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EOMETROTHERMODYNAMICS OF THE IDEAL GAS

Abstract. The goal of this work is to describe the formalism of geometrothermodynamics (GTD) and to
corroborate some of its most important assumptions. To this end, the GTD formalism is used to find the
thermodynamic properties of the ideal gas. Using this method, we calculate the metric of the space of equilibrium
states, the Christoffel symbols, the components of the Riemann Ricci, and Einstein tensors as well as the scalar
curvature. As a result, we corroborate one of the most important ideas of GTD, namely, that the curvature of the
space of equilibrium states is a measure of the interaction between the components of the thermodynamic system;
this is shown in the particular case of the ideal gas. The formalism of GTD can be used to analyze other
thermodynamic system as, for example, black holes.
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I'EOMETPOTEPMOJINHAMUKA UIEAJIBHOT'O I'A3A

Annorauust. Llenpro manHO#W paloThl sBIIETCA omucaHue (popmamuszma reomerporepmoauHamuku (I'TH) u
TOATBEP>KACHHE €r0 OCHOBHBIX IMOJIOXKCHHUIH. [ JOCTIIKEHHS 3TOH LEJH HCMOIb30BaICH MeTo (popmammsma I'T /]
JUIL pacyeTa TEPMOJMHAMMHYCCKHUX CBOMCTB HACANIbHOTO raza. C NOMOIIBIO 3TOr0 METOAA ObUIM IOCHUTAHBL
METPHKA MPOCTPAHCTBA PABHOBECHBIX COCTOSHHI HACAIBHOTO ra3a, CUMBOJIBI KpucTo( (e s, KOMIOHCHTHI TCH30pa
Pumana, KOMIOHCHTHI TEH30pa PHY4M, KOMIOHCHTHI TCH30pa DHWHINTCHHA M CKAJLIPHAS KPHBH3HA. B pesyibrate
ObL1a IOATBEPKACHA OJJHA W3 OCHOBHBIX HACH (popmamm3ma ['TJ] 0 TOM, UYTO KPHBH3HA MPOCTPAHCTBA PABHOBECHBIX
COCTOSHHH ABIACTCA MEPOH B3aMMOJCHCTBHA MEXIY KOMIOHCHTAMH TEPMOJUHAMHYCCKOH CHCTEMBI, B YaCTHOCTH,
s uaeansHoro ra3a. @opmamusm ['TJ] MOKET OBITh HCHOIB30BAH A HCCIICIOBAHHUS APYTHX TEPMOAMHAMHYCCKUX
CHCTEM, HAIPUMED, YEPHBIX JBIP.

KinoueBple CJI0BAa: TCOMETPOTEPMOAMHAMUKA, (ha30BOEC MPOCTPAHCTBO, MPOCTPAHCTBO PABHOBECHBIX COCTOSI-
HUH, SHTPOMMMHUHOE NMPEACTABICHUE, TEPMOIMHAMUUCCKAS KPHBH3HA.

Beenenne. B 510l pabote MBI 0OBSICHHM OCHOBHBIE MOJOXKEHHUS (hopMamH3Ma reOMETPOTEPMOIH-
namuku (I'TH) [1]. Ha npumepe naeanpHOro rasa ¢ momoinsto [ T/ uccneayem ero TepMoANHAMHYCCKAC
cBotictBa. CyIIECTBYET CBSI3b MCXKIY TCOPUCH OTHOCHTCIIBHOCTH H TCPMOAMHAMHUKON. DTy CBA3b MOYKHO
mokasatk ¢ momorbio Gopmamuszma ['TJ1. B dhopmanuzme I'Tl uerob3y 0TS TEOMETPHUCCKUE TTOAXOBI,
KOTOPBIC UCTIONB3YIOTC B 001k Teopun otHocuteapHOCTH (OTO).
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Jist omtucanus TepMoauHaMuaeckoi cucremsl B [ T/, HEoOXo1umo caenaTh CIeAYIOEe:

® IOCTPOHTH TEPMOAMHAMHYCCKOS (pasoBoe mpocTpaHcTBo T, MOAIPOCTPAHCTBOM KOTOPOTO
ABIACTCA MPOCTPAHCTBO PABHOBECHBIX COCTOSHUM & , TEOMETPUUECKHE CBOMCTBA KOTOPOTO OMUCHIBAIOT
TEPMOANMHAMHUIECKUE CBOMCTBA COOTBETCTBYIOIIEH TEPMOANHAMUIECKON CUCTEMBHI.

