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ASYMPTOTICAL REPRESENTATION OF SINGULARLY
PERTURBED BOUNDARY VALUE PROBLEMS
FOR INTEGRO-DIFFERENTIAL EQUATIONS

Annotation. We consider the two-point boundary value problem for the singularly perturbed higher order linear
integro-differential equation. An asymptotic in a small parameter representation of the solution is obtained. It is
shown that the solution has the phenomenon of the 72 -th order initial jump at the point = 0 .
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1. Introduction

Applied mathematics studies natural processes using mathematical models for them. Any
mathematical model is somewhat approximate. It is not absolutely adequate for the process it describes.
Deriving the mathematical model, one tries to capture all essential, dominant feature of the process. On
the other hand, the model should be “simple” enough to allow the analytical and/or numerical treatment
leading to the information one wants to obtain about the process. A varicty of models in physics, chemical
kinetics, mathematical biology, and many other fields are quite naturally formulated in terms of
differential equations. During the derivation of the model equation, some terms whose influence on the
process is supposed to be negligible are often not taken into account. As a result, the model might be
simplified considerably. Such simplifications often rely on physical intuition.

Perturbations that occur in different problem can be formally divided into two classes: regular
perturbations and singular perturbations. Before giving formal definitions, we mention that the primary
qualitative difference between these two kinds of perturbations is that regular perturbations lead to small
changes from the solution of the unperturbed problem. Unlike such regular perturbations, singular
perturbations, thought to be small sense, cause considerable change in the solutions.

Theory of asymptotic integration of singularly perturbed equations has become purposefully
developed starting with the works of L. Schlesinger [1], G. D. Birkhoff [2], P. Noaillon [3]. In a further
development of the main trends of the theory W.Wasow [4], A.N. Tikhonov [5], M. L Vishik,
L. A. Lusternik [6, 7], R. O’Malley [8], A. B. Vasil’eva, V. F. Butuzov [9], K. A. Kassymov [10, 11] and
others have made a significant contribution. In the works of M. I Vishik, L. A. Lyusternik [6] and
K. A. Kassymov [11] first studied initial problems for singularly perturbed nonlinear equations of the
second order with unbounded initial conditions when the small parameter tends to zero. These problems
are called the Cauchy problems with an initial jump. In these problems, the solutions of singularly
perturbed equations tend to the solutions of the degenerate equations with the modified initial conditions.
The Cauchy problems with initial jumps for integro-differential equations was considered in [12, 13].

The present work is devoted to research asymptotic in the small parameter the behavior of solutions
of the unseparated two-point boundary value problem for a singularly perturbed linear integro-differential
equations of n-th order with integral terms of Fredholm type, we have that the solution of the boundary
value problem has m-th order initial jump at point t=0. Boundary problems for singularly perturbed
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integro-differential equations of higher order with the initial jump of the #; —th order was considered in
[14].

2. Statement of the problem Preliminary materials
Consider the following singularly perturbed integro-differential equation
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where £ > 0 is a small parameter, ay. By, a; € R arc known constants, independent of & .
Assume that the following conditions hold:
I. Functions A4 (1), F(),i=1n , are sufficiently smooth and defined on the interval [0,1];
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For the fundamental system of solutions of singularly perturbed homogencous differential equation
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The proof of the formulas (4) are readily obtained from the known theorems of L. Schlesinger
[1], D. Birkhoff [2] and G P. Noaillon [3].

Let the function K(¢,s,£), 0 < s <t <1, be a solution of the following problem:

LoK(t.5,8) =0, KP(s,s,6)=0, j=0,..,n-2, K" V(s,s,6)=1.
Function K (%, s,¢) is called the Cauchy function. Function K (¢,s,&) can be represented as

W,(t,s,€)

K =
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where W (s, €) is the Wronskian of the fundamental solution system y1(s,£),...,, (s, &) for equation
(4), and W ,(t.5.€) is the n-th order determinant obtained from the Wronskian (s, &) by replacing the n-
th row with the fundamental set of solutions ¥, (%, €),..., ¥, (t,€).

For the Cauchy function K(t.5.€) in view (4), (6), the following asymptotic representation holds as
e—>0:
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where (1) =—A;(1) <0, y, (t) is given by (5), the determinant W (s) is the Wronskian of the

W(])( S)

fundamental solution system yi((s),..., ¥,-10(s) of equation (3), and is the determinant

obtained from w(s) by replacing the (n- 1)th row with y10(#),..., ¥,,—1.0() -
From (7) we obtain the following asymptotic estimations:
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where € >0 s a constant independent of € .
Let functions @; (¢,£),i =L,..,n are solutions of the following problem:

L,®;(6,e)=0, i=L..n, h®(t,e)= {;”l;i’ k=L..n. ©)
Functions @, (t,&),i=1,...,n , are called boundary functions and can be represented in the form:
®,(t,6) = A;((t;;), i=l..n, (10)
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where A(s) = , A, (1,&) is the determinant obtained from A(£) by replacing
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