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ON STABILITY OF DIFFERENCE-DYNAMICAL SYSTEMS

Abstract.The evolution of the system in time is usually represented in the form of a trajectory in the
corresponding phase space. As a rule trajectories are continuous. However their observation is possible only at
certain time intervals which is the basis for the discreteness of information.

Another reason for the discreteness of the evolution of the system is the need to use digital computer
technology which requires the construction of algorithms to resolve the corresponding dependencies. The study of
such models is associated with the knowledge of the qualitative aspects of their development. When the discreteness
in the system is generated by the above reason obtained by recurrence relations the systems are called "difference-
dynamic systems".

Models of evolution of the difference-dynamical systems are sequences. These sequences are subject to the
dependences called recurrence equations. All the tasks of the difference-dynamical systems are presented: as a
problem related to the properties of the solution of recurrence equations; or as a problem related to the properties of
mappings in Euclidean or other spaces.

Every fact formulated according to the first method can be formulated according to the second method, and vice
versa. Therefore when the solutions of nonlinear difference-dynamical systems are investigated people try to do
similar methods for investigating the corresponding problem of a system of differential and algebraic equations.

In this work the various types of stability definitions are introduced to investigate the qualitative property of
solutions of the difference-dynamical systems. Using the analogy of the Lyapunov second method the conditions
under which the difference-dynamical systems solutions are asymptotically stable in general, exponentially stable,
Lagrange-stable. And the difference-dynamical system is convergent.

Keywords: Asymptotic stability in general, exponential stability, Lagrangian stability, convergence.
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WHucTnTyT MaTemMaruku u MaTeMaTrdeckoro moaemmposanust MOH PK,
Kerwicyckuit rocy sapcTBeHHBIN yHUBEpcUTET nMeHH M. XKancyryposa

Ob YCTOMYUBOCTHU PABHOCTHO -
JTUHAMMNYECKNX CUCTEM

AHHOTAIHS. DBOTIONMS CHCTEMBI BO BPEMEHH ITPEACTABIICTCSI OOBIMHO B BUJIC TPACKTOPHUH B COOTBETCTBYIO-
meM ($a30BOM MPOCTPAHCTBE. Kak MPaBHIIO, TPACKTOPHH SIBILIEOTCS HEMPEPBIBHBIMA YACTO, OHAKO, HX HAOJIFOICHHE
SBJIACTCS BO3MOYKHBIM TOIBKO 4Y€pPE3 ONPEACTACHHBIC MPOMEKYTKH BPEMEHH, KOTOPOE ABIACTCA OCHOBOM JHCKPET-
HOCTH HH(popMAnHii.

Jpyro#l mpUIMHONW AMCKPETHOCTH SBOIIONUH CHCTEMBI SIBIICTCS HEOOXOAMMOCTh HMCIOIB30BAHUI IH(POBOH
BBIMHCIMTEIBHOM TEXHHKH, KOTOPAsi TPEOYET MOCTPOCHHS AJTOPUTMOB, PA3PEIIAFOINX COOTBETCTBYIOIINE 3aBHCH-
MOCTH. M3yucHHE TAaKHX MOACNECH CBA3aHO HE TOJIBKO C METOJAMH YHCICHHOTO OMPEACICHUA COCTOAHUIM, HO TAKKE
U C MO3HAHUEM KAYECTBEHHBIX ACTICKTOB HX Pa3BUTHSL.

Korma AWCKpETHOCTH B CHCTEME MHOPOXKTAIOTCA MO CKA3AHHOM NPHYUHE, TMONYYCHHOH PEKYPPSHTHBIMH
COOTHOIICHUSMHE, CHCTEMBI HA3BIBAIOTCS «PAa3HOCTHO-IHHAMHYICCKAMH CHCTeMaMmy (1w coxpameuno PJIC).
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H3zeecmua Hayuonanvroti akademuu Hayx Pecnybnuxu Kasaxcman

Mogemsmu 3Bomronuu PJIC SBISIIOTCS MOCIEA0BATEIbHOCTH, KOTOPBIE IO TUHHIFOTCSI 3AaBUCHMOCTSIM, HA3bIBac-
MBIM PEKYPPCHTHBIMH Y PABHCHUSIMH.