¢ 3arem BBOAMTC QyHAAMEHTATBHAA opma ['mb6ca & .

e Jlna npoctpancTsa T BBOAAT Tak HA3BIBAEMYIO TEPMOAUHAMUYECKYIO METpUKy (.

e 3areM HAXOAUM METPHKY ¢ A7 MPOCTPAHCTBA PABHOBECHBIX COCTOSHUN & .

e 3Hasg METPUKY g , MBI PACCUUTEHIBAEM KPUBH3HY HMPOCTPAHCTBA PABHOBECHBIX COCTOSHHM, KOTOPAs

HA3bIBACTCS TEPMOAMHAMUIECCKON KPUBU3HOM.

CornmacHo ¢opmammmy I'TJ] TeH30p KPHUBH3HBI (TSPMOIUHAMHYCCKAS KPUBHU3HA) SBIISCTCS MEPOH
B3aUMOJCHCTBHS MEXKIY KOMIIOHCHTAMH TEPMOAUHAMHYICCKON CUCTEMBI.

Tpumer (7, €, () naswiBacTCs PUMaHOBBIM KOHTAKTHBIM MHOJKECTBOM H OHO BBIPAKAET
CTPYKTYPY U FCOMETPUUCCKUE CBOMCTBA KIACCHYCCKON TEPMOJUHAMUYECKON CUCTEMBI.

I'eomerporepmoanHamuka npocThix cucrem. OcraHoBUMCS 60j1ee OAPOOHO HA ITHUX MYHKTAX.

Jns noctpoenust T HEOGXOAMMO OMPEAETHTD: SKCTEHCHBHbBIE TIEPEMEHHbIE, HAPUMED, SHTPOTUIO S
, 00BéM F, 3areM MHTCHCHBHBIC NECPEMCHHBIC, CKaXeM Temreparypy 1, masneHue P, a Take
TCPMOAMHAMMYCCKUM MOTCHUMAN, CKAKEM BHYTPCHHIOK dHepruro . OTu TepMOIMHAMUYCCKHE
MEPEMEHHBIE UCIIONB3YIOTCS KaK KOOPAHUHATHL B S-MepHOM (ha30BoM mpocTpaHcTse I (S UVT, P),

Jl1s1 TIpOCTpaHCTBA PABHOBECHBIX COCTOSHHMM & B KauecTBE KOOPAMHAT MBI BHIOHPACM TEPEMEHHBIE
(S N ) 3arem BOAMTCH (pyHAamenTanbHas popma [mb66ca @, koTopas HMEET BHA:

@ =dU-1dS + PdV (1)

B stom ciayuae ¢yHIaMEHTaNBHOE YPABHEHHE HMECT SHEPreTHUCCKOS MpeaACTaBiIeHue [2]:
U=U(S7). 2)
Jtst onucanust CTPYKTYPhI IpOcTpancTsa ' BBOJAT TAaK HA3BIBACMYIO TEPMOJUHAMHUUICCKYIO METPUKY
G(S JUV,T, P). @ynamaventamshas dopma [u66cal u Merpuka (G HMHBAPHAHTHBEI OTHOCHTEIBHO

npeoOpazoBannii JIexkanapa i C1ydast CHCTEMBI ¢ 2 TEPMOIUHAMHIICCKAMH CTETICHSIMH CBOOOIBI (S , V),
TO €CTh TreoMeTpHuuecKas CTpykrypa ¢da3oBoro mnpocrpaHcTsa J  HHBapHAHTHA OTHOCHUTEIBHO
npecobpazosanmii Jleskanapa.

Hdnus  cayuas CHCTEMBI € JABYMs CTCIICHAMH CBOOOZBI, HCIOJB3YVIOIICH —3HCPICTHICCKOS
npeacrasicHue, npeodpasosanus Jlexkanapa i ¢azosoro mpoctpaHcTBa J BEIPAXKAOTCI KAk
npeodpa3oBaHUe KOOPIHHAT B CIACAYIOICM BHIC (U SV, T ,P) - ((7 ,§ R 17, T , 13) Ot npeobpasosa-
HUSI MOKHO OCYLICCTBUTD CIICAYIOMIMMHE criocobamu [3]:

