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HOOK’S LAW IN THE THEORY OF ELASTICITY
OF ANISOTROPIC BODIES

Abstract. From Hook's law, the components of the stress tensor of an anisotropic solid deformable body are
derived. The dependence of the second Lame coefficient on the direction is taken into account. The asymmetry of
the stress tensor of a solid deformed body is proved. New equations of the anisotropic theory of elasticity are
derived. It is shown on a concrete example that the symmetrical half of the incomplete differential of displacement
used in the Lame hypothesis and equations, the antisymmetric half of which is discarded, the consequence of which
is the symmetry of the stress tensor, leads to absurd physical results. For the new equations, an explicit scheme of the
second order of accuracy is constructed, with the use of which the elastic state of a three-layered flat bar is
numerically calculated under the action on the upper face of constant tangential and normal stresses. The same
scheme is applied to the Lame equations. The obtained pictures of the displacements distribution clearly demonstrate
the difference in the solutions of the comparable systems of elasticity equations, as well as the inadequacy of solving
the Lame equations for a given state of a deformed body. The falsity of Lame's equations is confirmed theoretically
and physically.
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3AKOH I'VKA B TEOPUM YIIPYTOCTU AHU3OTPOIIHBIX TEJI

Annotamust. [To 3axony ['yka BBIBOAHTCS TCH30p HANPSDKCHHH AHW30TPOITHOTO TBEPAOTO AC(OPMHPYEMOTO
TeNa. YUHTBIBACTCS 3aBHCHMOCTH BTOporo koddduuuenrta Jlame oT HampasneHus. Jloka3aHa HCCHMMCTPUYHOCTD
TCH30pPAa HANPDKCHHUH TBEPAOTO AC(OPMHUPYEMOTrO TEla. BBIBCICHBI HOBBIC YPABHCHHS AHH3OTPOIHOW TCOPHH
yupyroctu. IToka3aHO Ha KOHKPETHBIX PACIpeIeICHIAX NEPEMEIICHUH 0] JEHCTBHEM BHEIIHUX HANPSDKCHUH, UTO
HCIOJIb3yEeMas B THIOTE3E U YpaBHEHWIX JlaMe cuMMeETpUYHAs MOJOBHHA HEMOJIHOTO au((epeHuana CMEIIECHU,
AHTHCHMMETPHYHAA TOJOBHHA KOTOPOTO OTOPACHIBACTCS, CIACACTBHEM YEro SBJACTCS CHMMETPHIHOCTD TSH30DPA
HAMPSDKCHUH, PHBOIAMT K aOCYPAHBIM (pu3mdeckuM pe3yiprataMm. 11 HOBBIX YPAaBHEHHH MMOCTPOCHA SABHASA CXEMa
2-10 MOPSIKA TOYHOCTH, KOTOPAs MPUMECHEHA B YHCICHHBIX PACUCTAX YIPYTOTO COCTOSHHUSA JABYCJIOHHOTO ILIOCKOTO
Opycka nmpu ACHCTBHU HA BEPXHEH IPAHM MOCTOSHHBIX KACATEIbHBIX M HOPMAJbHBIX HANMPsDKCHUH. Takad ke cxema
npuMeHeHa Ayl ypaBHeHul Jlame. [loydyeHHbIC KApTHHBI PACTIPEACICHUS CMEIICHUH HATJLITHO JEMOHCTPHPYIOT
pa3nuvue peleHU CPAaBHUBACMBIX CHCTEM YPABHCHUH YIIPYTOCTH, a TAKKE HEAJCKBATHOCTh PEUICHUS YPABHCHUH
Jlame maHHOMY COCTOSIHHEO AC(OpPMHPYEMOTo Tena. TCOPETHYSCKH W (PM3MHUECKH MOATBEP)KACHA (DATbIIHBOCTD
ypasHeHHH Jlame.

KinoueBbie ¢j10Ba: aHH30TPOMTHOCTD, PACTSHKCHHE, HANPSDKEHUS, TEH30D, YPABHCHHUA.

1. Kacareanbubie Hanpsorenus B 0000mennom 3axone [yka

3akén I'Yka — yTBEp)KICHHE, COTIACHO KOTOPOMY /JedopManisi BO3HHKAOIAS B YIPYTOM TCJC HPOIOP-
IHOHAILHA MPHIOKEHHOH K 3TOMY Teay cujie. OTKphIT B 1660 roay anrmuiickuM yuéHbIM PobepToM I'ykoM.

Crexyer uMETh B BUAY, YTO 3aKOH ['VKa BBIIOHSETCS TOJIBKO P MAJbIX Ae(hOpMaLUX.

