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ON THE EXISTENCE OF TWO CLASSES OF CIRCULAR ORBITS
OF THE TEST BODY IN HILL VARIABLES

Abstract. The work [1, p. 119] of B.M. Schigolev investigated the second plane problem of Hill. For it, Hill
proposed a scheme of the power function
U:EJF%WZ, rr=x?+yt. v>0, u=f(my+m),
r
where m — central body mass, m — test body mass, f— the gravitational constant.

The structure of the force function is motivated by the fact that the motion of the pericenter (and the node in the
spatial problem) is taken into account in the plane problem.

B. M. Schigolev avoiding the well known idea of circular orbits in the Hill second task, using his original me-
thod, has found [1, p. 98] following existence and evolution of circular orbits of the test body:

1. When o < 0,10546875 there are two circular orbits.

2. These orbits are merged into one at o = 0,10546875 .

3. They disappear when o > 0,10546875 .

In this paper we prove the validity of these conclusions and in the case of the Hill plane problem. The existence
of two classes of circular orbits in Hill variables is determined. The boundaries of these classes have been found as in
Hill variables so in present variables. It was found laws valid both in flat and in case of a small inclination of the
orbit to the main plane.

Key words: test body, of circular orbits, the Hill variables, class of orbits, Hill gravitational field, Earth satellite.

The differential equations of the orbital motion of the test body in the Hill variables have the form

[1,p. 93]:
dz_w+[l+i]w 1 _
do2 w (1+S2)3/2 "
d?s [ B]
—+|l+—|s=0,
dv? w*

where the variables w, s and Hill constants a, p — dimensionless, 8 — the true length of the test body. They
are defined by formulas

_ (v —v')C6

Cc? 1 v
= =— —, ®)

w - T > S:tg(P: o= 4 ° B
Hop m u

where C — area integral constant, p2 =x?+ y2 — the projection of the radius-vector of the test body onto

the Oxy plane, s — latitude tangent, ¢ — latitude of the test body, v and v’ — Parameters chosen so that there
will be actual observed motions of the pericenter and the node of the orbit.
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True longitude and time are related to each other by the differential equation

as C
= (3)
dt p
Expanding (l 2) 375 in a binomial series in powers of s, we can see that (1) describes the motion
+5

of the test body quite adequate at 0 < p < 10°.

The first-approximation equations at s # 0, s? ~ 0 have the form:

2
ELK+@+£L}%4:Q

dv? wh
o )
—j + [l + %) s=0.
dv w
The first equation from (4) at w = R = const transforms into the equation of circular orbits
w4—w3+a:O, (5)
2y
because > = 0 and w#0.
dv
The same equation from (4) allows a decrease in the order [1, ¢. 99]:
dw
\/oc + Hw? + 2w —w
2hC?
where H = 5— . h — energy integral constant.
7
In the case of the circular motion type o > 0, H <0, ¢ = 0, therefore (6) will have the form [2, p. 79]:
d9 = il , ™

\/oc—sz +owd —w?

e — eccentricity of the orbit.
Polynominal

P(w) = —wh 42w —Hw? +a
has three positive roots o, o, o; and one negative root o, and let it be
o> Ay O3>0y,
The actual motions correspond to positive values of the polynomial, P(w), which are realized on two
intervals 2, p. 79]:
A) ay<w<oz; B) o, <w<aoy.
Let us consider the second interval o, <w <o . After the transition to the Legendre normal form,
we have [2, p. 82]:

d9=pg—2 gy (8)
1-k?sin? 2
where
.2
OLy0L3] — OL30Ly  SINT WY
= 22%31 %3 2.12 ’ )
O3] —Olyy SIN” W
2
> =243 0 =—F—=, O<k<l, op=0;,-0;, (ki=1234).

2 H = 2
%3102 V03104

— |4 ——
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The first circular orbit is apparently realized when =0, here from (8) and (9) we have

The second circular orbit is apparently realized when y = g , here from (8) and (9) we have
Rz =Wy =0.
Except that R, > R; . On the Oxy plane they are arranged concentrically.