ITo »toit mpuumuesce 3amaun PJIC mpeacTaBAArOTCAKAK MPOOIeMAa OTHOCAMIAACA K CBOWMCTBAM PCHICHHS
PEKY PPECHTHBIX YPAaBHCHUI; MMM KaK TPOOJIEMA OTHOCSINASICS K CBOMCTBAM OTOOPAKCHUH B CBKIMAOBBIX HITH APYTHX
MPOCTPAHCTBAX.

Kaxnpiit pakr, chopMymmpoBaHHBIN 1O TEPBOMY CIOCOOY, MOKET OBITh CPOPMYIHPOBAH M IO BTOPOMY CIIO-
co0y, u Hao0opoT. [TosToMy Tpu mcciaeaoBaHUH pemeHusa HemuHeHHBIX PJIC cTtaparoTcs mpuayMaTh aHATIOTHIHBIC
METO/IbI HCCIICAOBAHMUS COOTBETCTBYIOMICH 3a/1a41 CHCTEMBI TU(PPEPCHIMATBHBIX U aATreOPanICCKUX YPABHCHHUH.

B mamHON paboTe Ayl MCCIETOBAHUS KAUECTBCHHOTO cBoMcTBa pemems PJIC BBOIATCS pasiWdHBIC THITBI
MOHATHH YCTOMYMBOCTH (IOCKOIBKY YCTOHYHBOCTH SIBISICTCS NEPBHUYHBIM KAUECTBOM JIFOOOH CHCTEMBI) M C
TIOMOTIBI0 aHAJOTHH BTOPOTO METOa JISIyHOBA YCTAHABIMBAKOTCS yCJIOBHS, PH KOTOPhIX pemenunst PJIC OyayT ac-
HMOTOTHYCCKH YCTOWYHBBIMH B IICTIOM, SKCHOHCHIMAIGHO YCTOWUYHBBIMH, yCTOHumBBRIMH 1o Jlarpamxy u PJIC
SBJIICTCA KOHBEPIreHTHOM.

KimoueBbie c/1oBa: ACHMITOTHYECKAS] YCTOMIMBOCTD B IIEJIOM, SKCIIOHCHIHAIBHAS YCTOWIHBOCTD, YCTONYH-
BOCTS 110 JIarpasXy, KOHBEPTCHTHOCTb.

Beeaenne.Bo MHOTMX HaydHBIX AMCHMIUIMHAX M WX NPWIOKCHHIX B IIOCICTHEC BPEMS BCE B
GompLICH CTENIEHH MOYKHO 3aMETUTh CTPEMIICHHE 3aMEHBI OIHCAHHS CUCTEMBI B JAHHBIH MOMCHT BPEMCHU
Ha UCCICIOBAHUE €€ PA3BUTHSI BO BPEMCHHU. DBOIOLHS CHCTEMBI BO BPEMCHH MPEACTABISCTCS OOBIMHO B
BUJC TPACKTOPUH B COOTBETCTBYIOLIEM (a30BoM mpocTpaHcTBe . Kax mpaBuio, TPacKTOpUHU SBISIOTCA
HETIPECPRIBHBIMU YaCTO, OJHAKO, MX HAOMIOACHHE fABIACTCS BO3MOMKHBIM TOJBKO YEPE3 OIMPEACICHHBIC
MPOMEKYTKH BPEMCHH, KOTOPOE SBISCTCS OCHOBOW AUCKPETHOCTH HHPOPMALIUH.

Jpyroii mpUYHHOW TUCKPETHOCTH SBOJIOLMH CHCTEMBI SBILIETCS HEOOXOIUMOCTh HCIIOIB30BAHUS
mUGpPOBOH BBIMUCIUTEIBHON TEXHHUKH, KOTOpas TpeOYET NOCTPOCHUS AITOPHTMOB, Pa3pCLIAOIIUX
COOTBETCTBYIOIIHE 3aBUCHMOCTH. M3yueHne Taknx Moenel CBI3aHO HE TOJIBKO C METONAMHU YHCICHHOTO
OTIPEACTICHHUS COCTOSHHUM, HO TAKXKE M C TIO3HAHHEM KauECTBEHHBIX ACIIEKTOB MX Pa3BUTHA.

Korpma auckpeTHOCTH B CHCTEME TIOPOKTAIOTCS TI0 BTOPOM NMPHUMHE, ITOIYICHHOM PEKYPPEHTHBIMH
COOTHOLICHUSIMH, CUCTEMbl HA3bIBAIOTCA «PA3HOCTHO-AMHAMHYCCKUMH CHCTEMaMK» (WM COKPAIICHHO
PIC).