Jst MHOTHX cpeft 3aKkoH ['yka HEMPUMEHUM AaXKe IIPU MABIX JAe(opMaImsix.
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Hzeecmus Hayuonanvnoti axademuu nayx Pecnybnuxu Kasaxcman

VYpaBHEHUS YIIPYTOCTH ¢ HECHMMETPHYHBIM TEH30POM HANPSLKCHHH M30TPONHOrO Teja u3JIokeH B [1] mo
sakony Iyka: F=ku,k>0, F =ui,F, =vj, F,=wk, u=ui+vj+wk— BEKIOD ICDPCMCIICHNI,

F=F +Fy +F — enewnis cuna, BHI3BIBAKOIIAS TICPEMCILCHHE.
B aHM30TPONHBIX Cpenax, COCTABACHHBIX H3 T C PA3IMYHBIMH YIIPYTHMH CBOMCTBAMH HJIH B AHH30TPOIHBIX
TeNax, CBOMCTBA KOTOPBIX 3aBUCAT OT HANPABICHHUS, 3aKOH ['yKa JO/DKeH OBITh THIIA
_ . . 1.1
F =k ui+k vj+k wk, k, >0k, >0k, >0 1.1
IlycTe Ha mNIOCKOCTH y; CHJA BBI3BIBACT MCPEMCLICHME MO 3akoHy I'yka F, =k ui> Taoxe cuia
— j 0oOpasyeT mepeMeIleHUE Ha IIIOCKOCTH =
F, = k,u,i oopasy pevern Y, =Yy, t9y, dy > 0.
IpupammeHns cui 1 NEPEMELICHUI MEKAY IIIOCKOCTAMH PABHBI:
oF=F,-F =k ui-kui=k dui, ou =u,-u >0.
JI11 KOHKPETHOCTH IOJIOKHUM ’F2| >|F1 I B 3TOM Ciyyae npupameHue CHIIbl HalpaBJICHO 1O OCH X: OF 'M‘ i

BBOIMTCS THHEHHAS TUIOTHOCTH f — oF  SF= Syf - ITo OmpenelCHHIO BEKTOP CPEOHEr0 KACATEIBHOIO
Sy’

HaIpPsHKCHU A _,5(7: §X5Z napauicICH U OAWHAKOBO HAINPABJICH C CHJIOH, BBI3BIBAIOIICU AAHHOC

Prer = 55
HANpPsDKCHUC pyxcp TT 5F, pyxcp TT f
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i F2 =kuu2 M 1
.2 [~ —" -
JF =F,-F
by 2~
Vik J -
F =k, u_"i
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Beoa xo3((uiueHTa MponopuUOHAILHOCTH 00pa3yeT CBA3H:
_ 1! [ — 1 J ' = 1
f=k'p,, k>0, Syf =k'p, .0V, Py Mi, k pyxcp5y k, oui
JlaHHOE BBIPAYKCHHE YMHOXKACTCS CKALIPHO HA OPT l.
k'p ., 0y ik Su i-i

B pesyprare nomayvaroTcs

K'P 0y i=k'|pyxcp 5yli|cos0’=k'p . Sy, k,Su i-i=k Su

PascucTBa

B IIPCACIC Aar0T KACATCIIbHOC HANMPSHKCHUC
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p — hm _ué‘i =4 ﬁ U, = >
Y sy0 Sy u oy SR
AHaJ'IOI"I/[‘IHO KaCaTCIIbHBIC Hal'[p}DKeHI/Iﬂ 110 Z[pyFI/IM HaHpaBJIeHI/[}IMZ
ov ou oW oW ov
Py =M§>PZX =%§>sz =%§>Pyz =%E,sz = =

DOpPMYIIBL HeCUMMeMpPUyHblX KaCATEIbHBIX HANPSKCHHH BBIBEACHBI A7 BBIZBIBAKOINCH PACTKCHHE Tela
snewnett cuisl F=F, +Fy-|-FZ . Ymopyrasg cuna B AeGopMHPYEMOM TeJe IO TPETheMy 3akoHY HBIOTOHa paBHA

BHEIIHEH CO 3HAa- KOM MHHYC Fynp =—F. Cnexosatenbro, uHCHHBIT 3aK0H ['yKa A1 CHJI ynperocTH Oy IeT HMETh

sun B =—ku,F =~ =—kui-kvj—kvk.

yup
AHATOTHYHOC MPEICTABICHHE s aHm30TponHoro 3akona lyka Ky = —k ui—k vj—k wk . Tycrs na

IUIOCKOCTH y; CHIA BbI3bIBACT mepememennem K =k ,u,i . anamormuno cuna F =k,u,i na

lynp 2yup

IIOCKOCTH y, =y, +5y’ oy >0

INpupameHus cui 1 NEPEMENICHUI MEKIY CIOSIMU PaBHBI

OF =R, —F, =kui+kui=—kui du =u,-u >0

Flynp = —kuu2i 51 cmemenne
W+
§F=—k ui
Fl)‘u‘p:7 kuull uli " cMemeHHe
Wi 4
P..
P, a X