On the interval oy <w <oz similarly we have two more circular orbits
T
R3 =W3 =0y at \I/ZO and R4 =Wy =03 at WZE
By combining the center of the circles with the center mass of the central body, we have 4 circular

concentric orbits (Figure 1). Radii of circular orbits as rising y from 0 to g, increase from R; to Ry and

from R; to R,. There is no actual motion between the roots (a3, o), as there is the polinomial P(w) <0 It

should be noted that the actual motions of the test body exist on the intervals (a,, o) and (o, @), as they
have P(w)>0.

R;

Ry

\ 4

R,

\ 4

\ 4

\ 4

Figure 1 — The boundaries of circular orbits in Hill variables

Evolution of circular orbits on the segment [c;, ;] can be traced by the equation [2, p. 82]

w =Wy + wozkz) + (w12k2 + wl4k4)cos 2y + w24k4 cosdy, 11
where
Oy O 3 a0 o 40 03,07 1
Woo =0y, Wy, =—2432 22427232 -, 4T3, o 32742
00 2> Wo2 3 12 ) 14 > 24 7 14
o3 y3 Qy3 203

It follows from (11) that, as y increases from 0 to g the radii of circular orbits grow continuously

from R; to R,. Between them there is a whole class of circular orbits. Let us call them the I-class of
circular orbits. Evolution of circular orbits on the segment [a,, ;] can be traced by the equation [2, p. 80]:

w = (W +w02k2) + (w12k2 +w14k4)cos 2\|/+w24k4 cosdy, (12)
where
2 1 2 1 2
_ U310y 2 Ol 2 Ol
Woo = A3, Woz——z—a Wiz =Woz, Wiy 2—50‘31 | s W T3 — | -
Gg19g1 Ag1%a1 A %o
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The (12) series stops at £* with an error in order O(ks). With growth of y from 0 to g the radii of

circular orbits grow continuously from R; to R,. Here there is a class of circular orbits. We call them the
II-class of circular orbits.
Taking into account that w is given by formulas on intervals [2, p. 80-82]

2
_ Op03) — 30 SIN Y

Oy SW=oy, w — . OS\VSE, (13)
Q31 — O8Iy 2
)
oy <w<og, W=a4a3l+ala4.3szm \I/’ nggf, (14)
O3]+ 038N~ 2
let us check the boundaries of the circular orbits of the I and II classes.
We consider the boundaries of circular orbits of the I class:
at y=0 from (13) we have
O3]
at y =— we have
Ry=w, = oy (o —az) —az(ay —ap)  oy(-03+0) . (16)
(o —ot3) — (o —0y) (-3 +0y)
The lower boundary o5, the upper o, as oy > a5
We consider the boundaries of circular orbits of the II class:
from (14) withy =0 we get
R3:w3:0640631 — oy, (17)
O3]
at :g we have
Ry=w, = ooy —oz)+ay(os —oy) as(oy —oy) . (18)
O] —0l3+0l3 —0ly o] —Oly

The lower boundary o4, the upper o, as| oty [<o5.
According to (16) the I class of circular orbits originates from o, and ends with the value o,

merging into one orbit of the radius R, = a;.

According to (17) and (18) The II class of circular orbits starts from the orbit of the radius R; = oy
merging into one orbit of the radius Ry = a;.

Thus, we consider the availability of 2 classes of circular orbits that are not related to each other as
authentic.

As in the case of the I class, so in the case of the II class, the radii of circular orbits continuously

grow and merge into one orbit, the radius of which is the largest in each of the classes.
2 2

1
From circular orbits in Hill variables w = —:— we proceed to actual circular orbits p =——,
H P MW
then the boundaries of the orbits of the I class have the form:
o o

P> . >, Pr>P2;,

= —, 101_
Hoo H o,

with p; — the upper boundary, p, — the lower boundary of this class of circular orbits (figure 2).

— 1 ——
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The II class The I class

0 NN o~

Pa

P2

\ 4

P1

\ 4

Figure 2 — The boundaries of actual circular orbits

The I class of actual circular orbits begins with p, and merge into one orbit of the radius p;.
For actual circular orbits of the II class we have:
C? 1 C?
==, Py=—"—, O3 >| Oy | > P3 > P4,
H oo, L
ps — the upper boundary, a p4 — the lower boundary of this class.
Thus, The II class of actual circular orbits begins with p, , merge into one orbit of the radius ps.

