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ON ASSESSMENTS OF EBMEDDABILITY L9,
IN ROGERS SEMILATTICE OF TWO-ELEMENT FAMILIES
OF SETS IN THE HIERARCHY OF ERSHOV

Abstract. It is well known that the structure of computable enumerable m-degrees with respect to m-
reducibility is very complicated. It forms an upper semilattice which has a universal degree, an infinite chain and
anti-chain. And we know that cardinality of this semilattice is infinite. This paper presents the assessments of
embeddability the semilattice of computable enumerable m-degrees into Rogers semilattice of two-clement families
of sets of finite levels in the hierarchy of Ershov. Also, using the examples of families with one-clement Rogers
semilattice, whose evaluation at any level lower than our assessments, it is proved that these assessments are not
improvable.
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Ob OLIEHKAX BJIO’)KUMOCTH LY, B IHHOJYPELIETKY
POJ/KEPCA ABYXDJIEMEHTHBIX CEMEUCTB MHOKXECTB
HUEPAPXHNUA EPIITIOBA

AnHoTanus. X0pomo H3BECTHO, YTO CTPYKTYPA BBIMHUCIMMO NEPEUHUCIUMBIX M-CTCIICHEH OTHOCHTEIBHO M-
CBOJMMOCTH O4YCHb CIOXHas1. OHa 00pa3yeT BEPXHIOI MOJYPEIICTKY, KOTOPAs HMEET YHHBEPCAIBHYIO CTCICHB,
OCCKOHCYHYIO LCTb M aHTH-LEIb. M H3BECTHO, YTO MOIIHOCTH 3TOH MOJIypemeTkn OeckoHEYHA. B maHHO# pabote
MPUBEACHBI OLEHKH BIOXKAMOCTH TOJYPEIICTKH BBMUCIAMO NMEPEUHUCIUMBIX M-CTENECHEH B MOJNypemeTky Poa-
JKEpCa ABYX3JIEMCHTHBIX CEMEHCTB MHOYKECTB KOHCYHBIX YPOBHEH mepapxuu Epmosa. Taxke ¢ MOMOMIBIO IpHME-
POB CEMCHCTB C OTHORICMCHTHOH TOTYPLIIeTKOM Poakepca, OUCHKH KOTOPHIX HA TFOO0M YPOBHE HHXKC, YCM HATIH
OLCHKH, JOKA3aHO, YUTO 3TH OLUCHKH ABJIAKOTCA HCY JTYUIIHACMBIMH.

Kmouenie cioBa. Ionypemerka, noxypemerka Pomkepca, nepapxust Epmosa, BEMHUCIHMO NEPEUHCIAMBIC
MHOKECTBA, Pa3peIInMast Hy MEPALIHSL

HccnemoBanue BBIYHCIUMBIX CEMCHCTB MHOMKCCTB Hepapxuu  EpinoBa ObIJI0 HWHHIMHPOBAHO
padotamu [1], [2], B KOTOphIX OBLI MPEAI0KCH OOIIMHA TOAXOJ K BBCACHHIO MOHSTHS BBIYHUCIUMOMN
HYMEPAIHH TSI IMHPOKOTO KJIACca CEMEHCTB KOHCTPYKTHBHBIX 00BEKTOB U CHOPMYTHUPOBAHA POTPaMMa
UX U3YYCHUS B TCPMUHAX CBOWCTB TaK HA3BBACMBIX MOJTypemeTok Pomkepea.

IMonyducHHBIC K HACTOAMIECMY BPEMCHH PE3YJIbTATBI O TOIYPCIICTKAX BBHIYHCIMMBIX HYMCPALH
CCMCHCTB MHOKCCTB HCpapxuu EpInoBa BbISBUIH HOBBIC (DCHOMCHBI, HE MPUCYINUC KIACCHUYCCKUM




H3zeecmua Hayuonanvroti akademuu Hayx Pecnybnuxu Kasaxcman

BBIYUCITHUMBIM HYMEPALHAM CEMEHUCTB BEIYHUCIHUMO MEPEUHCINMBIX (B.I1.) MHOXKeCTB. B wactHOCTH, OBLITO
JIOKa3aHO CVINECTBOBAHWE CEMEHCTB, COCTOAIMMX W3 [JBYX BIOKEHHBIX MHOXECTB, V KOTOPBIX
nonypemerka Poaxepca SBIICTCS OXHOIICMECHTHOH [3].

[IpuBeaeM HEKOTOpBIC MOHATHS M3 TCOPHU BBIYHUCIUMOCTH, HCHONb3yeMble B pabore. [lonarue n-
BBIUKCIUMO TEPSUUCIUMOro (n-s.a.) muoxkectBa Obito mpeamoxeno C.J. Ash, JF. Knight B
WHAYKTUBHOU hopme [4]:

Onpenenenne 1. 1-6.n. MHOXECTBA — 3TO B TOYHOCTH B.JI. MHOXECTBA, a kKaxaoe (n+ 1)-e.n.
MHOJKECTBO — 3TO Pa3HOCTh HEKOTOPOTO BBIYHMCINMO TIEPEIHCINMOTO M HEKOTOPOTO N-B.II. MHOXKECTB.

