aTEM
13 TIOJYYECHHOTO PEIICHIS My TEM IPEOOPa30BAHMS MOIYIUTh PEIICHHE Ha TPpy0ol ceTke. M ¢ moMONIBI0 OOBIMHOTO
MCTOAA MPAMOTO TOIYYACT PCIICHHA 00 OIMMOKAX Ha TPYyOOH ceTke. 3areM, HCMOIb3ySA OOPATHYH OMHOKY
peoOpa3oBaHMs PEIICHUS, YTOOBI MOIYUUTh MEIKYIO CETKY H JOOABHTH €T0 K IOJYUCHHOMY PAHEE PEINCHHSI HA
Menko# ceTke. OZHMM W3 CIOCOOOB PEINCHHS CTANMOHAPHBIX SJUMMITHYCCKUX 33a7a4, B TOM YHCIEC M KpPacBOH
330a49d, ABIFICTCA WX CBCACHHC K PCHICHHIO HCKOTOPOH (DMKTHBHOHW HCCTALIHOHAPHON 3a7a4ud (THICPOOIHYCCKOH
WM Mapa0OIMICCKON), HAHACHHOS PCIICHUS KOTOPOH MPH AOCTATOYHO OONBIIAX 3HAUCHHUAX BPCMCHH t OTH3KO K
PELICHUIO MCXOMHOM 3amayuu. Takoil crocod pemeHus Ha3bIBACTCSI METOAOM YCTAHOBICHMSI. MeT0ox YCTAHOBICHUS
(paKTHIECKH MPEACTABISECT HTEPALIMOHHBIN MPOLECC PEIICHIS 331a41 C YCJIOBHSAMIE, TPHIEM HA KKIOW HTEPALNA
3HAYCHHA MCKOMOW (DYHKIMH ITOJIYYAIOTCS IyTEM HYHCICHHOTO PEIICHUS HEKOTOPOH BCHOMOTATECIHHOW 3agauu. B
TCOPHH PA3HOCTHBIX CXEM ITOKA3aHO, YTO 3TOT MTCPAIMOHHBIH IPOLECC CXOTUTCS K PEHICHHIO MCXOTHOM 3a71a4H,
€CJIM TAKOE CTAIMOHAPHOE PEICHUE CYIIICCTBYET.

TOP TEHAEYJIEPIHI UTEPAIIUAJBIK 9/JICIIEH IIIBIFAPY
JLX.Kynycona', K.X. Kynycos®

! AGaii aTermars! Kasak YITTHIK MeJATOTHKANBIK YHHBEPCHTETI,
* ATIMATHI SHEPTETHKA JKOHE GAMTAHBIC YHHBEPCHTETI

Tyiiin ce3aep: MCImiM, HTCPANMSIIBIK KaZaMAAp, TOP, TYHiH.

Annoramua., byn makamaga aepOec TYBIHABUI mA((CPCHIHAIIB TCHACYICPAI MICHIYAIH HTCPALHAIBIK
amicTepi KapacTeipsiiFaH. Ecenti memy OGapsichiHAa 013 aWBIPEIM MCH KPECT-TOPBIH KOJITAHIBIK. KOMIBIOTEpITiK
MPOTPAMMAaMEH AITBIHFAH HOTIDKEIEDP CapaIaHIbl.

Byx axicte Topmarsl Mocese KapamaibiM OOJBIN IMEIIUIE i 1€, OHBI KYpJEIi TOpFa aybICThIpaasl. OnaH KeHiH
KapamaifbIM TOPMEH KYPJACJ TOPAbI Oip-OipiMEH KaIFai bl

By oxic mekTik ecenTepi mbIFapy OapbIChIHIA KONTE KOTIAHbLIaAbl. bepinreH ecenTi Kapamaiisiv ecenrTep
TYpPiHE KENTIpill aNblll, COJAH KCHIH >KIOCpPLITE€H KaTamKTEpAl €CKepe OTPBIN OCpiITEH €CENTiH MICHIMIiHE
JKaKpIHAatagsl. by omic omberTe OipHEIIC MTCPANMSHBI YHBIMIACTHIPYMCH JKY3€Te acambl. Opdip HUTCpPalHSAAFsI
AJBIHFAH IICIIMIC ANIBIHFBI KAaZAMIOAFBl MICIIIM 9CEP CTIM OTHIPAABL AJBIHFAH IMCINIMACPAIH >KHHAKTHLIBIFBIH
Jonenei 011y Kepek.

Hocmynuna 15.03.2016 2.
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