Ps3

As y rises up to % the radii of the orbits of the I class grow continuously from p, to p;, similarly, the
radii of the orbits of the II class increase from p4to ps.
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O CYHIECTBOBAHUMMU /IBYX KJIACCOB KPYI'OBbIX OPBUT
IMPOBHOTI'O TEJIA B IEPEMEHHBIX XWJIJTA

Annoranmus. B padote [1, ¢.119] 5.M. [l{uroeB uccreaoBat mIOCKY BTOPYIO 3amauy Xwuia. st Hee Xumn
TIPEIIOKIT CXEMY CHIIOBOH (DY HKIIUH:
vBile 2222002 vs0, w= f(my +m).
r
T 1y — Macca IMCHTPATLHOTO TETIA, 711 — MAcca MPOOHOTO TEMA, / — MOCTOSHHAS TATOTCHHS.

CrpykTypa cHinoBoil (pyHKIHH MOTHBHPYETCS TEM, YTO B IIOCKOH 33/1a4€ YUHUTHIBACTCS ABIDKCHAC IICPHIICHTPA
(1 y371a B IPOCTPAHCTBEHHOM 330a4€).

Bb. M. lluroeB, MuHyS OOIICH3BCCTHBIC MPCACTABACHISA O KPYTOBBIX OPOHTAX BO BTOPOH 3amauc XWinia, HC-
TOJTB3Y Sl CBOH OPHTHHAJBHEIA crtoco0, Hamen [1, ¢. 98] cneayromue 3aKOHOMECPHOCTH CYIICCTBOBAHHSA H YBOJIOLHH
KPYTOBBIX OPOHUT MPOOHOTO TEA:

1. TIpr o < 0,10546875 CYIMCCTBYIOT ABC KPYTOBBIC OPOUTHL

2. 3TH OpOUTHI CTUBAFOTCA B OZHY TpH o = 0,10546875 .
3. Onn ucuesaroT mpu o, > 0,10546875 .

B maHHOH CTaThe MOKA3aHA CIPABEAJIMBOCTD 3THX BBIBOJOB U B CJIy4ac BO3MYIICHHOHN IUTOCKOH 3ama4uu Xuina.
YCTaHOBIICHO CYIIECTBOBAHHE /IBYX KJIACCOB KPYTOBBIX OPOUT B MEPEMEHHBIX XA, HaliieHbI rpaHUIIbI 3THX KJIac-
COB, KAK B ICPCMCHHBIX Xmma, TAK H B Z[efICTBI/ITeJIBHBIX TNCPEMCHHBIX. HaﬁﬂeHHBIe 3aKOHOMCPHOCTH CIIPABCIINBBI
KaK B IUIOCKOH 337a4e, TAK U B CIIyYac MaJOro HAKIOHA OPOMTHI K OCHOBHOM ILIOCKOCTH.

Kmrouernie ¢jioBa; nmpoOHOC TEI0, KPYTOBBIC OPOHTHI, MEPEMCHHBIC XHJTA, KIACC OPOHT, MOJIC TATOTCHHS
Xwuna, CIyTHUK 3EMITH.

HuddepeHmanbHpie YpaBHEHN OPOUTATIBHOTO JBWXKCHHS MPOOHOrO TENa B MCPEMCHHBIX XWIIa
mmetrot BUA [ 1, ¢. 93]:

w (e 1

o2 W (1+52)32 "
2

d—j+ 1+£4 s=0,

dv w

rac NmCpCMCHHBIC W, § U NMOCTOAHHBIC Xwnmia a, B — BCJIHUYHHBI 663pa,3MCprIC, 9 - HUCTHUHHAA AO0JITOTAa
npoOHoro Tena. OHu onpeaencHsl GopMyIamMu
C* 1 vC© (v—v"C°®
w=—-—, s=tgp, a=—p, B= PR (2)
Hop [ H
2

rae C — MOCTOSHHAs MHTErpaia Iomanei, p> = x> + y2 — OPOCKUUS Paanyca-BEeKTOpa MPOOHOTO Tena