Takum oOpaszom, 2-B.1. MHOKecTBa UMEIOT BUA Ry \ R,, rae Ry, R, — B.I. MHOXKECTBA, TIO3TOMY HX
CIIC HA3BIBAIOT PA3HOCTAMH B.II. MHOXECTB (KPOME TOrO, MOXKHO YTBEpXKAaTh, uto R; € R,), 3-B.IL
mHokectBa umeroT BUL Ry \ (R \ R3) = (R{\R;)UR;, ti¢ R{ SR, S R; u R{,R;,,R; — BIL
MHOKCCTBA, M T.I. T-B.IL MHOXCCTBA OOpa3ylOT ypoBeHs X,  mepapxuu Eprmosa [5], o Humx Tawoke
TOBOPAT KaK O X, " -MHOXKECTBAX.

Hna onpenencHust OecKOHEUHBIX YpoBHEH wuepapxum EpmioBa, BBEACHHBIX B cTathe [6], MBI
HCTONB3YEM MOAXOJ, MPENIoKEHHbIH modke B MoHorpadmm [4]. Ilycte O — cuctemMa OpIuHATIBHBIX
obozuaucHuit Kmunu (moxpoduoctu cm. B [4], [7]). [aa a € O uepes |alp 0603HaUaETCS OpAMHAI, YbHM
obo3navycHUEeM ABasgeTcs a. OpauHambHbe 0003HAYCHUS HCIOMB3VIOTCS AT ONPEACICHUS OSCKOHEYHBIX
yposHei nepapxun Epmosa.

Onpenenenue 2. [Iycts a sBaseTCS 0003HAUCHUEM HEHYJICBOTO BBIYHCIUMOrO OpauHana. [ oBopsrT,
9TO MHOXKECTBO A NPHHANICKHT KIACCy L,  wuepapxuu EpImoBa, €CIH CyIIECTBYIOT BBIUHCITHMBIC
bvakum f(z, £) u h(z, £) Takue, 9TO A1 BeEX Z, § € @ BBHIMOIHSIIOTCS CICAYIOIUC YCIOBHUS:

1) A(z) =lim; f(z,t), nmpuaem f(z,0) = 0;

2) h(z,0) =a &h(z,t+1) <y h(z,t);

3) flz,t+1) = f(z,t) = h(z,t + 1) # h(z,t).

OyHkimoo g HazoBeM (QYHKIMCH MEpPeMEH At A OTHOCHUTCNIBHO f. Z;l-armpoxchauHeﬁ et
MHOKecTBa A HaspiBacTcs napa QyHkui (f, ), VIOBICTBOPSIOMIIX YCIOBHAM 1)-3) BhILIC.

Xopomo H3BECTHO, YTO I KOHCUHBIX OpauHanoB ux KiuHeBckme 0003HAYCHHS OXHO3ZHAYHO
OTIPEACTICHBI, B YaCTHOCTH, JUIA OpAVHATIA 1

i =9,
L
n-pas|q
Jli MHOKECTB KOHEYHOTO VpoBHS uepapxuu Epmosa 6yaeM HCMoap30BaTh aHAIOT ONPEACTICHUS 2,
3aMECHMB 3HAYCHHU QYyHKIMU f HA OpIUHATBL.

[IpuBenem HEKOTOPBIC NOHATHA U3 Teopur HyMeparwid. CIOPBEKTHBHOE OTOOPAKEHHUE @& MHOMKECTBA
HATYPaJIbHBIX YHCET @ Ha HEIyCTOE MHOXKECTBO A Ha3bIBaeTCS HyMepaumehd MHokecTBa A. [Iycts A —
CeMCHCTBO MHOXCCTB 13 Kimacca X, 1, n = 1, mepapxuu Epmosa. Hymepamms @: w — A HassiBactes Ty, -
EBIYUCTUMOT, CCTTH

{(x,n)| x € a(n)} € ;.

CIeI0BATEIBHO, Q SBISCTCS Xy "-BBIMHCIMMOM HyMEPAIHeii CeMEHCTBA A, CCTH CyECTBYET Xy, -
anmpoxkcuManus MHOKeCTBA {(n, x): x € a(n)}, t.e. Boraucoumbie Gyuxuuu f(n, x,t) u h(n, x, t) Takue,
4TO

a(n)(x) = li;nf(n, xt),f(n,x,0)=0
IS BCeX M, X € w, a h(n,x,t) sBasercs (QYHKUMCH MEPEMECH U YHHUBEPCAIBHOTO MHOXCECTBA
{(x,n)| x € a(n)} aymepauuu a OTHOCUTEIBHO f .

[omstie X7 "-BBIMHCIMMOM HYMEPALMM COBMAZACT C KIACCHUCCKMM MOHSTHEM BBIYHCIHAMOM
HyMCPALUHA CCMCHCTBA PCKYPCHUBHO MECPCUUCTUMBIX MHOKCCTB [4]. MHOXECTBO BCEX X, ! BBIMHCTHMBIX
HyMepammii cemeiictBa A o6o3HaunM uepes Comyl(A). Hymeparms « cemeiictea A ceooumcs K
HyMepamuu f§ 3Toro cemelictea (@ < ff), ecau CYIIECTBYCT PEeKypcuBHas (yHKums f, 11 KOTOpOU
alx)=p ( f (x)) it BeeX X Ew. Ecmm a < B u f<a, 1o Hymepauu @ H f§ Ha3BIBAIOTCS

— §4 ——