Mopgeasymu  3Botoruu  paccmarpusaeMbix  PJIC  SBASIOTCS  MOCICAOBATCIBHOCTH, KOTOPBIC
MO IIUHSIOTCA 3aBUCUMOCTAM, Ha3bIBAEMBIMH PEKYPPEHTHBIMH YPAaBHEHUAMHU.

[Tostomy, paccmarpusas mozaeap PJC, vioGHO TOBOPUTE MPOCTO O CBOWCTBAX COOTBETCTBYIOLIEIO
PEKYPPEHTHOTO YPABHEHHS.

ITo 3Toit mpuunHE BCE 3aJa4M MPEACTABITIOTCA:

1) kax mpodiaema OTHOCAINAALCS K CBOMCTBAM PELICHUS PEKYPPCHTHBIX YPABHEHHM;

2) kak mnpoOreMa OTHOCALIASCA K CBOMCTBAM OTOOPaXCHUH B CBKIWAOBBIX WIH JPYTUX
MIPOCTPAHCTBAX.

Kaxapiii daxr, chopMymHpoBaHHEIH MO MEPBOMY CIOCODY, MOMKET OBITh CHOPMYIHUPOBAH H IO
BTOPOMY CHOCOOY, H HA060pOoT.

B teopun PJAC ncnone3yrorcs oba crmocoda, ogHako B ciayuae muHedHBIX PIC peus Oyger uatu
[TIABHBIM O0pa3oM O CBOMCTBAX PEKYPPEHTHBEIX ypaBHCHHH, a B cmydac HenwueiHbix PJC peus Ovaer
WATH TIaBHBIM 00pa3oM O CBOMCTBAaX 0ToOpaxeHui. [1o3ToMy mpu HCCleIOBAHNUHN PELICHHS HETHHE HHBIX
PIIC oOpiuHO cTaparoTcs mMpHAyMarh aHATOTMYHBIC METOIBl HUCCICAOBAHUS COOTBETCTBYIOLICH 3a1aun
cucteMsl U hepeHIMATBHBIX U alreOpandeckux ypasaeHud | 1,4-9,16-18,20].

B nannoit paGoTe Ay UCCACAOBAHUS KAUSCTBCHHOTO cBoticTBa pewmeHus PJC BBoasTCs pasaudHbie
TUIBI TOHATHH YCTOHYHMBOCTH (TMOCKONBKY VCTOHYMBOCTH SBISCTCSA MCPBHYHBIM KAueCTBOM JTHOOOM
CHCTCMBI), WCIONB30BAHHBIC AN cucTeMbl AuddepeHmmansabix ypasHeHud [1,4-8] u ¢ momolunbio
aHanornu Broporo merona Jlamynosa [2,3,11,13.14] ycranaBamBaroTcs yCIOBHA, TIPHU KOTOPBIX PEIICHUA
PJAC 6yayT acHMOTOTHYECKH YCTOMYMBBIMH B LIEJIOM, SKCIIOHCHUMATIBHO YCTOWYHMBBIMU, VCTOHYHNBBIMU
nio Jlarpamkyu PJIC sBaserca konseprentaoii| 1,4-10,15, 16-20].

ACHMOTOTHYECKAN YCTOHYHBOCTh B LIEJIOM
Paccmorpum PIIC

X, =X(mx,) (X(n0)=0, (1)
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0,1 k
e X(n,xn)eCy(z;c)(Z+xR ),
k
rae Z - MHOXKECTBO HEOTPHIATEIBHBIX IETbIX unce, K= — K - MepHBIC €BKIHIOBH IIPOCTPAHCTBA.
Onpenenenne 1. I'oBopar, uro Hynesoe pemenne X, =0 PJIC (1) acuMnToTHUECKH YCTOHYHBO B

LEJIOM, €CIIH
1) oHO acHMNTOTHYECKH YCTOHUMBO MO JIAyHOBY U

2) Ans KQKAOTO PEMICHHS X, = X\1; 1, X, ) (‘v’no eZ" )BLIHOJ'IHGHO yCI0BHE

limx =0 2)

n—>0

< k
(T.c. 067aCTh MPUTSHKEHUS TIPESACTABIACT COOOH BCe mpocTpancTBo K- ).
Onpenenenne 2. byaem ropopurs, 4to

V(n,x,)e C,EO;CI)(Z+ X Rk)
JOIYCKaeT OECKOHEUHO OOIBINON HU3IIUHA NPEAEI IPH X, —> 00 , €CITH

lim V(n, xn) = & 3)

a0

T.¢. s modoro M >0 cymectByer R = R(M ) TaKoe, 4To
V(nx,)>M mpune Z" u ||xn|| > R