Ha m10cKkocTh OXy, S — TAHICHC IIHUPOTBHI, (p — IIHUPOTA MPOOHOTO TENA, V U V' — mapaMeTprl, TOAOHPACMBIC
Tak, YTOOBI MOTYYATUCH JCHCTBUTCIBHBIC HAOMIOJACMBIC ABHXKCHIUS EPULICHTPA U Y3712 OPOUTEL
HctunaHas nonrora u BpeMs CBA3aHbI MEXIy coOol auddepeHINATEHEIM YPABHEHHCM

as C
— == 3)
dt p
1
Paznoxus W B OMHOMHUAITBHBIN PAA MO CTCIICHSM S, MOXKHO yOeautecs B ToM, 4to (1)
I+s

OTMCHIBACT ABHKCHUE MPOOHOTO TE/1a BIOJIHE aACKBATHO mpu () < ¢ < 10°.
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YpaBHEHHS IEPBOro NpUOIIKeHu opu s # 0, 52 % 0 nveroT BUA:

2
d—w+[1+ijw—1=o,

dv? wt
o 4)
—j + [l + %] s=0.
dv w
IlepBoe ypasuenue u3 (4) mpu w = R = const TpaHcHOpMHUPYETCS B yPABHCHHUE KPYTOBBIX OPOUT
w4—w3+a:O, 5)
2
TaK KaK ‘;}ZOI/IWiO.
dv
710 k¢ ypaBHeHue u3 (4) monyckaet noHmwkeHue nopsiaka [1, ¢. 99]:
dw
\/oc + Hw? + 2w —w
2hC?
rae H = 5 » /1 — TIOCTOSIHHAs MHTCPaIa SHEPIHH.
n
B cayuae kpyrosoro tuna asmwkenus o >0, H <0, e = 0, noatomy (6) Oyaer umets Buf |2, ¢. 79]:
dw

\/oc —Hw? +2w° —w*
€ — DKCLICHTPUCUTET OPOUTHI.
IMomaoM

P(w)= —w* 12w —Hw? + o
HMEET TPH MOJOKUTEIBHBIX KOPHS Oy, Oz, O3 U OJHUH OTPULATEIBHBIHA KOPEHB Oy U TTYCTh
01> U™ O3>0y,

JICHCTBUTCIBHBIM ~ IBHDKCHHSAM ~COOTBETCTBYIOT —TIOJIOJKHTCIIBHBIC 3HAYCHUs noauHOMa P(W),

KOTOPBIE peaM3YIOTCA Ha ABYX HHTEepBanax [2, ¢. 79]:
A) oy <w<az; B) o, <w<ao,.

PaccmoTtpum BTOpoil mHTEpBAT O, <W <0y. Ilocne mepexoga x HopmanbHOU dopme Jlexxkanapa

nmeeM |2, c. 82]:

wd T
d9=H0+,OS\I/§5, (3)
1-k“sin” vy
rae
-2
0L,y0l3] —Ol30l,; SIN
w= 22931 7% 2.12 \I/’ )
O3] —OlyySIN” W
o430 2
k2=28721 0 o =— 0<k<l, oy =a;—a; (ki=1234).
00310042 V31042
[TepBas xpyrosas opbura BuauMo peamusyercs npu Y = 0, 3aeck u3 (8) u (9) mveem

Bropas xpyrosas opOuTa, BUIUMO, PeaTi3yeTCs MPH \f = g , 3aech u3 (8) u (9) umeem
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Rz =Wy =0.
npudeM R, > R . Ha mnockocti OXy OHH pacmonararTcsi KOHICHTPHICCKH.
Ha natepBane oy <Ww <03 BHINMO, AaHATIOTHYHO UMEEM €IIE IBE KPYTOBBIE OPOUTHI
T
R3 =WwW3 =0, Ipu \I/ZO u R4 =W, =03 IIpA Y = —.

2
CoBMmeInas UEHTP OKPYKHOCTCH ¢ LICHTPOM MacC LCHTPAIBHOIO TENA, UMEEM 4 KPYTrOBBIC KOHIICH-

s
Tpuueckue opoutel (pucyHok 1). Paguychl KpyroBeix opout no mMepe pocta ot 0 10 > pactyT ot R; 10

Ry u ot Ry 10 R,. JIeWCTBUTCNBHBIX IBUKCHHN MEKAY KOPHSIMH (O3, Ol,) HET, TaK KaK 34SCh MOJHHOM
P(w)<0. Cneayer OTMETHTb, YTO ACHCTBUTENBHBIE IBHKCHHS NPOOHOTO Tela CYMIECTBYIOT HA