U =U-18,8=-T,7=8.v=V.pP=P 3)
U,=U+pvV,8=8.7=T,V=P,-P=V @
U,=U-T1S+PV,S=-T,T=§, V=P, -P=V )

rae U , = I" cBoGoanas sneprus 'ensMromnsa,
U , = H o>Hranemus,
(73 = G morenuman I'n66ca.
Ecmn  uepes HNI ., 1=123 wmp 00O3HaUNM pe3yabTaT, MOJYUCHHBIM MOCIC MPUMCHECHHUSL

npeobpaszosanus Jlexanapa (3)-(5) k pynaamenramsroi Gopme ['mu66cad , TO MOKHO TOKA3aTh, UTO:



Hseecmusn HayuonaneHol akademuu Hayk Pecny6nuxu Kasaxcman

6 =dU —TdS + PdV (6)
3TO 03HAUACT, uTo @ sBseTcs Jlekanap-HHBAPUAHTHBIM FEOMETPUYECKHM OOBEKTOM.

B dopmanusme I'TI neobxoaumo, utoOsl metpuka (7 as1 (pasooro mpoctpancTsa I TOkKE ABIANACH
Jlexxanap-unpapuanTHoit. Metpuky (G MOXHO HammcaThb B cleayiomeM suae [4]:

G =(dU —1dS + Pav ) +(STY"" dsdr + (Vp)*" dvap ™

Ecim wepes (,, i=1,23 wms 0003HauuM pe3yNbTaT, MOJYYEHHBIH TOCHEC MPUMEHEHUS

i
npeobpasosanms Jexamapa (3)-(5) x metpuke G , MOKHO MOKA3aTh, UTO:
~ N o) N VT ) % R PN\ V) 28 RO
G, =(d0, ~7dS + Pap’ } +(STV"" dSaf + (7P} avap ®)
510 o3Hauaet, uto (7 sBseTcs JleKaHAp-HHBAPUAHTHEIM FEOMETPHUECKUM OOBEKTOM.
Creayomum BaxsbIM 3ieMenToM ['TJl SBASETCS TPOCTPAHCTBO PaBHOBECHBIX cocTosHmii £ . B
kauecTBe KoopauHaT & BO3BMEM ClEAYHOMUN HAbOP JKCTEHCHBHBIX MEPEMEHHBIX (S, V ) Torma

OCTABINHECS KOOPAMHATHL I OKHBI OBITh QyHKIESME S U}, TO €CTh:
U=U(S, V), T=1(S,V), P=P(S,V) ©)

Hanee mbl Tpebyem, uToObl Tpoekuus (yHaamentanbHol (opmbl T'nbbca & Ha TPOCTPAHCTBO
PaBHOBECHBIX COCTOsIHME & Gblia paBHA HYIIO:

0|, =0 dU=1dS-Pdy (10)
Tax xax U =U(S, V'), caesosarensHo:
w_, e,
oS ov (11)

B KJIACCHYCCKON TCPMOAUHAMHUKEC 3TH COOTHOLICHHUSA SBJISIIOTCA YCIOBHAMH TCPMOIAWMHAMHUYCCKOIO
pasuoBecus. [poemupys metpuky G dasosoro mpoctparctsa I Ha € , MOKHO MOIYYUTh METPHKY &
JUTSL TPOCTPAHCTBA PABHOBECHBIX COCTOSHHIMA!

Gl . =g=gSJV
|, =g=2g(s.V) 1)
Torzxa nmeem, ucronsays (10)-(12):
2k+1 A2 2kt A2 2k+1 2k+1 )
g= Sa—U m{dsh Va—U al{dV% Sa—U o Va—U aUdeV
oS oS oV ov oS oV osovV (13)

B npampHeiueM 1t CHCTEMBI C JBYMsI CTEIICHSIMH CBOOOIBI MBI OyIEM HCIIONB30BATh JHTPOIHITHOE
npeacrapnenue. Toraa GyHAAMEHTATBHOE YPABHEHUE MEET BHA O = S (U 5 V). [peoOpa3yst ypaBHeHHE
(1) MOHO TIOJTYYHUT SHTPOIHITHOE npeAcTaBieHuedopmbr [ub6ca G

1 P
Oy, =dS ——=dU -=dV
T T

(14)

1
Toraa dazosoe mpocTpancTso I Oy AT UMETD CJIEAYOMUE KOOPAUHATHI (S ULV, B, 3), rae = T

P
d= ? . B aToM cayuae metpuxa (G dasosoro npoctpancTsa I 6yaeT UMETh BHA:

2. 2k+1 2k+1
G, = (dS Lo de] ; (ﬁj dUd(lj ; (Ej dVd(Ej
T T T T T T

(15)