Onpenenenne 3. byaem ropopurs, 4to
V(n,x,)e Cff;?(Z* X Rk)
JOIIyCKACT B R* cunbHBI GCCKOHEYHO MANBIA BBICIIMIA npeaen npu x, — 0 , ecnmu cymecTsyer
dbyHKIUS
Ulx,)e C(R")
TaKas, 4To
nx,)<U(x, )@
npu
(n,x,)eZ" xR uU(0)=0.
Teopema 1. Ecru s PIC (1) cyimecTByeT MOT0KUTENBHO ONMPEACICHHAS BYHKIHUS
V(n,x,)e Cff;?(Z* ><Rk) ,
JOMYCKAOIas B R* cunbHBI GECKOHEUHO Majblii BBICIIHIL opeaen mpH X, —> 0 u 6eckoHEYHO
GONBLION HU3LIMI MPEAET NMPU X, —> 00 , MPUYEM MEPBHIE PA3HOCTH AV(n, xn), B3sThie B cuty PIIC(1)
OTPHLIATEIBHO OMPEACICHb B R, TO TPHBHANBHOE PELICHHC x, =0(l) acHMIOTHYIECKH YCTOHYHBO B

LEJIOM.
JoxazarenscTBo.Tak Kak yCJIOBHA 3TOH TEOPEMBI, OUEBUIHO, BKIIOUAIOT YCIOBHS NIEPBOI TEOPEMBI

JIsmysosa [2], T.e. HyaeBoe pemenue X, =0 ycroiiunso mo JlsmyHoBy.

IMycts X, = x(n;n, x”o) - pemenne PJIC(1), onpenensavoe HaYambHBIMU YCIOBUAMHU

X = x(n;n, X, ): x, #0

npu Vn, e Z* uVx, € R*,

O603HounM uepe3 1) - HEKOTOPBIH KOMITAKT COACPIKALIMM TOUKY X,

k
x, €D, CR

unyers M =supV(n,x,) wa Z* x D, .

B cuy HepasencTsa (4) umeem M < 400
— 103 ——




H3zeecmua Hayuonanvroti akademuu Hayx Pecnybnuxu Kasaxcman

Tak kak QyHKIHsI V(n, xn) obmamact B R’ Gecromeuno GomBImMM MpeaEnoM MPH X, —> %0, TO
CYWIECTBYET map S mxn || <R }D D, Taxoi, uro
V(n, xn)>M

nopu

x (= R.(5)

Ilo ycmoBuro TeopeMbl BOJOIB TPACKTOPHH x(n;no,xno) BBINOJIHCHO Hepaserctso Al <0,

MOJTOMY IIPU 71 = 1, HMEEM

V(n; x(n; 1y, X, » < V(n X )S M

0>V n,

u CJICA0BATCIIBHO
||x(n; ny, X, M <R,

T.¢. Bce pemeHmiPIC (l) OTpPaHHICHEI.
IToxaxxem Teneps, 4To

lim V(n; x(n; Py, X, )): 0.

n—>0

[ycte & > 0 mpousBonsHO U 0 > 0 Takosa, uro ¢yukuws {/ (xn), omnpeaenseMas HEPaBEHCTBOM (4)

, VAOBJIIETBOPSET YCIOBHIO

0<U(x,)<e

ITpu

IMokaxkeMm, 41O permecHUE x(n; n0>xn0) mpu 1 —> oo 00s3aTCIBHO BOHAET BHYTPH 3aMKHYTOTO IIapa

x [|<S.(6)

|x,[|< 6.
JeiicTBUTE TBHO, MPEATIONOKUM OOPATHO, T.C.
0<&<|x,|<R
Ipu 1 2 1, .

Torma AV, GyaeT oTpUUATEIBHO OMPEACICHHOM, HMECT B 00IaCTH

Z x@<|x| <R}
OTPHLIATEIBHYH) BEPXHIOK TPaHb - M (m > O) H, 3HAYUT, IPH /1 = 11, CTIPABEAINUBO HEPABCHCTBO

AV, <-m.

CyMMupYy st 3TO HEPABEHCTBO B MPEAEIAX OT 1, A0 11 MOIYIHM

V(n, xn) < V(no,xno)—m(n —no) <0.

Ecau Tonpko
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