UHTEpBaNax (o, o) U (0L, o3), Tak Kak B Hux P(w)>0.

y

A (05

R;

Ry

\ 4

R,

\ 4

R,

n
»

\ 4

Pucynok 1 — ['paHdIrsl KpyroBBIX OPOHUT B IIEPEMEHHBIX XUl

IBOJIIOLMIO KPYTOBBIX OPOUT HA OTPE3KE [0z, 01 | MOKHO MPOCICAUTD MO yPaBHEHUIO [2, ¢. 82]

w=(Wog + Woak 2) + (wipk? + wigk*)cos 2y + woy bt cos dy (11)
Tac
Oy 0lzy 30,0, Olyp0l3y O30, 1
Wog =Qa, Wop = += , W = ———"—"5, Wy =——5"5 Wy =——Wyy.
00 =% 2 2 5 14 ) 24 et
o3 ®y3 Qg3 203

N3 (11) Tarke cnexyert, uro o Mepe pocta y ot 0 10 g pPaxuychl KPYroBbIX OPOHUT pacTyT HeEmpe-

peiBHO 0T R; 10 Ry, Mekay HUMH CYIIECTBYET LS/bIH Kiaace Kpyroseix opOur. Hazosem mx I-kmaccom

KPYTOBEIX OpOUT. DBOMIOLMIO KPYTOBBIX OPOUT HA OTPE3KE [0y, O3] MOJKHO MPOCICAMUTH MO YPABHCHHIO
[2, c. 80]:

w=(wyg + wozkz) + (w12k2 + w14k4)cos 2y + w24k4 cosdy, (12)
riae
2 1 2 1 2
_ %31%42 2| Oy 2| Oy
Woo = &3, Woo ———2 > Wio =Woa, Wiy =—-03| — | » Wy Z—g%l —
Gg19g1 Ag1%a1 A %o

Psix (12) o6psiBactes Ha k' ¢ ommbkoit nopsaka O(k°) . C poctom y ot 0 10 g paanycsl KPYTOBBIX

opbur pactyr HenpepsiBHO OT R; 10 Ry 3meck cymectByer kmace kpyroseix opOut. Hazosem mx
[I-xmaccom KpyroBeIX OpoOUT.
VYuuTeIBad, YTO W HA HHTEpBaNax 3agana popmynami [2, c. 8§0-82]
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2
_ Ayll3z) =030, 81N

T
Oy SW=0ay, ) , 0Sy<—, (13)
Q31— g SIn Y 2
-2
oL 40L31 + 0L 0L 43 SIN T
oy Sw<oy, w= 431 1 4.32 W, 0<wy<—, (14)
O3 + 0Lz SIN7 W 2
MPOBEPUM I'PaHHLBI KPYToBEIX opout I-ro u ll-ro kmaccos.
Paccmotpum rpanunisl kpyroesix opour I-ro kiacca:
mpu Y =0 u3 (13) noayunm
0L, OL
31
T
opu = 0 nMeeM
_ 0oy —as)—os(oy —ap)  ag(—oz+an)
Ry =wy, = = =0. (16)
(o) —ot3)—(aty —atp) (-o3 +0ay)
Hyoxnsas rpasuma o 5, BEPXHSS O, TAK KaK O > Oy .
Paccmotpuv rpanuuner opdur Il-ro knacca:
u3 (14) mpu =0 nmonyuum
Aq&39
A3
T
IpH = B nMeeM
ooy —oz)+oy(oy—a o3 (o —a
Ry=w, = 4oy —o3)+oy (a3 4): 3(oy 4):oc3. (18)
o) —0l3 +03— 0y oLy —Oly

Hukasis rpanuia oL , BEPXHAS O3, TAK KAK | Oy [<OL3.
B cootBerctBum ¢ (16) I-it xmacc xpyroBeix opOuT Geper Ha4aTo ¢ O, H 3aKaHIMBACTCA HA

3HAYCHHH O, CTUBASCh B OAHY opouTy pamuyca Ry = a.

B cootsercteuu ¢ (17) u (18) 1l-o#f knace kpyroBeix opOUT Havao deper ¢ opOuTH paanyca R; = oy
U CIIMBAOTCS B OJHY opouTy paauyca R, = a;.

