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ON THE UNIQUE SOLVABILITY OF A MULTI-POINT
PROBLEM FOR SYSTEM OF THE LOADED
DIFFERENTIAL EQUATIONS HYPERBOLIC TYPE

Annotation. The nonlocal multi-point problem for the system of loaded differential equations of hyperbolic
type second order is considered. The load lines in the system of equations and lines that given of the boundary
conditions, can be arranged as you like. The considered problem is reduced to an equivalent multi-point problem
with parameter by introducing a new unknown function instead of a loaded term in the system of equations. The
problem with parameter consists of a nonlocal problem for a system of hyperbolic equations with parameter and the
functional relation. Algorithms for finding an approximate solution of the equivalent problem with parameter are
constructed and the conditions for their convergence are set. Sufficient conditions for the existence of unique
solution to the problem with parameter are established. Conditions of existence of unique classical solution to the
multi-point problem for the system of loaded differential equations of hyperbolic type are obtained in the terms of
initial data. Earlier, the method of reduced to an equivalent family of problems for partial differential equations is
applied to study of this problem. Sufficient conditions for the existence unique classical solution of this problem are
find in the terms of some matrix compiled by the initial data.
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Problem statement. Consider the nonlocal multi-point problem for the system of loaded differential
equations of hyperbolic type second order on the rectangular domain Q =[0,7"]x[0, @]
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where u = col(u,,u,,....,u,) is unknown function, the (nxn) matrices A(t,x), B(t,x), C(t,x),

P(x). O,(x). S,(x). i=Lk, K ,(x), L,(x), M,(x), j=Lm, the n vector functions f(,x),
@(x) are continuous on Q, [0,@], respectively, the load lines 0 <6, <8, <...<8,, <8, <T, the
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lines in the boundary condition 0 =¢, <#, <...<t, , <t =1, n vector function y(¢) is continuously
differentiable on [0,77].
Let C(QLR") (C([O,a)],R”)) be a space of continuous on Q ([O,a)]) vector functions u(z, x)

(o) with nomn [, = max (12| (o], = maxfoco] )

A function u(?,x)eC(Q,R"), having the partial derivatives %EC(Q,R"),

e C(Q,R") is called classical solution to problem (1)--(3), if its is

2
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satisfied of system (1) for all (7, x) € Q, and boundary condition (2) and multi-point condition (3).

The questions for the existence of unique solution and the construction of algorithms for finding
approximate solutions to problem (1)--(3) are investigated. Loaded partial differential equations arise in
the study of various processes of physics, chemistry, biology, ecology and others [1-9]. A special role is
played of a loaded hyperbolic equations and boundary value problems for them. Some classes nonlocal
and boundary value problems for the loaded differential equations of hyperbolic type studied in the papers
[10-14]. We can also find a bibliography and analysis results with respect to the loaded differential
equations in the works [1-5]. Multi-point problems for the differential equations frequently appear in the
study of natural science and engineering problems [15, 16]. Multi-point problems for the ordinary
differential equations and equations of hyperbolic type are considered in the papers [17-22]. Questions of
existence, uniqueness and continuous dependence of solution from data for the new classes of nonlocal
problems for the system of loaded hyperbolic equations second-order are important and urgent problems
of the theory of nonlocal problems for the loaded differential equations.

In present paper the results for nonlocal problems with integral conditions for the system of
hyperbolic equations with mixed derivatives are developed to a class of multi-point problems for the
system of loaded hyperbolic equations. Algorithms of finding approximate solutions of multi-point
problem for the system of loaded hyperbolic equations are constructed and their convergence is proved.

Reduction to an equivalent problem with parameter. We introduce a special loading function
X ou(t,x) Gu(t X)
L(x)=2{lz(x) e +O.)
=1

the following equivalent problem

g T8,(0u(@, x)} and problem (1)--(3) is reduced to

Pu ou ou
% = A(t, x)a+B(t, x)5+(7(t, X)u+L(x)+ f(t,x), )
u(t,0)=w(), t[0,T], (3)
f{K R N +M,-(x)u(rj,x)} ~o(x). xe[0,0]. ©
10=3 02D 0P|, s cou@. 0. x<10.01. )

A pair functions (u*(t, x), L (x)), where " (1,x) e C(QR"), L' (x) e C([0,w],R"), is called a

solution to problem (4)—(7), if the function #" (¢, x) has a partial derivatives % e C(Q,R"),
x 2
% e C(QLR"), % e C(Q,R"), satisfies to system (4) for all (£,x)€Q and
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L(x) = I’ (x), the boundary condition (5), the multi-point condition (6) and relation for loading function
(7) are valid.
At fixed L(x) the problem (4)—(6) is nonlocal problem for the system of hyperbolic equations with

mixed derivatives [22]. In this work were studied of the questions for existence of unique classical
solution to the investigated problem. Conditions of unique solvability to considered problem were
established and the algorithms for finding its solutions are proposed. Further, for investigating to the
problem (4)—(7) we applied the method of introduction functional parameters [23-38]. Problem (1)—(3)
is studied in [39] by reducing the equivalent family of problems for partial differential equations with
parameters.

Scheme of the method of introduction functional parameter. Introduce a new unknown parameter
A(x) as value of function u(f,x) for t =0: A(x) =u(0,x). We replace u(t,x) =u(t,x)+ A(x) in the
problem (4)—(7) and pass to the following equivalent problem

o B ou o, — .
o A, x)a + B(t, x)E +C(t,x)u + A, x)A(x) + C (1, x)A(x)+ L(x)+ f(t,x), 3)
(0,x)=0, xe[0,0], )
i1(1,0) = (1) = p(0) . 1 € [0, 7], (10)

i[(] () A(x) + ZT:M" (x) A(x)+ i {K’j (W, x)+M ,()u(t,, x)}+ iLJ. (w(t,,x) = p(x).,
xe[0,@], (11)
L(x)= Zk: {E () AX) + P(x)V(6,,x) + O, (x)W(6,, %) + S, (x)A(x) + S, (x)ii (6,, x)}, xe[0,m], (12)

, W(t,x)zm‘

ot
A triple functions (i7" (¢, %), ' (x), L' (x)). where i"(t,x)e C(Q,R"), A'(x)e C([0,0],R").
L'(x)e C([0,@],R"), is called a solution to problem (8)—(12), if the function #*(¢,x) has a partial

~ % ~ % 2~k
Me C(Q,R"), Me C(Q,R"), Me C(Q,R"), satisfies of system
ox ot Otdx

where V(,x) = %

derivatives

(8) for all (¢,x)eQ and A(x)=A"(x), L(x)=L'(x), the conditions on the characteristics (9), (10),
relation for functional parameter (11) and relation for loading function (12) are true.
The initial data of problem satisfies of the compatibility condition in the point (0,0) :

A0) =w(0). (13)

At fixed A(x), L(x) problem (8)—(10) is Goursat problem for the system of hyperbolic equations
with mixed derivatives. Relations (11) and (12) allow us to determine of the unknown parameters A(x),
L(x).

Algorithms for finding approximate solution to problem (8)—(12). The solution to problem (8)—(12)
is triple functions (%" (z,x), A" (x),L (x)), which we determine as a limit of the sequence of triples
functions (ﬁ 1, x), A (x), L (x)), s =0,1,2,..., based on the following algorithm:

Step 0. 1) Suppose that u(f,x)=w()—w(0), V(t,x)=0, w(t,x)=w (), L(x)=0 in the
relation (11), and solving Cauchy problem for system of ordinary differential equations (11), (13) we find
initial approximation of parameter A”(x) for all x<c[0,®]. 2) Suppose that A(x)= A (x),