JlomycTim |F2| > |F1 |, B 3TOM Cllyuae mpHpamerue cubl HanpasicHo mpotus ock X! SF T i. Beoxurcs
muneitnas miotnocts f =O0F /0y, OF =oyf -
To OmMpeneNeHMo BEKTOP CPEAHETO KACATENBHOTO HANPKCHEA p = oF .00 = 5xJz TAPALICICH H
yxep
OZIMHAKOBO HAMPABIEH C CIUION, BEIHBAIONICH KORKPETHOE HAMPSIKCHIE ™ SF, Py ™F.

BeenenueM k03¢ PuuneHTa IPONMOPIHOHATEHOCTH 00PA3YIOTCS CBA3M:

f = k’pyXCp7k'>O’ 5yf = k‘pyxcpé‘y?‘ pyXCp TJ/ i’ k'pyxcpgy:-kuglIi
JlaHHOE BBIPAXKECHHE YMHOYKASTCS CKATISIPHO HA OPT i :
K'p,, 8y -i=-k, Sui-i
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B pe3yabTare Moy 4arTcs
k'pyxcp5y'i:k'|pyxcp 5y|i|coslSO”=-k'p
-kuﬁui ‘1= —kué‘u

oy,

yxep

PasencTBa
, k, ou
kK, 0y =k, 0u, p, ., = W oy
B IPEACTIC JAKOT KACATCIBHOC HAIPSIKCHUEC
= Iim—“@—,u @ U, =—>0
pyx Sy—0 k, §y u ay: u k,
KacarenpHble HanpspKEHUA MO APYTUM HANPABICHUAM aHAJOTUYHBL:
Py = va_ 8up_ Gwp_ awp_ﬂvav
xyluvéx’zx %Gz’xz /uwax’yz %ay’zy 8Z

Taxum 00pazoM, GopMyIIbI HANPSDKEHHH 111 BHEIIHUX CHJI COBIATAIOT C (hOpMyIaMu BO3AECHCTBHA YIPYTUX
CHJI, IIO3TOMY JAaJbHEHINIE BHIBOABI JIEIAOTCA TOIBKO I BHEIIHUX CHIL.

2. Cesi3b HOPMAJILHBIX HANIPSLREHHIi ¢ 3aK0H0M ['yka
0
AHaTOTUYHBIMH PAaCCY KACHUAMH yCTaHaBIMuBaeTcs (JopMya coctasipmomei P, HOPManIbHOTO HAMPSHKCHHS

p, =Adivu i+p? . Tycrs sremmme cume PaBHL F, = k u,i Ha miockocty x; u Fz :kuuzl Ha

mwockoetn X, =X, + O0X,0x > (). O0pa3sytoTCs MPHPALICHHS CHIT H ICPEMCIICHHUI:

oF=F,-F =k uw,i-k ui=k dui, u =u,—u, >0.
. o oF
ITo ompeneneHnr0 HANPHKSHUH HMEIOT MECTO Pocep = g’ 00 =OYOZ M omuHAKOBAS HANPABIEHHOCTS

sexropos OF 17 i 5 cuny |F2| > |F1 ’

Uepes MTHHEHHY O IUIOTHOCTD

f :5_F’5F = 5Xf, f= k"pgxcp
ox

nonyuatorcs paserctsa SF = k"Oxp’ k"oxp. . =k, Sui

XxXCp? XXCp
.

TMocneasee BHIPAKCHUE YMHOKACTCA CKALIPHO Ha opt |

k'8xpy,, -i =k, Sui-i

0 .
BekTops! mapanieapHsl 0 CTPYKType pxxcp TT 1.
ITo3TOMYy HMEFOT MECTO B CKAIBIPHBIX MPOHU3BEACHISIX PABCHCTBA
" 0 s _ 1 0 . 1" 0 ¢ &
KXy i =K' X[ Pl | fi]-cosO” =K' Sxpl,, K, Sui-i=k,du
: :_u@.
xXep k" 5X

B npenene BeiTekaeT GopMyIa COCTABIOEH HOPMATEHOTO HATIPSDKEHUS

0 i k,ou  odu _k,
pxx_ lm_"—_ﬂu_’ lllu __"
ax=0 k" ox ox k
TakuMu e PacCyKICHUSIMH BBIBOJATCS COCTABJIAFOIINEC HOPMAIBHBIX HAMPSDKCHUH IO APYTHM HAIPaB-
JICHUSIM:

0
XXCp

B pesymsrare nonyuaetcst K" G Xp Zku5 U, OTKYZA p