Takum 00pazoM, cuMTacM AOCTOBEPHBIM HAIHMYHE 2-X KJIACCOB KPYTOBBIX OPOUT, KOTOPHIE HE
CBSI3aHBI MEKAY COOOM.

Kak B cnyuae I-ro kmacca, Tak u B cayuae Il-ro kmacca pagmychl KpyroebIX OpOHT HETPEPHIBHO
PacTyT U CIMBAKOTCS B OJHY OPOUTY, paanuyC KOTOPOro HANOONBIIHNN B KQKIOM H3 KIIACCOB.

C? 1
OT kpyroBeix OpOUT B MEPEMCHHBIX XWIa W = —— — MCPSHACM K ACHCTBHUTCIBHBIM KPYTOBBIM
H p
2
Cc” 1
opOuram QO ———-—  TOrJa IpaHuLibl OpOUT [-ro Kmacca UMEKOT BHA!
u w

C? 1 C? 1
=T AT, % >, PP,
Hoo H
MPUYCM P — BEPXHSIS TPAHHLIR, P2 — HIDKHAS MPAHULIA 3TOTO KIacca KPYroBbIX OPOUT (PUCYHOK 2).
[-i1 knacc aeHCTBUTENBHBIX KPYTOBBIX OPOHUT HAYUHACTCS C P2 U CITUBAIOTCA B OAHY OPOHUTY paanyca ;.
s neficTBUTENBHBIX KPYTOBEIX opour II-ro knacca mveem:
1 C?
- T, P = T a‘3>|a‘4|3 P3 > P4>
H oo, L

3 — BEPXHSISL, @ P4 — HIDKHSS TPAHULIA 3TOTO KJacca.

P

P
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The II class

The I class

Pucynok 2 — ['paHuIrb! JeHCTBUTENBHBIX KPYTOBBIX OPOUT

Taxum obpaszom, 11-olf k1acc AEHCTBUTEIBHEIX KPYTOBBIX OPOUT HAYHHACTCS C P4 CTUBAIOTCS B OXHY
opouty paguyca ps.

T
INo mepe pocta Wy OT A0 5 paauycel opouT I-ro Kacca pactTyT HCIPEPBIBHO OT P2 A0 Pi, AHATOTHIHO

paauycel opour lI-ro knacca pacTyT OT Py A0 Ps3.
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YUIPI BAP BOJIYbI

Annoramusa, b.M. I{uroncB >Ka3sIKTHIKTaFEl XHIIBH CKiHImi eceOin seprreai [1, 0.119]. By ecente Xuman

KYII (pyHKIMACH MBIHA TYpAE Oepai
=B lut 2=yt v 00 ps S ).
r

MYH/IA /1 — OPTAIBIK ACHCHIH MAcCaChl, /71 — ChIHAK JICHECIHIH Maccachl, / — TAPTHUIBIC TYPAKTHICHL

Kymr ¢pyHKUMACHIHBIH KypaMbl MIEPUIICHTP KOBFAJIBICHIH (FKOHE KCHICTIKTE TYHIH KO3FAIBICHIH) €CEIIKE ATATHIH
CTIIT AITBIHFAH.

B.M. urones [1, 0.98] e3iHiH *eKe 9AICIH KOIIAHBIN MEHOCPIIK OPONTANAp TYPaIbl 6T¢ KYHABI MOIIMETTED
ajmL

1. o <0,10546875 OonraHzma cki meHOSPITi opOuTamap Oap.

2. Onap sxanrsi3 opouta oo = 0,10546875 OosraHga aifHamagbL.

3. o >0,10546875 Oomranga opOUTA KOHUBLIAIBL.

Maxkanaga 6y1 MoTIMETTED OPBIHIANATHIHABIFGI JKOHE ICHOCPIIK OpOuTaNapAbiH Oip-OipiMeH OaHIaHbBICCHI3
€Ki Yitipi Oap exeHi auTeIAbL O YHIpAESPAIH MIEKTepi TaObLIIBL

Tyiiin ce3aep: CBIHAK JCHECI, MCHOCPIK opOuTa, XU aWHBIMATBUIAPEL, opdura yHipi, Xumr epici, XKepmix
JKacaH bl Cepiri.




